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SIMULATION STUDY OF INSENSITIVITY REGIONS
AND OUTLIERS

Eva FISEROVA

ABSTRACT. A procedure how to identify outliers in observations in a regular
linear model with constraints on mean value parameters is presented. A prob-
lem, how approximations of variance components influence the significance level
of statistical test is solved by insensitivity approach. Explicit expressions of in-
sensitivity regions are given. Behavior of insensitivity regions and the quality of
the procedure for outliers identification are studied by simulations.

1. Introduction

There are several procedures how to identify outliers in observations, cf. e.g.,
[1]. If unknown variance components occur in a covariance matrix of an obser-
vation vector, it is of some interest to know, whether approximations of them
can be used instead of their true values. Such a problem can be analyzed by the
insensitivity approach.

Approximations of variance components can destroy the optimum quality of
used statistical inference, namely a significance level of a statistical test for out-
liers identification in measurements. The main goal of the insensitivity approach
is to find a set of all values of variance components which make the tolerable
increase of the significance level of the test, cf. e.g., [5], [6].

Basic theoretical results on outliers and insensitivity regions in a regular linear
model with outliers when mean value parameters satisfy linear constraints have
been done in [3]. The aim of the paper is to study behavior of insensitivity
regions and the quality of procedure for outliers identification by simulations.
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2. Identification of outliers in measurement

Let us consider a linear regression model with constraints in the form
Y ~N,(X3,E), BeV={u:b+Bu=0}. (1)

Here Y is an n-dimensional random vector (observation vector) which is nor-
mally distributed, its mean value is F(Y) = X3 and the covariance matrix is
Var(Y) = X. The parametric space for 3 is V, @ € R¥ is an unknown vector,
X and B are given matrices of types n x k and ¢ x k, b € R? is a given vector.

The model (1) will be supposed to be regular, i.e., the matrix X has full
column rank, X is a positive definite and B has full row rank.

Let the covariance matrix X be known. The procedure for outliers identifica-
tion can be done in several steps. The first step is to estimate 3 in the model

~

(1) as the best linear unbiased estimator (BLUE) 3 (cf. [4], p. 80), i.e.,
B=(MpCMy)tX's'Y - C'B/(BC'B') b,
Var(B) = C™' — C"'B/(BC™'B/) 'BC! = (Mp.CMp)*.

The symbol (Mg CMp/)* means the Moore-Penrose generalized inverse of the
matrix Mp CMp: (cf. [7]), C = X'S'X, Mg =1-Pp and Pp = B'(B)*.
The next step is to determine the residual vector

v=Y -XB~ N, [0, - X(MpCMp)*X].

Then we can find suspicious measurements y;, ¢ = 41,...,%., by testing the
hypothesis Hy : E(v) = 0 versus H, : E(v) # 0 by the test statistic

T=vE"v~x2 k(1) 61 = E(V)'E'E(v).

In view of the Scheffé theorem (cf. [8]), the ith measurement is suspicious if

{v)] > \/beﬂ_k(l _ a)\/{Var(v)}ii, ie{l,...,n.

Here x7 ., (1 — @) is the (1 — a)-quantile of the chi-squared distribution with
n + q — k degrees of freedom.

If no suspicious large value |{v};|, i.e., no suspicious measurement, is found,
stop this procedure. If r suspicious measurements are found, the model (1) can
be rewritten as

Y ~ N, (XB+EA YY), Be€V={u:b+Bu=0}, AeR", (2

where

. 0, k#i;
E:(ei17"'7e’i7~)7 e’ij Ean jzla"'vrv {e’ij}k:{ 1’ k:Zj,
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and i; is the index with suspicious large value [{v};,|. Outliers among suspicious
measurements y;, i = i1,..., %, can be identified by testing the hypothesis
Hy: A=0 versus Hg:A #0. (3)
The hypothesis (3) can be tested in the model (2) if and only if (cf. [3])
MXMp)NM(E)={0} & MX,B)NnM(E, 0 ={0}. (4)
Here M(A,, ) = {Au:u € R"} C R™. Under the condition (4), the BLUE A
of the parameter A in the model (2) is (cf. [3])
~ -1 ~
A = [E' (Mxar, ®Mxar, ) B E=TH(Y - XB),
. -1
Var(A) = [E' (Mxar,, SMxar, ) E|
Now the hypothesis (3) can be tested via the test statistic
Tout = A'[Var(A) A ~ \2(82), 6o = A'[Var(A)] 1A

Here it is necessary to distinguish two different significance levels. If the inves-
tigator suspects in advance in which measurements are outliers, i.e., indices of
suspicious measurements are a priori known, by the Scheffé theorem, the i*th
measurement is considered to be an outlier if

{A}] > V21— a)y /{Var(&)}i*i*, i € {ir,. .. i}, (5)

where i; is the index with suspicious measurement. Usually, the investigator has
no a priori choice for outliers. Suspicious measurements are detected, e.g., from
residuals. So, we are in reality performing (}') significance tests, one for each
(7) cases. By the Bonferonni’s inequality, the *th measurement is an outlier if

2\/Xg [1—a/ (Z)] {Var(&)}i*’i*, € {ir,....ir}. (6

At the last step significant outliers y;+ are omitted from realization of the
observation vector Y and the whole procedure is repeated.

