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ONE MORE DIFFERENCE BETWEEN MEASURE
AND CATEGORY

JACEK HEJDUK

ABSTRACT. The first part of the paper contains some ideas of the density
topologies in the measurable spaces. The second part is devoted to the differ-
ence between measure and category for the abstract density space related to the
separation axioms.

Let X be a nonempty set, A C 2% be an arbitrary family of sets, and ® be

an operator such that
P: A— 2%

If the family 7o = {A ceA:AC <I>(A)} is a topology, then we say that the
topology Te is generated by the operator ®.

Let (X,S,J) be a measurable space, where S is the o-algebra and J C S is
the proper o-ideal. The fact that for any sets A, B € S we have AAB € J will
be denoted by A ~ B.

DEFINITION 1. We shall say that a topology 7 on X is the abstract density
topology on (X,S,J), if there exists a lower density operator ®: S — S such
that 7 = 7.

DEFINITION 2. An operator ®: & — S is called the lower density operator on
(X,S8,J) if:
i) ®0) =0, d(X) =X,
ii) VA, BeS ®(ANB)=3(A)NP(B),
iii) VA, BeS A~B = ®(A)=®(B),
iv) VAeS A~ ®(A).

The following states when a topology 7 is the abstract density topology.

THEOREM 3 (cf. [7]). A topology 7 on X is the abstract density topology on
(X,8,J) if and only if the following conditions are satisfied:
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a) Ae J < A is T-nowhere dense and T-closed,

b) Ba(r) =S,
where Ba(T) is a family of Baire sets and K(7) is a family of meager sets with
respect to the topology T.

The abstract density topology can be derived directly from the lower density
operator.

THEOREM 4 (cf. [7]). If ®: S — S is the lower density operator on (X,S,J) and
the pair (S, J) has the hull property then the family Te = {A CX:AC CD(A)}
s a topology on X.

It is clear that 7g is the abstract density topology on (X,S,J).

EXAMPLES. A density topology (see [11]), Z-density topology (see [I1]), (s)-
-density topology with respect to measure and category (see [2], [5]), density
topology with respect to a sequence tending to 0 (see [10]) are generated by the
method described above.

A result similar to Theorem 3 can be obtained in the case, when S is an
algebra in 2% and Z C S is a proper ideal.

THEOREM 5. A topology T on X is the abstract density topology on (X,S,T) if
and only if the following conditions are satisfied:

a) A€Z <= A is T-nowhere dense and T-closed,

b) §= {A CX:A=VAB,Ver B E./\/(T)}, where N (1) is the family of
T-nowhere dense sets.

Proof. Necessity. Let T be the abstract density topology on (X, S, 7). It means
that there exists an operator ®: § — S satisfying conditions (i-iv) such that
T=To={ACX:AC ®A)}.If A€ T then it is clear that X — A € Top.
It implies that A is 7-closed and also int; A = 0. Hence the set A is 7-nowhere
dense. Let us suppose that the set A is 7-nowhere dense and 7-closed and A ¢ 7.
It is clear that A € S\ Z. Moreover, the set AN®(A) is Te open and non-empty.
It contradicts that A is 7-nowhere dense. The proof of condition a) is completed.
Now we shall prove condition b). It is obvious that A/(7) = Z. By this we have
that the family TAN(1) = {AC X : A=VAB,Ver,BeN(r)} CS. Let
AeS Then A=ANPA)UA—-P(A). Since ANP(A) € T, A—P(A) €Z
and the family 7AN(7) is an algebra of sets, we get that A € S. The proof of
condition b) is completed.

Sufficiency. We prove that there exists an operator ®: & — S which is the lower
density operator on (X,S,7). Let A € S. Since A = VAB, where V € 7 and
B € N(7) we have that the set A has a unique representation in form GAP,
where P is a regular 7-open set and P is 7-nowhere dense (cf. [8] Th. 4.5, 4.6]).
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Let ®(A) = G. Obviously, ®(0) = 0 and ®(X) = X. Let A,B € S and
A = GiAP,, B = G3AP,, when G1,G5 are t-regular open and Pj, P> are
T-nowhere dense set. There exists 7-nowhere dense set P5; such that

