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UNDERPARAMETRIZED REGRESSION MODELS

LuBoMiR KUBACEK

ABSTRACT. A description of many events and processes needs a large number
of parameters. However, models describing these events and processes are difficult
to deal with. Therefore, for practical purposes, it is sometimes necessary to neglect
some of the parameters and to use underparametrized models. Some problems
arising by this are studied.

Introduction

Mathematical description of many events and processes needs a large number
of parameters. However, models with large number of parameters are difficult
to deal with. Therefore, for practical purposes, a part of parameters is neglected
in the model. What can be expected in connection with statistical inference in
such underparametrized model?

Similar problems are studied also with a rather different approach in [2],
[4]-[8] etc.

Since a class of problems connected with models with a large number of
parameters is very rich, the problem of estimation is studied in the following
text only.

1. Notation and auxiliary statements

Y ...n-dimensional random vector (observation vector),
F = {F(-,ﬁ,'y) :B € B,y e 1}...class of distribution functions affiliated
to Y,

3. .. k-dimensional unknown vector parameter which cannot be neglected,
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~...s-dimensional unknown vector parameter which is to be neglected,

E(Y) = [udF(u;8,7) = X8 + S,

X...n X k given matrix,

S...n X s given matrix,

¥ = Var(Y). .. covariance matrix of the observation vector Y,

C=X'2"1X,

B,7...linear manifolds which can be either the whole space RF and R®,
respectively, or 3 = {8 : b+ BB = 0}, or

{m}={< 5 ) :b+Bﬂ+G7:0}, ete.

B...¢ x k given matrix,
G...q X s given matrix,

Myx...projection matrix on the orthogonal complement (in the Euclidean
norm) M= (X) of the column space M(X) = {Xu:u € R'},

X x )7 ...the Moore-Penrose generalized inverse of the matrix
Mx3IXMx)t he M P g lized i f th i
MxXMy (in more detail cf. [9]),

K =BC'X'®S7'S - G,
L=B,C!X'¥7!S—-G.

The covariance matrix X of the observation vector Y is assumed to be fixed
for the whole class F. This situation is denoted as

) Y [(x,s> (Ej) 3|, BeRyeR". (1)
The underparametrized model is denoted as
(@) Y ~,(XB,%),8¢cR" (2)

The best linear unbiased estimators of the parameters 8 and - in the model
(1) are denoted as B(b),'y(b) and the best linear unbiased estimator of the pa-

rameter B in the model (2) is denoted as 3@,

Assumption. In the following sections it is assumed that the regularity of the
models (1) and (2),i.e., 7(X,S) = k+s < n,r(X) = k < n, X is positive definite.

62
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2. Models without constraints

In this section the models (1) and (2) are considered.

LEMMA 2.1. If v € A, where
A= {7 SELES (e ORIV VIS bou (O
x CTIX'®71sy < 1},
then
— 2 — —
v{h e R"} {h’ [E(,,) (8™ — ﬁ] } + Var(h'8™) < Var(h/g®).

Proof. It is valid

g\ [ ¢ xszls\'/xs=ly

S0 ) S’y IX, s':7's s’y ly )
Thus

/B(b) — /B(Cb) _ Cflxzfls [S/(MXEMX)JrS] 718/271 (Y . }(ﬂ(a))7
where 89 = C-1X'®~ Y. (With respect to- the assumptlon on regularity, the
matrix S'(Mx XMy )*S is regular.) Since ﬁ(a) and Y — Xﬁ(a) are uncorrelated,

Var(8%) = Var(8®) + CTIX'S7IS[S/(My =My )*S] s/
(2 - XC'X/)=!S[8/(MxEMy)*S] T s'E X!
— C'+CTIX'STIS[S/ (M EMy)tS] TSR IXC
Let b = E, (,6(“)) — 3 and let ~ satisfy the inequality (in the Loevner sense)

Var(ﬁ/(\a)) +bb’ <y, Var(g(\m)

which is equivalent to
v {h € R*}Var(h'8) + (h'b)? < Var(h'8").
The last inequality is equivalent (with respect to the Scheffé theorem [10]) to

b’ Var(ﬁ/(\b)) —Var(g\a)) b <1.
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Since b = C'X’'2 718,
Var(8®) - Var(8@) = C7'X'S"!S[8/(MxEMy)*S] T S'E1XC!

