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DISCRETE BOURGAIN-MORREY SPACES

MARTHA GUZMAN-PARTIDA — LUIS SAN MARTIN —
ALEJANDRO VILLEGAS-ACUNA

Universidad de Sonora, Hermosillo, MEXICO

ABSTRACT. We address discrete versions of Bourgain-Morrey spaces. We prove
some basic properties and introduce several equivalent norms on these spaces.
Finally, we analyze the action of a dyadic version of the Hardy-Littlewood maxi-
mal operator on such spaces.

1. Introduction

In this paper, we study discrete versions of Bourgain-Morrey spaces intro-
duced and studied by J. Bourgain in [3], S. Masaki and J. Segata in [14],
N. Hatano et al. in [I2] and N. Diarra in [4], just to mention a few.

Discrete Bourgain-Morrey spaces generalize the discrete Morrey spaces in-
troduced by H. Gunawan, E. Kikianty and C. Schwanke in [6] and have been
studied in several articles such as [I], [2], [5], [7], [8], [9], [10], [11], and [13].

For 1 < p < ¢ < o0, discrete Morrey spaces for dimension n = 1, were defined
by Gunawan et al. (see [0]) in the following way:

The set

= {x = (Th) ey € R™: ]l < oo} ;
where
m+N 1/p

1
Z P
x = sup O Tk
H ng meEZ, NENg (2N+1)%_§ k:m_N| ‘ ’

is called a discrete Morrey space. Here, Ny denotes NU{0}. Moreover, (lfl’, IE Hl’é)
is a Banach space such that [ = [P.
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As in [6], for m € Z and N € Ny, we denote by S, v the set
{m—-—Nm—-N+1,...,m+ N}.
Clearly, the cardinality of S,, ny is 2N + 1 and it will be denoted by |S;, n|-
Let 1 <7 < oco. The discrete Bourgain-Morrey space denoted by {7 . is defined
as
lgﬂ, = {x = (xk:)keZ : Hlegm < OO} ,
where
1/p

1_1
lzlle, = [1Smavls ™7 (D el

kGSm,N
1" (Z%xNp)

r/p T

= Nty G Y

meZ, NeNy k€Sm, N

For r=o0, the discrete Bourgain-Morrey space (¥ ., is the space of sequences
such that

L m+N ) 1/p
zllp o= sup [Shn|7 7 Z |z | = [lzllp < oo

meZ,NeNy N

Thus, in this case, !  coincide with the discrete Morrey space [1.

Moreover, it is easy to see that: for
1<p<g<oo and 1<r<oo,
P P~ [0
lgr Cly CI.

In the following sections of this paper, we will study some important prop-
erties of these discrete spaces, such as completeness, inclusion relations and
equivalent norms. Moreover, we will study the action of a dyadic version of the
classical Hardy-Littlewood maximal operator on these spaces.

We will use standard notation, and as usual, we shall denote by C' a constant
that could be changing line by line. Sometimes we will denote a constant by C
to indicate that the constant depends on a and b.

2. Some properties of the spaces [,

Along this section, we will be assuming that p, ¢ and r are real numbers such
that 1 <p<¢g<oo,and 1 <r < oo.
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DISCRETE BOURGAIN-MORREY SPACES

ProOPOSITION 2.1. The following assertions hold:

a): (12, H-ng’r) is a Banach space.

b): If1<r <ry<oo,thenly, CIf, with|lp < [z, -
T ,T1

q,T1 q,72

c): If 1 <py < p1 < q, then Iy, C 1% with |[-[|;p2 < [|-]| 21 .

Proof. To prove b), we recall that I"* C ["2 with [|-[[;-, < [|*]|;, and this
immediately implies that [, C L with H~ngw2 < H'ng’T )

Now, according to [6, Proposition 2.4], we have that (?* C [P with H'ngzr <
[Ill;z+ , which implies c).

Finally, to show a) we proceed as follows.

For r < o0, let us consider a Cauchy sequence (x(j));?‘;l €ll .. Then, given £ >0,
we can find j. € N such that for every j,l € N with j,1 > j. we have

Hx(j) —z® < e (1)

p
qu"‘

Using b) with r1 = r and ry = 0o, we see that
rcly and [y <l

o0
j: .

a Banach space, there exists x € [ such that zU) — zin [t as j — co. We need

hence (2(1))%, is a Cauchy sequence in (15, I'll;z), and since the latter is

to prove that z € IF . and zU) =z in -llz , as j — oo.