(VlApl) n (VQAPQ) = (Vl n ‘/Q)Apg

P(ANB)=P(A)NP(B).
If A,B € S and A ~ B then we conclude that ®(A) = ®(B). The condition that
®(A) ~ A is also fulfilled. In that way operator ® is the lower density operator
on (X,S8,Z). Now, we shall prove that 7 = T3. Let A € 7. By Theorem 4.5
in [8] we have that A = G — P, where G is T-regular open, P is 7-nowhere dense
and P C G. Hence A € S and ®(A) = G D A. It implies that A € Tp. Let us
suppose that A € Tg. Then A € S and A C ®(A). Since A = GAP, where G is
7-regular open and P is 7-nowhere dense then GAP C ®(A) = G and we get
that P\ G =0 and A = G\ P. The equality NV (1) = Z and condition a) imply
that P is 7-closed, so that A € 7. O

It implies that

Remark. The lower density operator ® on (X, S,Z) such that 7 = 7 is unique.

Proof. Let ®;,P, be the abstract density operators on (X,S,Z) such that
Te, =7 =Ts,. We show that

VAES ®(A)=dy(A).

Let A € S. Then by condition iii), ®1(A) € 7. Hence ®1(A) € Tp. It means that
®1(A) C Po(P1(A)) = P2(A). Analogously we get that Po(A) C @1 (A). O

THEOREM 6. If an ideal T contains all singletons then the operator ® described
in theorem above has the following form

vAes o(4)=intfre X:veimt(Au{z})}.

Proof. Let A € S. Let us denote ®1(A4) = int{z € X : « € int(4A U {z})}.
First, we show that if A, B € S, A ~ B then ®;(A) = ®;(B). It is clear that
A = BAC, where C € N (7). We prove that ®(A) C ®(B). Let € ®,(A).
Hence z € ®1(BAC) and z € int(BACU{z}) C int(BUCU{z}). We show that
z € int(B U {z}). There exists 7-open set W, 3 z such that W, C BUC U {xz}.
Hence W, — (C — {#}) ¢ BU{z}, z € W, — (C — {z}), and W, — (C — {z})
is 7-open. Then z € int(B U {z}) and ®1(A) C ®;(B). Similarly, we have
®1(B) C ®1(A). Let A = VAB, where V is 7-regular open set and B € N (7).
Then ®(A) = V and ®1(A) = ®1(V). It remains to prove that V = ®¢(V).
Since V' C ®4(V), it is sufficient to show that ®1(V) C V. Let =z € ®1(V).
Then z € V. Certainly, let W € 7, and € W. Since = € int(V U {x}), then
there exists a set W, € 7, W, C VU{z} and x € W,. It is clear that x € WNW,
then WNW, # 0 and W NW, — {x} # 0, because Z contains all singletons
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and WNW, C (W NW,). We get that WNW, —{z} CVand WNV # 0.
Hence = € V. Simultaneously, the set {# € X : 2 € int(V U {z})} is open. Then
O (V) =int®(V) CintV = V. O
COROLLARY. Let (X,7) be a topological space. Then the following conditions
are equivalent:
a) there exists exactly one pair (S,Z), S-algebra, T — a proper ideal, T C S
such that T is the abstract density topology on (X,S,7);

b) every T-nowhere dense set is T-closed.

Proof. By Theorem 5 we get that implication a = b is true. Let Z = N (1)
and & = TAN(7). Then again by Theorem 5 we have that 7 is the abstract
density topology on (X,S,Z).

The pair (S,Z) is unique. If there exists a pair (S1,Z;) such that 7 is the
abstract density topology on (X, S1,Z;), then by Theorem 5 we have that S; = S
and 7; = 7.

Let X # (), S — algebra in 2% and let Z C S be a proper ideal.

Let ®: S — 2% satisfy the conditions:

1° 9(0) = 0, ®(X) = X,

2° VA, BeS ®(ANB)=2(A4)NP(B),

3°VA,BeS A~B = P(A)=P(B),

4°VAeS P(A)-Acl. d

It is clear that a lower density operator ® on (X,S,Z) satisfies conditions
1°—4° The conditions 1°—4° are sufficient to get a topology on X similarly, as
in the case of the abstract density operator. We have the following theorem.

THEOREM 7 (cf. [4]). Let ®: S — 2% satisfy conditions 1°—4°. If the pair (S,T)
has the hull property then the family
To={AeS:AC (A}
s a topology on X.
EXAMPLES. By the method suggested in the above theorem, 1)-density topology

(see [9]), f-density topology (see [1]), f-symmetrical density topology (see [3])
were introduced.