and b e M (Var(,@(b)) - Var(,ﬂ(“))>, the last inequality is invariant to the choice

of the generalized inverse and the Scheffé theorem can be utilized. O

3. Models with constraints 1

A model with constraints I will be considered in two forms

) Yo <x,s>(§),2, b+ BB+ Gy—0, 3)

or

b)Y~ (X,S)@),z, b+ B3 =0. (4)

Here it is assumed r(B,G) = ¢ < k+ s,7(B) = ¢ < k.
In both cases the underparametrized model is
In the following text estimators in models with constraints will be denoted
by .
3.1. The constraints b+ B3 =0 in the true model
LEMMA 3.1. In the model (5) the BLUE of the parameter 3 is

p*) =B - C7'B'(BC'B')"' (BB +b),
where B = C1X'S™YY . Further

Var(ﬁ(‘”)) —Cc!'-c'B/(BC'B)!'BCL
Proof. Cf,e.g., in [3]. O

In the model (4) the mean value of the parameter 8?7 is

—

E(b]) (/B(al)> - ,6 + (MB/CMB/)+X,2_1S’)/. (6)
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LeMMA 3.2. The covariance matriz of the BLUE of the parameter B3 in the
model (4) is
Var(,@(bl)) = (].\/IB/(I’.\/IB/)+
+ (Mp CMp ) TX'SIS[S (Mxar,, EMxar, ) 7S]

x 8’27 X (Mp CMp/)".
Proof. The model (4) can be rewritten as follows.
B=p08,+Kpr, M(Kp)=Ker(B)={u:Bu=0},
where K is k X (k — ¢) matrix with the full rank in columns and b+ B3, = 0.
Since KB(K/BCKB)_lK,B = (MB/CMB/)+ and Mxk, = MXMBM the ex-

—

pression for Var (,B(bI )) can be easily obtained. O
The relationship (6), Lemma 3.1 and Lemma 3.2 imply
Var(ﬁ(bl)> - Var(ﬂ(a’)ﬂ ;

and thus analogously as in Lemma 2.1 the following theorem can be stated.

—

By (B0 ~ B € M

THEOREM 3.3. If v € Aj,, where

AI’I)I = {’Y : ’Y’S,E_lx(MB/CMB/)Jr

x {(MB,CMB,)+X’2—1S[s’(MXMB,zMXMB,)+s]‘1

x s’z—1X(MB,CMB,)+}
X (MB/CMB/)+X/E_1S’Y S 1},

then in the model (4)

—
——

v{h e RF} {h’ {E(b,) (ﬁ(az)> B [3} }2 + Var(h’[@) < Var(h’@),

— —

65



LUBOMIR KUBACEK

3.2. The constraints b+ B3 + G+ = 0 in the true model

In the model (3) the situation is a little more complicated. The mean value
E(,B(‘”)> in the model (3) is

—

Eiepy (B7)
-8+ [C*lx’z—ls ~ C"'B/(BC!'B/)"}(BCIX'®"'S - G)}y (7)
LEMMA 3.4. Let K=BC'X'S7!'S — G. Then
gl — gl = [cTIX'’s7!S - C'B/(BCT'B) K] ¢
and
-1
£= [s'(MXzMXﬁs + K’(Bc-lB')-lK}
x [s'z:—lv +K'(BC'B)) (BB + b)} :
v=Y-X3, B=CX'2 'Y, C=X'3E"'X.

Proof. In the model (3) the BLUE of the parameter 3 is

5 (1 0>{D—1 ( Xy ) e ( i )
X [(B,G)D‘l ( g )TT(B,G)D* ( }S(,gjg ) +b} }
D= ( }s(', ) > (X, S).

After some simple, however tedious calculations, the proof can be straightfor-
wardly finished. O

LEMMA 3.5. The covariance matriz of the vector & from Lemma 3.4 is

—1

Var(€£) = [s’(MXzMX)+s + K’(BC_lB’)_lK}
Proof. It is a direct consequence of the definition of the vector &. O
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LEMMA 3.6.