Indeed, since z9) — z in [b, for ¢ > 0 given above, we can find l. > jc
such that for each m € Z and N € N,

1/p

; P
|Sm,N|%_% Z ’xfj) —xk‘ <e if j>1.. (2)
k)ESnL,N

Taking N = 0 in (2)), we obtain
x,(g) —xr as j — oo forevery k € Z.

Now, using ([{l) and Fatou’s lemma, we have for every j,I € N such that j,
[>1.

r/p
11 . p
E ‘Sm,N‘T(q ») E SE,(CJ) — Tk <
meZ, NENy kESm, N
r/p
s r(i-1 G _ (]°
hmllnf g | S, N | (i=3) E xy —xy, < g
— 00
mEZ,NENQ k?ES,m,N

and this implies that x € Il and 29 — zin HHl{; -
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The case r = oo is also true because ¥  is a discrete Morrey space (1.

This concludes the proof. O

The following proposition examines dilation, translation, and convolution
properties for {7 .

PROPOSITION 2.2, Let 1 <p<g<oo,1<r<oo, andx € l{;,r.
a): Ift €N, then ||z ()5 < tra [Ellr.
b): If s € Z, then ||z (- — 5)||pp = [lz]l -
c): Ifyell, then |lzxylp <yl lzl

Proof. To see a), let us consider first the case r < oco.

r/p
11
ey, = > N+ G 3 el
me€Z, NENy kESm N
r/p
< Y N+ Y
me€Z, NENy 1€EStm N
1/p]"
— Z t%—%(2tN+t)<5‘%) Z | |”
meZ, NeENy lEStm,tN
1/p]"
<¢r(5-3) 3 @2tN + 1)a3) Sl
meZ, NeNg 1€EStm tN
<t G0 |jally,
q,r
The case r = oo is easier and we omit it.
To prove b), consider the case r = co.
o (- =s)llp =z =)l "
= sup (2N + 1)5_% Z |zg—s|”
meZ, NENg k€S N
1/p

sup (2N + l)é_% Z |2 |P
mEZ, NeNy lesm_s N

el = llzlly _ -

The case r < oo is similar.
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DISCRETE BOURGAIN-MORREY SPACES

Finally, let us prove ¢). Using b), we have for every N € N

N

> yk)x(-—k)

k=—N

< S @z~ Ry,

l:D k=—N
q,r

N
= > ly®llelly,
k=—N

and taking limit as NV — oo in both sides of the inequality, we obtain

ly *ally . < Iyl el -

as we wanted to show. O

We can also prove Young’s inequality for discrete Bourgain-Morrey spaces.
THEOREM 2.3. Let p, po, P1, 4, 9o, q1, T, 7o, ™1 be real numbers such that

I<p<g<oo, 1<py<qy<oo, 1<p1<q <oo, 1<rrer <o

and 1 1 1 1 1 1 1 1 1
—+—=-+1, —F+—=-+1, —+—=-+1
Do b1 p qo q1 q To r1 r
Then, for all
el ad yel,

we have
oyl < 2lles

q0-"0

191];21

q1,7m1

Proof. Without loss of generality, we can assume that the sequences x and y
are non-negative.

Let m, m € Z and N € Ny. First, observe that by the properties of charac-
teristic functions and the definition of convolution, we can rewrite the following
expression as

1/p
1) xsonll, = (2 e y) () xSm,N<k>yp)

kEZ
1/p

=| X =y @I

k€ESm N

= 2

k€ESm, N

1
p\ /P

> a(m)y(k—m)

meZ
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Then, by @) and by Minkowski’s inequality for integrals, we obtain

P\ /P

@) xsunllp = D

kE€ESm, N

>z (m)y(k—m)

meZL

1/p

<SS e@myk-mP| . @

meZ \ k€S, N

Next, since
1/p 1/p
S| 5 smyeemr) - 5 (Shemym.. of)
mMEZ \kESm N mEL \kEZ
=S @y - x5 Ollps )
mEL
from ) and (), we get that
1@ y) Xl < D [l @)y (=) x50 n O], (6)
mEL