In the following two theorems we obtain an answer to the question: When is
To topology the abstract density topology?

THEOREM 8 (cf. []). Let ®: S — 2% satisfy conditions 1°-3° generating To
topology, and let N'(Ts) be a family of nowhere dense set with respect to Te
topology. Then N (Ts) = T if and only if there exists an algebra S’ C S such that
Z C 8 and To is an abstract density topology on (X,S",T).
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THEOREM 9 (cf. []). If ®: S — 2% is an operator fulfilling 1°-3° generating To
topology then N(Te) =7 and S = Te AL ={AC X : A=VAB, Ve Ty,Be T}
if and only if To is an abstract density topology on (X,S,T).

In this part of the paper we shall present the next difference between measure
and category on the real line.

Let Ba be a og-algebra of sets having the Baire property on the real line R
with respect to the natural topology and let K be a o-ideal of sets of the first
category, respectively.

Let ®: Ba — 2% satisfy the conditions:

1° ®(0) =0, (R) =R,
2° VA,B € Ba ®(ANB) = ®(A)Nd(B),
3° VA,B€ Ba AAB €K = ®(A) = &(B).

THEOREM 10. If ®: Ba — 2R satisfies conditions 1°-3° and generates Tg topol-
ogy stronger than natural topology then the space (R, 7Tg) is Hausdorff but not
regular.

First, we prove the following

LEMMA 11. If a set W C R is Tg-open and dense then it is residual.

Proof. Let W € 7. Then W = VAA, where V is open and A is a set of the
first category. We will prove that V' is a dense set. Let us suppose the contrary:
there exists a non-open set C' such that C NV = (). Hence ®(C NV) = &(C) N
®(V) = 0. By condition 3° we have that ®(V) = ®(W). Therefore ®(C) N
(W) = (. At the same time C' C ®(C) because the topology Ts is stronger
then the natural topology. Also W C ®(W) because W € Tg. In that way,
CNW C ®(C)N®(W) = 0. It contradicts the fact that C N W # ). Finally the
set W as dense and open in residual. 4

Proof of Theorem 10. Obviously the space (R, 7g) is Hausdorff. Let A C R
be a dense set and of the first category. Let x ¢ A. By condition 3° we have that
R — A € Ts. Let us suppose that the space (R, Tg) is regular. Hence there exist
the sets W,V € Ty such that AC W, z € V and W NV = (). By Lemma 13 the
set W is residual and the set V is not the second category so that W NV # (. It
proves that the space (R, 7g) is not regular and Hausdorff because the topology
To is stronger then the natural topology.

Now, let £ be a o-algebra of the Lebesgue measurable sets in R and L be
a o-ideal of the Lebesgue null sets.

Let ®: £ — 2% satisfies the conditions:

1 o(0) =0, 2(R) =R,
20 VA,Be L ®(ANB)=o(A)Nd(B),
3° VA, BeL AABelL = ®(A) = ®(B). 0
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PROPERTY 12. There are operators ®;, ®: £ — 2% generating the topologies
To, and Tg, stronger than the natural topology and such that (R, 7s,) is com-
pletely regular and (R, 7g,) is Hausdorff but not regular.

The f-density operators introduced by M. Filipczak, T. Filipczak
(see [1]) are examples of such operators.
Namely, let f: (0,00) — (0,00) be a function such that liminf, _,q+ @ < 0.
We say that = is an f-density point of a set E € L if
_ |E' N[z —h,x+ k]
lim
h—0,k—0 f(h + k‘)

h>0,k>0
h+k>0

=0.

Let @) (E) = {z € R:z is an f-density point of E'}. The operator satisfies
conditions 1°-4° and Tg ,, = {E eL:FEC <I>(E)} is a topology.
The proof of Property 12 is a consequence of the following theorem.

THEOREM 13 (cf. [1]). Let f: (0,00) — (0,00) be a function such that

lim f(z) =0 and fis nondecreasing.
z—0t

If 0 < liminf,_ o+ f=z) o oo, then the space (R, Ts ,,) is completely regular.

f@) _

x

If liminf, .o+ 0, then the space (R, Te ) is Hausdorff but not regular.
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