Var([ﬁ) :Var(ﬁ/(A“\”) +|c'x='s- ¢ 'B'(BCT'B) K]
X [Sl(MXEMX)+S + K’(Bc—lB’)—lK} -
x |s’=7'XC - K'(BCT'B) 'BCT.

—
——

Proof. The covariance matrix of the estimator ﬁ(cl) is

7)o o () fmarn (2]
x (B,G)Dl}( ! )

This expression can be rearranged into expression given in the statement.

Since

—

by (c;) = E(CI)<ﬁ/(\‘”)> -BeM Var(@) —Var(ﬁ/(\'”)>

(cf. (7)), the following theorem can be stated.

o) ()

THEOREM 3.7. If in the model (3) v € Aj (c,), where
Ar(er) = {7 ' [S’E‘IXC‘1 - K’(Bc-lB’)-ch-l]

x { [C‘lx’z‘ls - C—lB’(BC—lB’)—lK}

!

IX'S7'S - ¢'B/(BCT'B)” 1K}7<1},

% [8'(Mx=My) S+K’(BC—1B’)—1K]

[
x [s ¥ 'XCc' - K/(BC™'B)"'BC™!
x[c

then

—

v{he Rk}{h’ {E(m (;‘%) = B] }2 + Var [h(ﬁ)} < Var[(ﬂ/(\))]

Proof. Proof is analogous as in Lemma 2.1.

g
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4. Models with constraints II

A model with constraints II will be considered in two forms

(C]]) YNn l(X,S) ( il >’2 s b+B1ﬂ1+G’Y+B2ﬁ2:0, (8)

(brr) Y~y l(XaS) ( il ) 2|, b+BiB; +By8,=0. (9)

The regularity conditions are r(B1,G,Bs) = ¢ < k1 + s + ko, 7(B2) = ka2 < g,
’F(Bl,Bg) =q< k1 + ko.

The parameters (3, and « occurring in the mean value of the observation vector
Y can be directly measured. However, the parameter 3, occurs in the constraints
only.

In both cases the underparametrized model is
(CL[]) Y ~, (X,@l, E), b+ B1,31 + B2,32 =0. (10)

4.1. The constraints b+ B3, + B33, = 0 in the true model

LEMMA 4.1. The BLUE of the parameter B, in the model (10) is
(1a”) :Bl - C_lBll (MBQBIC_lBIIMBz)Jr(BlBl + b)a
B, =C'X's 'Y
and its mean value in the model (9) is

Eun) (87) =B, + C'X'E 1Sy~ C'B) (M, B1C' B My,)
x B;C71X'S71Sy

+
:ﬁl + (MBQMBQ CMBEMB2> X’E*ls"y. (11)
Proof. The expression for ﬁ§“” ) s known, e.g., in [3]. The expression for
E(bn)( §“”)) can be obtained directly. O
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—
—

LEMMA 4.2. The covariance matriz of the BLUE ng”) of the parameter 3, in
the model (9) is

() (arr) t i1
Var(ﬁl ):Var(ﬁl )+(MB§MBZCMB£MBQ) X's-'s
+ —1

x [s/ (Mxatyy oy, SMoxan,, ) s]

+
x S'S7'X (Mpyar,, CMi;ars, )

Proof. Let Ker(B1,Bs) = M (E;) With respect to 8; = B; o + Kik, the
model (9) can be rewritten as

Y — X8, ~n l(XKl,S) < : ),2

and thus

— / I~/ —1 -1
Var(n(bll)):(1,0)< K/CK;, K|X'% s) ((1))

'Y 'XK;, S'®%7'S

— (K\CK;) ' + (K/CK,) 'K'X'E"'S
X [S/(MXKIEMXK1)+S:|_
x §'S7IXK, (K{CK,) .