Moreover, since x,y > 0, it follows that
@)y (=) Xs,n ()< D 2Oy —1) x5, x ()
teESm N

for every m € Z, and consequently

_z: ||.Z' (m) Y ( - m) XSm. N (')Hlp

< Y My —t)xsn ()

mEL ||[tEST, N Ip

= Z )y (- —1) XSsm.n () XSmn ()

meZ |l teZ

(7)

p

Now, denoting by
SN —Sman={]—k:j€Snun, k€ Smn}=5mman,
and noticing that for s,t € Z
XSpn (8) XS n () < XS =S n (8 = 1) X5 (1)

= XSm—mm,2N (5 - t) XS N (t) )
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we obtain
DDz Oy =) xsun () xsmn B <
mel || tez I
DDy =) Xsp man (= 1) X (D) (8)
mel || tez I
Thus, combining (6)), () and (&), we get
@5 9) Xl < DD 2O U (=) X5 an (=) X n (1) (9)
meZ | teL r

Furthermore, we can rewrite the right-hand side of (@) as

>,

meZ

Z x (t) Yy ( - t) XSm_mm,2N ( - t) X S, N (t)

teEZ

p

0 @xsmn) * (UXS mon) |1 - (10)

MEL
Now, using ([@), (I0) and Young’s inequality for I? spaces Wlth + pll = % +1,
we get
G ) Xl < D (1) * (XS an) [
meZ
< Z HxXSW,NH[PO ||yXS'm—m,2N||lP1 . (11)
me

Hence, by () and the fact that i1 (L - i) + (i -1 ) we have

p q0 Po q1 P1
1/r
(Z (2N +1)577 ||(z+y) xSm,NH;;)
meZ
T 1/1"
< (3 v 07 (X Ionsslhn s sl )
meZ mEeZL
r\1/r
= (Z (Z (2N+1)%_*’_10HxXSﬁ,NHm(?NH)ﬁ_ﬁHyXSm_ﬁ,me> ) :
mEZ \mEeZ

(12)
In addition, defining for m € Z
a (M) = (2N +1)57 7 ||zxsy [,

b(m) = 2N + 1)7 7 [|lyxsman ||on
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the right-hand side of (I2) can be written as

(Z (Z a () b (m m))rj/r: (Z (ax) <m>|f>w,

meZ \meZ meZ

then, using Young’s inequality for [" , we have

1/r
(Z |(axb) (m)|r> < llallyro 10l =
meZ
I/TQ
11 To
(Z ((2N—|— l)qo PO H"L‘X‘STYL,NH“’O) > X
meZ
1/7‘1
1 1 1
(Z (N + 1% [yxs,an ) ) . (13)

meEZ

Thus, by ([I2)) and ([I3]), we obtain

1/r
(Z 2N +1)7 7 ||[(z *y) Xsm,NH;p) =
meZ
v 1/7o
(Z ((2N+ 1)7 7o HxXSm,NHlm) ) x
MEZL
1/r1
11 1
(Z ((2N+ I)H_H ||yXSm,2NHlp1) > ) (14)

me7Z
Now, since
SmaN = Sm-~N,NUSmin.N,
then
XSm 2N < XSm—nN + XSminN,N- (15)

Moreover, for each | € Z we have

T1

Z ((2N+ 1)ﬁ_ﬁ HyXS7n+z,N||lm> =

meZ

> ((2N+ o XS |1 )Tl . (16)

meZ
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Taking | = N, —N, from (I3 and (I6]) we obtain that

1/7r1
(5 (@305 Isli) )

meZ

11 1 Hn
> (N D5 ([l + [9xSnnlln)) =

mez
1/7r1
2 (Z (N + 155 Jyxsnlm) 1) . ()

meEZ

Therefore, by (I4) and (1)

1/r
(Z (2N +1)77% ||z +y) xSm,NH;;) <
MmEZ
1 1 To Hro
2 (Z (@N + 1) [[oxs,, xllwo ) x
meZ 1/m
(Z (N + 155 Jyxs,nlm ) 1) . (18)

mEZL
Now, raising to the power r, adding over N € Ny and taking rth root on both
sides of the above inequality, it follows that

( YN @eN+ 1)s »

NENy meZ

1/r

(.’IJ * y) XSm, N H;;;) <

r/To
2[2 (Z(2N+1 110 Po HxXSmNHlPO> > X
NEeNy €L
r/r /r
(Z ((2N+ 1)a ~er Hstm,NHm) 1) ] . (19)
meZ

