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A PARAMETRIC MODEL FOR DISCRETE-VALUED
TIME SERIES

MARTIN JANZURA — LUCIE FIALOVA

ABSTRACT. A parametric model for statistical analysis of Markov chains type
models is constructed. Within the proposed model we can estimate the unknown
parameter by simultaneous optimization of a collection of short-range objective
functions. The estimate is proved to be consistent and asymptotically normal.
Under mild conditions the estimate agrees with the standard maximum likelihood
one, and, therefore, it is also asymptotically efficient.

1. Introduction

A natural probabilistic model for time series with discrete (categorial) data
is a Markov chain of some order, see, e.g., the classical references [2] or [1]. But
whenever the order of the Markov property is considerably high, the general
non-parametric model is extremely complex and hardly tractable, in particular
from the statistical analysis point of view. Therefore a reasonable parametric
model is needed. As standard parametric families we can consider the well-known
logistic regression models, or, (see, e.g., [7]) the Gibbs-Markov distributions with
pair-wise interactions which can be understood as two-sided logistic regression
models. But all these models are numerically feasible only up to a certain (not
very high) range.

In the present paper we introduce a parametric model which deals with small-
dimensional sufficient statistics and which makes possible block-wise (separate)
estimation of the multi-dimensional vector parameter. Thus, even a higher order
model can be identified from a rather short data series. The proposed model
corresponds, in fact, to Gibbs distribution with interactions that depend non-
linearly on the unknown parameter. First, the problem of existence and unique-
ness of such distributions is discussed. Then the estimator is constructed and
its (mostly asymptotic) properties are investigated, namely the consistency and
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the asymptotic normality are proved. Moreover, it is shown that under some
additional assumptions the estimate coincides with the standard maximum like-
lihood one which also yields to its asymptotic efficiency. For general results on
Gibbs distribution we refer to [5], [6], and [10], for limit theorems to [4]. The
statistical inference aspects are partly adapted from [7] and [9].

2. Preliminaries

2.1. Basic definitions

Let X denote some fixed finite state space, and Z the set of integers. For every
V' C Z we denote by Fy = o(Projy,) the o-algebra of cylinder sets, i.e., the o-
algebra generated by the projection function Projy, : X4 — XV, and by Ly the
space of real-valued cylinder functions, i.e., every f € Ly is Fy-measurable or,
equivalently, it depends only on the coordinates from the set V C Z.

Further, let P denote the set of all probability measures (quoted as random
processes) on the space (X Z FZ ), and Pg C P the subset of shift-invariant
probability measures (quoted as stationary random processes), i.e. P € Pg iff
P =Por ! where 7 : X7 — X7 is the shift defined by (7(z)), = xs41 for
every s € Z, x € X%. Moreover, P € Pg is ergodic if P(E) € {0,1} for every
Ec&={FEe€Fz;7(E)=E}. We write P € Pg.

For every V C Z we denote by Py = P/Fy the restriction of the random
process to the o-algebra of cylinder sets Fy, i.e., the corresponding marginal
distribution. Finally, we shall denote by V = {W C Z;0 < |W| < oo} the
system of finite non-void subsets of Z.

2.2. Entropy and entropy rate

For a pair of discrete probability measures p, v let H(p) = [[—log p] dp and
I(p|lv) = [log £ dju denote (whenever the integrals exist) the entropy and the in-
formation divergence (relative entropy, Kullback—Leibler number), respectively.

Nevertheless, for the random processes we have to deal with the asymptotic
versions of the quantities, i.e., with the entropy rate

H(P) = lim (2N +1)7! H(P[,MN]),
and the asymptotic I-divergence (relative entropy rate)
I(PIQ) = ]\}EHOO(QN +1)7! I<P[—N,N] \Q[—N,N])

for P, @ € P, provided the integrals and limits exist. Let us note that the entropy
rate H(P) exists for every P € Pg, while the relative entropy rate Z(P|Q)
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exists only under some additional conditions (e.g., the Markov property) on the
reference random process @ (see, e.g., [5]).

2.3. Gibbs distributions

The functions from £ = | Jy,,, L1 will be quoted as (finite range) potentials.
For a potential ® € Ly, V € V, we define the Gibbs specification as the family
of probability kernels II* = {II% }Acy where

% (zplzac) = Z3 (zac) exp Z ®oTj(x)
JEA-V

with the normalizing constant

ZR(zae)= Y expq Y Pori(ya, wac)
yrEXS JEA=V
for every A € V. Here, A=V = {A—v;o e V,A € A} = {j € Z;(j+V)NA # 0}.
A random process P € P is a Gibbs distribution with the potential ® € L if

PA|Ac(xA\xAc):Hf(m,ﬂx,\c) a.s. [P]

for every A € V. The set of such P’s will be denoted by G(®), and, in general,
G(®) # (. Thanks to the absence of phase transitions in the one-dimensional
short-range systems (see, e.g., [10], Theorem 5.6.2) we have the Gibbs measure
given uniquely, i.e., G(®) = {P?®} for every ® € L. Moreover, P® € Pg, i..,
the respective Gibbs random process is ergodic.