{A}

3. Insensitivity regions

p
Let the covariance matrix in models (1), (2) be in the form X = > 9, V,,

=1
9 = (V1,...,9,) €9 C RP. Here, except 3 and A, also the vector parazumeter 9
is unknown. V,...,V, are known symmetric matrices. The parametric space 9
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is an open set in RP with the property that if ¢ € @, then zp: ¥;V; is a positive
definite. =1

If we have the approximation 1y of ¥, outliers can be identified by the pro-
cedure given in the previous section (estimators are ¥g-locally BLUE only).
However, the substitution of the true value ¥* by its approximation 19y can
destroy the optimum quality of significance levels of tests T and Ty;.

Let € > 0 be a given tolerable increase of the significance level « of the test
T. Let 6. be given as a solution of the equation

Pro {T(0") +0: 2 Xnpqi(l —a)} =a+e

= 56 = X?LJrqfk:(l - Oé) - X?LJrqfk:(l - = E)'
The symbol Py, means the probability under the null hypothesis Hy. The insen-
sitivity region N; for the significance level a of the test T' is the set of all points

¥y = 9" + 59 such that if 99 € N, then the significance level is not larger than
a + €. It can be expressed as

N. = {9 +09: (69 - 5.D}a)' D, (69 - 8.D}a) < (1+a'Dfa) 82}, (7)
where ¢ > 0 is a sufficiently large number and
Dt:2t2SK—aa’, K= [MXMB,E('B*)MXMBJ-’_,
{a},=Tr {KV;}, {Sk}i ;= Tr{KV;KV;}, i,j=1,....p.

Similarly, we have two insensitivity regions for significance levels of the test

giv . . . . . . . rand
Tout (Ngyi. for a priori given indices of suspicious measurements, Nji7'¢ for

random indices) such that
Yo € giv = Pu, {Tout(ﬂo) ZX%(l—a)} <a+te,

out,e

Vo € Ngatd = P {Tout(90) 2 XF 1~/ (]} < (a+e) /(7).

ut,e
The explicit expressions of ogqu,a and W, ggfg are given by (7) when symbols are
substituted according to the scheme

gw or 57’and

a — Aout, Dt - Dout,tv 56 - 6out,a out,e

Doyt = t2 (4Cy — 2S) — agyal Z = KE (EKE) 'E'K,

out?

{aout}i = r‘[‘I'(Z\/vi)7 {CU}’L,] = TI‘(KV,LZV]), {SZ}i,j = TI'(ZVZZV])

giv 6rcmd
out,e’ Yout,e

fori,j=1,...,p and 9 are given by

6(252,5 = Xi(l - a) - Xi(l —a— g)v

Gourd =X [L—a/ (] =1~ (a+e) /(7).
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Note that the insensitivity regions aren’t centered at 19*. For more details
about the insensitivity regions see [3]. The parameter ¢ can be chosen in the
interval < 3,5 >. For the optimum value of ¢ see [6].

4. Simulation study

ExXAMPLE 4.1. In the triangle P, P>P3; the distances 1 = P,P; = 800 m,
By = P3Py = 900 m, 3 = PP, = 600 m and the angles 8y = {P,PPs}
=60°36'36.59", 05 = { P3P, P} = 78°35'17.43", B = { Py PsP3} = 40°48'15.98"
are measured just twice with the accuracy o, (distances) and o, (angles).

The problem is to identify the outlier ; among measurement. Using simu-
lations we will study behavior of insensitivity regions for the significance level
a = 0.05 and its tolerable increment ¢ = 0.05 in dependence on the choice of
the true (certificate) values o, o and the choice of the significance level for the
test Toyt (given or random indices of suspicious measurements). The significance
level for given indices is used as a heuristic approach in the sense that although
suspicious measurements aren’t a priori known and they are detected from resid-
uals, the significance level is chosen as for a priori known indices. Finally, we
compare the quality of the outlier identification for both types of significance
levels.

The process of measurement can be modelled by (more detail cf. [2])
Yaio1 = Bi + €2i-1, Yo = Bi + €2i, i=1,...,6,

Ba + B5 + Bs = 180°, Bisin fB5 = P2 sin By, B sin B = (3 sin By.
The observation vector Y was generated in a natural way, an error term was
added to the true mean X3 except Y7 = 800+ 0.75+ €1, i.e., the observation 1,
is an outlier. The error term had the distribution N12[0, (63)*V + (07,)?V.],
where different accuracies o, o are given in Table 1, V; = Diag(11x6,01x6)
and V,, = Diag(0; 46, 11x6) are diagonal matrices.