Thus, according to the definition of the [? -norm and (I3J),

o syl = ( S SN

NeNgmeZ

r/ro
2 |:Z (Z ((2N+ 1)‘%0_% ||.I‘XSm,NHlP0) )> X
NeNg \mezZ
r/ry 1/r
1 1 T1
(Z ((2N+1)q1 1 Hstm,NHm> ) ] . (20)

MEZL

1/r
@) xSm,NH;) <
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Now, observing that

\r/mo
= [Z (Z ((2N+1)%_% ||xXSm,N||lPo>7O>

NeNg \meZ
r/r 1/r
1 _ 1 1
X (Z ((2N+1)q1 p1 HyXSm,NHlpl) ) ]
meZ
) v/ 1/r
<2 (N +1)m o o)
S {(ﬂ% (2N +1) 19X S || ) ]
/7o 1/r
a1 o
X {Z (Z ((2N+1)q0 m ||:cxsm,N||lp0) ) ] . (21)
NeNy \méez
and noticing that
, - 1/r
P ( ON + 1) 71 ) )
Sup [(mze:Z (2N +1) 19X S0 || > ]
r/ro 1/r
11 o
X [Z (Z ((2N+1)q0 PO ||1‘XSm,NHlp0) > ]
NENy \mez
1/7r1
1 _ 1 1
=2 (Z ((2N—|—1)q1 P1 HyXSm,NHlpl) )
meZ 1% (No)
. 1/7o
x (Z (N + 1% Joxs, ) ) : (22)
mek 17 (No)
we conclude, combining (20), ([2I)) and (22]), that
1/r1
eyl <2 (Z ((2N+ o~ ||y><sm,N||lp1) )
meZ 1% (No)
. 1/ro
X (Z ((2N+ 1)%_% ||xXSm,N||lp0> >
mek 17 (No)
(23)
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Finally, using the fact that r; < r, we obtain

. 1/ro
(5 (v s v b lovenl)”) |

meLz " (N)
. 1/r1
(Z (@N + 1T yxs,. ullp ) ) . (29)
me7Z 171 (No)
and since
- 1/7"1
(3 (s 0¥ H sl ) <
mez oo (No)
1/ro
(3 (v 08 sl )
mez " (No)
we conclude by ([23), 24)) and ([28) that
1/m
o+ ylly, < 2 (Z (N + 175 ||y><sm,N||m)“>
mez %o (No)
, 1/ro
x (Z (N + 1) oxs, ) )
mez " (No)
L\
<2 (Z ((2]\/‘—1—1)%0_% ||xXSm,NHlP0) )>
mez 170 (No)
- 1/m1
X (Z ((2N+ 1)%‘% ||yxsm,N||zm> )
mek 171 (No)
=2 elp Mol - (26)
This completes the proof. O

Next, we give some examples of elements in discrete Bourgain-Morrey spaces.

EXAMPLE. Let 1 < p < g < oo, and o1 < 1 < 00. Define

P

T = (xk)keZ by T = 5k0~

Then, z €11 .
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Indeed,
r/p

lelpy, = S eN+y G Y ] (27)

me€Z, NENg k€S, nN{0}

Notice that k € S,, v N {0} if and only if m € {—N,-- -, N}. Thus, the right-
-hand side of (27)) can be expressed as

N [e'S)
Sev+y G Y 1 =Y en o)
NeNy m=—N N—0
2
and this series converges if 1+ r (% — %) < —1, that is, if » > T
P q

EXAMPLE. Let 1 <7 <p < ¢ < 0. Define z = (xk)keZ by

k7Y i k#£0,
T =
1 if k=0.
Then,
rell\ 1l ,.

In [6], it is proved that = € [5. Now, let us fix N € Ny and observe that

r/p
SN+ G ST gy
me7Z k€ESm N
N r/p
> (2N + 1)7'(3_%) ( Z |xk‘p>
k=—N

—@N+1) ) 3 MRL

ke{-N,,N}—{0}

this implies that

r/p
(-1 p 1 _
Soooen+ Y | 20 o =
mEZ,NENQ kESmﬁN N=0

or, x ¢ 1.
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3. Equivalent norms

In this section, we introduce a couple of norms in the discrete Bourgain-
-Morrey space that will be equivalent to the original norm given in [ .. As a con-
sequence, we will also obtain equivalent norms in the discrete Morrey space [2.

For j € Ny and k € Z we define the dyadic interval of integers

I(j,k)=[2k,27 (k+1))NZ
= {2k, 27k +1,--,2/ (k+1) —1}.