Since M(K;) = M (MBQMBZ)a the proof can be straightforwardly finished. [

Since (cf. (11))

—

E(m)(@) —BeM

—

Var(@) — Var(,ﬂ/(l‘”\f))‘| ,

the following theorem can be stated.
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THEOREM 4.3. Let

+
Arrgy i) = {’Y RERES (MB£M32 CMBiMm)

+
x {(MBWBQ CMp, MBZ) X's1s
, + 11
X [S (MXMBQMBZEMXMBQMBQ> S}

Tt
X S/E*IX <MB£MBQCMB£MBQ> }

+
X <MB1MBZ CMBiMBZ) )(/2718’y S 1}

Then

— 2
Y€ Arngon) = Vihe R'“}{h/ {Ew”)( ) - ﬂj }

—_—

—i—Var(h’ (la”)>§Var<h’ §””)).

LEMMA 4.4. In the model (10) the BLUE of the parameter 3, is

—
j———

/ ~
gau) = - |:(B/2)T_n(3107131):| (B1ﬁ1 + b)’

—
j——

where Bl = C'X'27YY, C = X'S7'X. The mean value of ,6(20”’) in the
model (9) is

—
j——

(aH) _ —

E(b11)< 2 ) =By — [(Bé)m(Blc—lBi)}/Blcilx/zils’)’.

—
——

Proof. The expression for ﬁéa”)

—

is known, cf., e.g., [3]. The expression for

E(b[z)( éa”)> is thus obvious. 0
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LEMMA 4.5. In the model (9) the covariance matriz of the BLUE of 34 is

—_—

Var(,@gb”)) :Var<,6(2““)) + [(BIQ)T_n(BlelBi)} B, (MB£M32 CMBﬁMBZ)
+ —1
!/ —1 !/
% X'S s[s (MXMBgMBZ EMXMBiMBZ) s]

+
x §'®271X (MB;MBZCMB;MBZ) BQ(B/Q);(BchB;y

Proof. The model (9) can be rewritten as

)

Y — XBy o ~n l(XKl,S) ( : ) 5>

B1\ _( Bio K4
(52>_<r32,0>+<K2>R’

—
P

—

gbn) = Ba, + Kok 11,

—
——
—

Thus Var( (Qb”)) = Ky Var(k(11))KY) implies the statement.

LEMMA 4.6.

—
i

B, (85)) = B € M

—_—
N

Var( ;b”)) - Var(ﬁ/g;?))] .

Proof. It is valid
/ +
[(Bé);z(Blcle;)} B, (MB{MBQCMBiMBa) X's7's
-1
— [B4(B,C "B} + B;B)) 'B;| By(B.C B} +B;B)) By

x |C71 = C'By (Mp,B,C'BIMp,) B,C! X5 'S

Var(@) - Var(@)] .

!
— (B 1| BICTX'ETIS € M

Thus the following theorem can be stated.
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THEOREM 4.7. Let
All,ﬁz,(bu) = {’7 : 7lS,2_1XC_1B,1(BIQ);n(Blc—lBi)

/
— — -1
X {[(B;) (310713;)} B,C'X'®="'s

-1

Jr
X {s/ (MXMBQMBQ EMX My, ) S]

X S’E‘lXC_lBﬁ(Blz)m(BlclBi)}

/
x [(Bé);(Blc—lBi)} Blcilx/z_ls’y < 1}

Then

o —

2
Y€ Anp ) = VibE R'”}{h/ {Ewm( 1) - ﬂJ }

+ Var ('8{'") < Var(w'g{"™).
4.2. The constraints b+ B3, + Gv + B235; = 0 in the true model
Let the adequate model be (8) and let the underparametrized model be (10).

COROLLARY 4.8. The mean value of the BLUE of B, in the model (10) is (cf.
Lemma 4.1)

—
——

a + _
E(cu)( g II)) = /61 + (:’.\/IBiMB2 CMB{MBQ> X/E 1S"Y

in the model (8).

LEMMA 4.9. The BLUE of 3, in (8) is

—_—
j————

gler — gler) [C*IX’E*S — C'B) (Mp,B,C'B{Mjp,)" L} n,
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where

L=B,C'X'2"!Ss -G,
-1

n=— {s’(MXzMX)+s + L’(M32B1C_1B’1M32)+L}
X [s’z*lv +L/(Mp,B;C~'B,Mjp,)* (B1B, + b)} :
B, =C'X'2'Y,v=Y -X3,,C=X3¥"X.
Proof. Let Lz, be (¢ — k2) x ¢ matrix with the full rank in rows, L'y By =
0,L; Lp, = L(g—ky),(q—ks)> i-€; Mp, = Lp, L . The constraints b + B13,

+ G~ + B33, =0 in (8) as far as the parameter 3, is concerned are equivalent
to constraints

B,b+Lp,B13; + Ly, Gy =0.