There were done 10 000 simulations for each of five different accuracies 9* =
((02)?, (05)2)/ denoted by the case A-E. Maximum increase and decrease (in
%) of 9* which makes tolerable increment e = 0.05 of a = 0.05 is given in
Tables 2, 3. Changes are the same for all cases A-E. Relatively large uncertainty
can be tolerated in 9" when detecting suspicious measurements (test T'). If ¥ is
true, then 9, can increase of 62% and the significance level of the test T is not
larger than a + ¢ = 0.1, e.g., 3.52 < 1, < 6.48 seconds? in the case A. Rather
smaller uncertainty occurs when searching significant outliers (test Tpy:).

. e . . giv d —
The insensitivity ellipses No.os, Nour0.05 and N3G s for t = 3 are shown

in Figures 1, 2. In Figure 1, they are given in dependence on the number
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TABLE 1. Accuracy of measurement

case | oF (cm) o (second) o% (cm?) ¥ (second?)
B 1.16 1.21 1.37 1.46
C 1.11 1.68 1.23 2.83
A 1.00 2.00 1.00 4.00
D 0.84 2.21 0.71 4.90
E 0.61 2.34 0.37 5.46
TABLE 2. Tolerable changes (in %) of 9* — Ny.o5.
increase decrease increase decrease
o 62 12 Vs 72 22

TABLE 3. Tolerable changes (in %) of 9* — Ngzﬁ,o.%r Nra[fg'og).

ou

given indices random indices
r=2 r=3 r=4|r=2 r=3 r=4
increase of 9, 44 41 41 44 38 36
decrease of ¥, 27 20 17 27 19 14
increase of ¥ 44 52 59 44 48 52
decrease of ¥ 27 31 35 27 29 31

TABLE 4. Empirical probabilities (in %) of the number r of suspicious measurements.

case B case C case A case D case E

96.55  98.93  99.51 99.69  99.73
3.44 1.07 0.47 0.31 0.25
0.01 0 0.02 0 0.02

=W N3

TABLE 5. Empirical probabilities (in %) of outliers identification.

indices | significant case B case C case A case D case E
given | y1 only 98.14 98.18 95.79 91.21  88.08
random | y; only 99.62 89.47 68.34  53.45  45.59
given |y and y;, j #1 1.86 1.35 0.83 0.66 0.85
random | y1 and y;, j # 1 0 0.01 0 0.01 0.01
given | y; # y1 only 0 0.46 0.68 0.82 0.67
random | y; # y1 only 0 0 0 0 0
given | none 0 0.01 2.70 7.31  10.40
random | none 0.38 10.52 31.64 46.54 54.40
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FIGURE 1. Insensitivity ellipses in dependence on the number of suspicious
measurements. Ng.o5 by dashed line, its center at x, Ngﬁ 0.05 by solid

line, Nggﬁg.% by dotted line. The symbol o means 9%, * means the center
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FIGURE 2. Insensitivity ellipses in dependence on 9*. Ng.o5 by dashed line,

its center at X, Nog,i"t),o'og) = Ngg;g.% by solid line, the center at *. The

symbol o means 19*.
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of suspicious measurements r. Naturally, Noos is independent of r. Further,
NEars 05 C Nut 0.05 for = 3,4 and NJ4 o5 = N27 o o5 for r = 2. In Figure 2,
the insensitivity ellipses are presented in dependence on the choice of 9" for
r = 2. Although ellipses No o5, or N7 o5, are different for different cases A-E,
tolerable changes (in %) are the same (see Tables 2, 3).

Empirical probabilities of the number of suspicious measurements r are given
in Table 4. Since the distance (3; is measured just twice, r > 2. So, y; and ys
are always detected as suspicious measurements. Another one or two suspicious
measurements are found very seldom. Empirical probabilities of outliers identifi-
cation are given in Table 5. The most precise measurement of angles o, and the
worst precise measurement of distances o are in the case B and vice versa in
the case E. If the accuracy o, is decreasing, the probability that the outlier y;
is identified, is also decreasing. In the case B, the outlier y; is identified almost
every time for both types of significance levels. In the case E, the probability
for given indices is 88% but for random indices it is less than 50%. It seems
that the outlier in measurement of distances is identified due to the accuracy of
measurement of angles. The results were obtained via T', T,,; calculated for 19*.

5. Conclusion

Generally, insensitivity regions N, N2/ and N2 are different. In the

investigated situation, relatively large uncertainty can be tolerated in 9" when
searching for suspicious measurements. Rather smaller uncertainty occurs when
searching for significant outliers. Outliers identification depends on the accuracy
of measurement. Heuristic approach (indices of suspicious measurements aren’t
a priori known but significance level is chosen as for given indices) gives better
results than mathematically correct one (significance level for random indices).
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