The set of all dyadic intervals as defined above is denoted by Z.

The family of sets Sy, v, varying m € Z and N € Ny will be denoted by S,
and the subfamily of & whose elements are the sets S, on, with m € Z and
N € Ny will be denoted by Sz.

Let 1 <p<g<oo,1<r<oo,and x €l . We define

r/p T

Il = | 3 @) S ,

kEZ, jENy lel(j,k)

and

r/p] T

ol = | 2 @y TS

meZ, N€ENg lESm12N
THEOREM 3.1. The norms || . Hxﬂér and HxH%IT are equivalent.

Proof. Let us first show that Hleé’ _and HxH}SgIT are equivalent.
Let me Z and N € No. If N =0, then
1/p 1/p

1 3\
| = ——— [ D "] < (m) ST olmlP| . (298)

I
|Sm,0l5 K I€Sm 0 l€S,, 20
For N > 1, let f (N) = [log, N, where [x] denotes the least integer greater
than or equal to . Thus,
logy N < f(N) <log,2N or N <2/ <an.

This implies that
Sm,N C Srn,Zf(N)
and

IN +1<2.2F(N) 11 <4N +1.
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Hence,
T 1/p
2N +1\? « 1
<2N+1) — | > | <
|8 2ry |70 \ues n 1/p
1
I_1 Z |21|?
|Spn2rmy |77 LES  LFav)
or 1.1 1/p
2N +1 P 1
<S ) | D Pl <
| m,2f(N)| (2N+1)P q 1€Sy,, N 1/p
1
| > lml"| .
S arem |77 \ies) i
then, 1/p
1
| > |ml"] <
(2N +1)» a 1€Sm N
1 11 1/p
’Smg.f(N)| P 1
< N + 1 i1 > el
’Sm72f(N)|p a I€S, 5\
Since for every N € N
L_2N+1 |Spm.2rv | _ AN+
S 2N+1- 2N+1 ~ 2N+1° 7
we have 1_1
Sparan|\P 7 1
Ls{iSysr ) =2 %
and so,
1/p 1/p
1 » 11 1 »
———— | X |« < 20— > lal (29)
(2N+1)P 7 \1eS, N |Sm,2f(N>’P q 1es, ron
Using (28)) and (29), we get
r/p\ /"
1
=l = Yo ———=—= | > lulf
- met, Neng 2N +1)7 "« 1ESm. N
r/p 1/r
1.1 1
<sa |l Yy | > ul (30)

r_nr
S P q
mEZ,NEN()’ m,2f(N)’ lesm,zﬂN)

1_1 1 1_1
< 33 > ——— D> P = 35 |57 .
q q,r

T
mez, NeNo |Sm 2 |7 €S, ,N
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Clearly,

S
el < llzlly

thus, we have proved the desired equivalence.

Next, we show the equivalence of the norms HxH;SSIT and HleZ;qa . For j € Ng
and k € Z, notice that

(2k+2"1) =277 =2k and (k427N +27 =27 (k+1),

S0,
I(j,k) C Sojpqoi-12i-1,
and
2 = |I(j, k)| <|Saipqoi-10-1| =27 + 1.
Thus,
11 1/p 1/p
27\ p « 1 1
(27) ) I_1 Z ") < — I_1 Z |2 ” )
(2J + 1)p K lel(j,k) (2J + 1)p 4 l€S,)py0i—1 2i—1
or
) 11 1/p 1/p
27 P a 1 1
(2j+1) —— | > || £ ——a > 2"
(27)7a LeI(4;k) (27 +1)r e LE€Sgjkqai—1,0i—1
(31)
On the other hand, since for each j € Ny
, , 1_1
1 927 . 27 +1\* ¢ 11
5 < 53 <1, we obtain 4 < 2% é,
272041 2i
and therefore, for every j € Ny, k € Z, by (BI)) we obtain
1/p 1/p
1 1_1 1
—— | D mlf| <2 ———— oo Jml
(29)% "« 1€I(j,k) (2 +1)» @ L€S,) .t 0i—1 0i—1
(32)
This implies that
r/p 1/r
1
ol =1 Y ——— [ 3l
ket jeng (27)7 4 1eI1(j,k)
A
1_1 1
<2k Z PP Z |2 [”
k€Z, jENg (2J + 1)p ! l€S,) i —1 251
11
< 2574 [l
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Now, let
mé€Z and N € Np.