Remark.
i) From the above definition we observe that the Gibbs distributions represent
the infinite-dimensional counterparts to the exponential distributions.
ii) If ® € L4, we have P‘?‘Vc € L7 with V =V — A+ A and therefore
Pé"vc = P\?\av a.s., where 9V = V \ V, ie., P® obeys the “bilateral”

Markov property, which is equivalent (see, e.g., [6], Chapter 10) to the
usual “unilateral” one.

iii) The Gibbs distribution is determined equivalently by the variational prin-
ciple

Pe argmax e p {'H(Q) —/<I> dQ} .

For details see, e.g., [10]. d
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3. Problem

3.1. Statistical estimation

Suppose we are given a sequence of data Zj;,) = (Z1,...,2,) € X7l and
a parametric family of stationary random processes

Po = {Pe}eee) C Ps

with © € RX, where K is a finite set of indices. In addition, we usually assume
that each P? € Pg is also r-Markov with some fixed order r > 1, i.e.

pf (x0|:v,1, el J:,T,g) = p? (:v0|:v,1, el J:,T)

for every £ =0, 1,.... Then, the standard statistical estimator assumes the form
0" = argmingcg /F9 dpm,

where P" is the empirical random process given for every f € L4, A C Z

finite, by
[£apm = a3 foan)
1€EN A
whenever na # 0, where ny = {z’;A +1i C [1,n]}, and FY is a suitable func-
tion, e.g.,
F* (x[,ryo}) = —log P’ (o | X1,y 2T—y)
for the maximum likelihood estimator.

Apparently, with such an approach there might be troubles, in particular,
when the range r of the Markov property is rather large. Then, consequently,
the number of parameter |K| is also large, and we can have, first of all, compu-
tational problems with evaluating the function F? and with the stability of the
optimization procedure. If, moreover, the data size n is rather small, we have
also a statistical problem with the “over-parametrization”.

3.2. Goal

We would like to introduce a parametric model that will enable us to avoid,
at least to some extend, the problems indicated above.

Suppose there exists a partition {Kj};cs of the index set K (ie., K =
Ujes Kj» K; N Ky # 0 for j # j'). Then we may write 6 = (67) e, where
67 € R%J is the block corresponding to the index set K; C K for every j € J.

Further, for every j € J let us suppose a function

97
Fj € CAj

with A; C Z finite, where |A;| is small enough to be compared with the range
r of the Markov property.
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We intend to estimate the parameter 0 € © block-wise separately, i.e., on =
(0™7) s, where

gmd — argming; . px; /Fjejdpn
for each j € J simultaneously. In the following section we show that such an
approach can make sense. In particular, under what relations between the para-

metric distribution P? and the collection of objective functions {F;)j }jes such
an approach really works.

4. Solution

4.1. Parametric model
From now, let us assume that
(A1) F j‘)j is a smooth strongly convex function of §7 for every j € J.

Then, we may denote
0 07 67
.f :<.fj)_ :(fj,i)_ L
JjeJ i€Kj,j€J
here 7 = 25 e K, je]
where f;7 = 5o forevery i€ K, j € J.

Let P*Y be the Gibbs measure with respect to the potential {(c, f9>, ie.,
(see Section 2.3),

o 5 fwrerio)

tevV—-A

Poive(av]zye) =
2 eXP{ > <Oéaf907t(yv,l'€/)>}

yy XV teV—-A

holds a.s. for every V' € V, where A = UjeJAj and V—-—A={v—aquvel,
a€ A} ={se Z;(s+A) NV #0}. Or, equivalently,

pob — argmaxgepy [H(Q) —/<a, f9> dQ} .
Now, let us introduce the function U : RX x RX — RX given by

Ula,d) = / flape?

for every a, 6 € R and define a(6) implicitly by
U(a(6),6) = 0.
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Let © denote the set where «(6) is defined. We have to assume the basic regu-
larity (identifiability) condition

(A2)  U(al,0) =U(a?,0) iff o =a?.

The condition is closely related to the notion of equivalence of potentials. Po-
tentials @1, $o are equivalent, we write &1 ~ Do, if G(P1) = G(P2). Potentials
® = (Py,...,Px) are mutually non-equivalent if (o, ®) ~ 0 yields a = 0.

Thus, the condition (A2) is satisfied whenever potentials f? are mutually
non-equivalent, which is a bit stronger condition than the standard linear inde-
pendence for finite systems. The mutual non-equivalence can be checked with
the aid of some characteristics (see [8]).