Thus the model (8) can be rewritten as

Y ~ n[(X,S) ( A ),2
'Y
The model (12) can be compared with the model (3) and thus regarding Lemma
3.4 and the identity
Lp, (L, BiC'B)Lp,) 'L}, = (Mp,B,C "B/ Mp,)",
the proof can be finished. O

, Ly b+ Ly BB, + L Gy=0. (12)

Now the following lemma is a consequence of Lemma 3.5.

LEMMA 4.10. The covariance matriz of the vector iy from Lemma 4.9 is
-1

Var(n) = [S’(MXEMX)+S . (MB2B10_1B’1MBQ)+L}

Proof. Proof can be performed analogously as in Lemma 4.9. (]

LEMMA 4.11.

Var (ﬁ) — Var (@)

- [C*IX’E_ls — C'B}(Mp,B,C'B|Mp,) "

L
X [S'(MXzMx)+S + L/(M32B1C_1B/1MBZ)_1L} -

X [s’z:—lxc—1 - L’(M32B10_1B3M32)+B10_1}.
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Proof. The statement is a direct consequence of Lemma 4.9. However, to find
the resulting formula is rather lengthy and therefore it is omitted. O

Since

—

Eern) (/§\>) — B eM

e

Var(,@(lc”)) - Var( 5‘””)

o — e ~|
)

the following theorem is valid.
THEOREM 4.12. Let
U=C'X'E"'S - C'B}(Mz,B,C 'B;Mp,) L,
V =S (MxEMy)*S + L' (Mp,B,C'B;Mp,) L
= [Var(n)]_l.

If in the model (8) v € A7 g, (c;;), Where

A1, (err) = {'Y U (UVIU) Uy < 1}’
then

— — —

V{h < Rkl} {h/ {E(CH)(B/(:“)> _51] }2 < Var(@) —Var(,@/(lar)).

The mean value of the estimator

f— , N
ﬂg“l) - _ [(Bé);(Blcle;)} (Blﬁl + b)
(cf. Lemma 4.4) is

—
j—

E(CH)( §a11)> =By - [(B/Q);(Blcle;)}/L’Y

in the model (8).

—
—

LEMMA 4.13. The covariance matriz of B;C”) is

Var(@) = Var(@) + [(3/2);1(810*13@},
x L [S’(MXEMXVS +L (MBQBlc*B’lMBfL} B

X L'(B2),, 5,011
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—
——

Proof. With respect to Lemma 4.4 the covariance matrix of ,6(2“”) is

—

—— —1
Var( g““)) - [B’Q(Blcle’1 + BQB’Q)*BQ} 1

Thus in the model (8)

—

Var (B/gcf\f))

—1
C.X's7'S B =

= Var(@) + {(Blz);z(Blclei)}/

—1
X L{S'(MxEMx)"S + L'(MzB1C ™' B{Mp,) 'L} L/(BY), 5,0 13-

O

Since
—_—

E;n (@) —ByeM {[(Bé)m(Blcle;)yL}

e

Var(@) — Var(@)] ,

=M

the following statement is valid.

THEOREM 4.14. Let
/
A;I,,Bz’(CH) = {'Y : 'Y/L/(BIQ)T_n(BlClBi){ [(B/Q)T_H(Blcle{)}
x L[S’(MXEMX)+S

-1 -
+ L/(MB2B1071B3M32)+L:| L/(BIQ)T_n(BlclBﬁ)}

/
X [(Bé);n(Blclei)} L"Y < 1}~
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Then
— 2
Y S A?Lﬂ%(cll) = V{h c RkQ} h, |:E(CII)( ga11)> _'62i|

———

+ Var (hg/@) < Var(w'gf™).
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