Observe that
|Sm,2N| = 2Nt 4 1,

and the family of sets {I (N +1,k) : k € Z} partitions Z into groups of 2V+1!
consecutive integers. This implies that there exists at least one integer s, and
at most two such that

s=2N*l ¢ Sion, for some [ € Z.

If we denote by s(m, N) = 2¥+1(m, N) € S, o~ the largest integer satisfying
this condition, we will have

Sm,on C I(N+ 1,l(m,N)) UI(N+ 1L,I(m,N)— 1) =: A(m, N),
and
|A (m, N)| =2N+2

Therefore, for any m € Z, N € Ny

N1 1_1 1/p 1/p
2 +1),, a 1 » 1 .
NI 1 ————| > |l <———— | X |ul
(2 +1 A (m, N)|? q<zesm,2N [A(m, N)[777 \ e i)

— ;< Z |z|P + Z |xl|p> P

T_1
| A (m, N)|[? 79 \ jer(n+41,00m,n)—1) LEI(N+1,i(m,N))
1/p 1/p
1 1
S T > jal” |+ ey >l o,
(NF) P9\ e (N+1,0m,N) 1) @NT) P9 \ i (N1, om, V)
which implies 1/p

S

1_1
<2N+1 + 1)p a I€S, N

11 /p
<(w) el 2 e
@NF) P79\ e r (N 10m, N -1)
1_1 1/p
[A(m, N)|\» @ 1 p
+ (W 11 > 1]
2P+ NPT\ e (v i(m, NY)

Observing that

1 1
A(m, N A(m, N)[\¥ 7
P ANy 1< <7 (m, )> <2

Q=

S

= 9N+l 41— =\ 2N+
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we conclude that

1/p
1

(2N 4+ 1)5

> aal?

les

Q=

7n,2N

1/p
1

P
T W

1€T(N+1,(m,N)—1)

1
q

s =

<2

1/p
1

W > |1 : (33)

1€I(N+1,I(m,N))

Q=

+ 25

Using (B3]), we obtain

r/p 1/r

1
|l = > = D P
q,r mEZ,NEN()(2N+1+1)p q lesij

1/p
1_1 1 »
<l X 1P| > 1]
mez, NeNg (NPT \ e r (vt i(m,N)—1)
1/p rql/r
1_1 1
+ 25 [y > . (34)
(2N+1)5_E

LEI(N+1,1(m,N))
Now, according to Minkowski’s inequality, expression ([B4]) can be estimated by

r/p\ /"

TRrll I S — Sl

(2N+h)P e IET(N+1,l(m,N)—1)

r/p 1/r

+957 % Z _ 1 Z iz

N+1\p ¢
mez, NenN, 2N 1€I(N+1,1(m,N))

<2070l + 2070
as we wanted to prove.
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Reminding that for r = oo, Il = = {F and defining
1/p
11
ol = s @) S Jml|

k€EZ, jeNy 1€1(j,k)

1/p
s 11
[ S AR DA I NN 71 I
meZ, NeNy .

we have the following result.

COROLLARY 3.2. The norms quzg; HleIg and HxH%I are equivalent on the dis-
crete Morrey spaces.

Proof. From (28) and (29) we get
1o10s 11
lally < 334 JallSF < 35 .
Now, using ([32), and ([B3]), we arrive at
ol < 2570 [lally? < 2025 |l

and this ends our proof. O

Remark 1. Using the equivalence of norms on (7, we can show that

the sequence given in Example 2] belongs to I, for every 1 <r < cc.

Indeed,
r/p V7"
1
z
Hleg’,,ﬂ: Z N L_L Z | [?
wezgene L GBI \ 1 T5m
r/p 1/r
1 P
= Zﬁ Z |1
e GO\ T 5o
- 1/r 1/r
— |y @)Ear| = ey
| 7€No Jj=0

and this series converges if p < ¢.
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4. The dyadic maximal operator

In this section, we will examine the behavior of the dyadic version of Hardy-
Littlewood maximal operator on the spaces [f ;. We will consider the following
dyadic version of the maximal operator: for a sequence x = (), we define

Mz (@) () = swp 2

keleZ el

for each k € Z. We will prove the boundedness of this operator on the spaces
IV .. We will take advantage of the fact that we can use the dyadic norm HHlZg )
on [P .. We also closely follow the proof given by [12].

THEOREM 4.1. Let 1 < p < q < r < oo. Then, the maximal operator Mz is
bounded on It ..