Finally, we have to assume
(A3)  ©#10,

since otherwise our system would be empty. Again, for a finite system the as-
sumption reads as: 0 belongs to the relative interior of the set of all possible
values of the statistics. Here, it is more complicated, e.g., (A3) holds if Cy(-)
assumes its minimum for some fixed § € RX, where

Cy(a) = max {H(Q) + / {a, f%) dQ}

Q€EPs
is a smooth convex function with V,Cy(a) = U(a, 0) (see, e.g., [6], Chapter 16).
ProrosITION 1. Let (A1), (A2), and (A3) hold. Then

) VaU(a,6) = B, (fe) _ ZCOVPQ,G <f9’ f9 ° Tt> >0,

tez
ii) © c RX is open, and o : © — RX is well-defined smooth function.
Proof.

i) follows from the strong convexity of the function Cy(-) for the mutually
non-equivalent f% (see [3]).

ii) is a standard result of mathematical calculus (theorem on the “implicit
function”).

g

Thus, we shall deal with the parametric family

{?9} , Where P’ = pa®)  fo every 6 € 0.
6co
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4.2. Estimate

Since by definition we have [ fgdﬁe =0 for § € O, or, equivalently
7 = argminejeRKj/Fjej aP’ for every j € J and 6 € O,

we may follow our intention and define the estimate on = (é’” )jes precisely as
introduced in Section 3.2, i.e.,

grd — argming; ¢ px / F ]Qj dP™ forall je.J simultaneously.

THEOREM 2. Under (A1), (A2), and (A3), the estimate 6™ = (§™7) exists with
probability tending to 1, it is consistent and asymptotically normal with the co-
variance matric

Cy = [/erdﬁﬂl B, () () {/erdﬁ"r.

If, in addition, V f% is non-random, then g" agrees with the maximum likelihood
estimate, and it is also asymptotically efficient.

Proof. By the ergodic theorem (cf., e.g., Theorem 14.A8 in [6]), for a.e.
g0 o
[Pe} z € X% and every j € J the (strongly) convex functions [ FjeJdP”

o —0°
tend to the (strongly) convex function [F je, dP . Therefore the convergence

is uniform on compact subsets of ©, and, consequently, argmin, g f F ]Qj dpr —

. 59 .
argming.q [ Fje]dP a.s. (Peo) for n — oo. That proves the existence and
consistency. For the asymptotic normality let us observe

o= ([ )= s )

where 6" = ¢,0" + (1 — &,,) 6 with some &, € [0,1]. Since

0

n? /feodpn = Nk (07 B () (f9)> for n — oo in distribution [?9 ]

by the central limit theorem (see [4]), and
Y 60 559" —0°
/Vf dP”—>/Vf dpP forn — oo a.s. [P ]

again by the ergodic theorem, we obtain the claimed asymptotic normality.
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Since we have asymptotically —n =1 logﬁﬁm = Cy(a(8)) — [{(8), f*) dpr
(see, e.g., [9]), we shall define the maximum likelihood estimate in the form

~

0" = argmingc o {cg (a(0)) — / {a(0), %) dP”} :

Standardly, by differentiating we obtain the system of normal equations
[[Va(@) f? =V fla()] (dﬁe - d]sn) =0, where, by definition

/Vf9 AP’ +3" covpe (fe, [Va(0) f + Va(0)] o Tt) —0.

tez

Whenever V f? is a non-random function, the system of normal equations turns
to Va(0) [ f8dP™ = 0, where now

—Va(8) = Bagp (£°) / vdp’ > .

Therefore the MLE 6" is given implicitly by [ fén dP™ =0, and, thus, coincides
with our estimate. The asymptotic Fisher’s information matrix is given by

Je) = lm [V} (C’g(a(ﬁ)) - / (a(0), f9>df5“> dP’

= Bago) (Va(0) f* + V f°a(6))

which for non-random V f? turns to
0 0 150 o]t 0 5"
V() Bags) (£7), 0) Va(8) = Uw dP ] | Bago) ()] [/Vf dP ]
[

EXAMPLE. Suppose X = {0,1}, K = {0,1,...,r}, J={1,...r}, K3 = {0, 1},
and K; = {j} for j =2,...,r. Let

690390 4012071

Ffo’el(xo,m) = with Ay = {0, 1},

T8y e

69j:p0:vj

F (o, x5) = —log with A; ={0,5}

J 3+ el

for j =2,...,r, then P e G(ao(0) zo + Y. ar(f) zozy) is r-Markov Gibbs dis-

tribution with “pair-wise interactions” degending non-linearly on the unknown

162



A PARAMETRIC MODEL FOR DISCRETE-VALUED TIME SERIES

parameter, i.e., it is a“curved exponential distribution”. Then all assumptions
are satisfied, and the estimate now assumes the form:

A Py — P, A P A 3P,
0 = log 2007%01 , 07 =log ﬁ , and 07 =log 70371
1= Fgo Foo — Py 1= Fgj
for j=2,...,7, where Ag;- = ]5”(370 =1l,z;,=1) forj=0,...,r.
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