Proof. Let z €1l . For each I € T define
xgl) = xx; and xgz) = TX7_]-
Clearly, xgl) € [P and

1/p
(% > | Mzl <m>]”) < G (% > w(m>|”>

1/p

Then,
r/p 1/r r/p 1/r
Zn%%(z | Mz (27 (m) ) <G, Zm%%(Z x(m)*’>
IeT mel I1eT mel
(35)

On the other hand, for k € Ng let Py (I) € Z be the kth parent of I, that is,
Pu(I) DI and |Pu(I)] = 2"|1.

Now, take an arbitrary m € I. Notice that

2) _ 1
v (9] = Sup )

2.

1
Mm?) (m) = sup @Z
sER s€PR(I)

meReT

2
22 (s)|

because for any P € Z such that P C I we have

1 2
B 2 [+ )

seP

= 0.
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Thus, for any m € I

1
Mzal® (m) = sup >

wert [Pe (DI 5
1/p
2) P

< sup > P

keN |Pk (DI S0

o 1/p

1 p

<> X0l >z (s)l = R(I),

k=1 sEPL(I)

where R (I) € [0, 00]. This implies that

1/p
(n > [Mza? m>\”> = o

and so,
r/p\Y"
e Z(z]MI(@) >”>
1/r
< (Z (|f|%R<I>)r>
) N 1p\"\ /"
=[S w2 e . 0)

Iez k=1 me Py (I)

Next, for an arbitrary and fixed & € N, let us consider any interval R € Z. If R turns
out to be the kth parent of some interval I* € Z, then there exist additionally 2¥ — 1
intervals I € Z such that R is also the kth parent, that is, R = Py (I), and hence

r/p

r/p
Sl > lam) ) = 2’“R3‘$<Z|x<m>*’> :
1€z, R=P;(I) me Py, (I) meER
If R is not the kth parent of some interval in Z, then
r/p r/p
SNoopmlaEl D lamP | = osakR%‘%<Zx<m>|P> :
I€Z, R=Py(I) mePy(I) mER

In any case, we obtain by summing over all R € 7

/P r/p
S P (D)) F <2*N |RliTy (Z E m)”>

I€T mePy(I) ReT meR

2 (l2l7,) - (37)

(]
=
g

A
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Now, since x = xgl) + :z:?), we get

1/r

r/p
el = (S0 (z Mo (m)|,,>

IeZ mel

1/r

r/p
S <Z ‘Mz (2 +2?) (m)‘p> . (38)

IeT

Next, by subadditivity of the maximal function and the triangle inequality
r/ 1/r
r_r p
S (Z Mz (o9 + 22 () >
Iez mel

1/r

r/p
<[ STEs (Z Mz (2) (m) p)

IeZ

1/r

r/p
) : (39)

then, by ([B0) and (B4]), the right-hand side of the last inequality can be estimated by

r/p 1/r
Cp | S lla > (Z |x<m>”>

DY (Z ‘MZ (x§2>) (m)

IeT

I€T mel
. 1/p\" 1/r
1 1
S D) LED SN b s D DRI COI
2\ \mm
= me Py (I)
z
=Ch ||x||l§m
. 1/p\" 1/r
1 1
DY | s D e - (40)
2\ 2\ e
= meP(I)
Therefore, by (B8), B9) and {@0) we obtain
. 1/p\" 1/r
1 1
1Mzl < Cplllie + | D | HITY RG] > lzm)? - (41)
Tez k=1 k me Py (I)
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Furthermore, applying Minkowski’s inequality, we get

1/p\" 1/r
1 1
Gl + | S (1Y [ X el
’ Iez =\ 1P (D] €Py(I)
me Py,
r/p 1/r
- - 1
ng||x||lIgm+Z PNk X0 > lzm)P
k=1 \ Iez k mée Py (I)
Moreover, since |I| = 27% | Py, (I)], it holds
r/p\ /"
- - 1
1] | (m)[”
2\ LI\ 2
k=1 \Iez me Py (1)
r/p 1/r

=S 2 [ p@E [ S )P )

k=1 Iez me Py (I)

and using the last equality, we obtain that expression ([@2)) can be written as

r/p 1/r
S

_k r_r
Collelf, +3 275 [ RMEF [ Y )
k=1

I€T me Py, (I)

In addition, by B1),

> _k r_r
Collallp +> 27 [ D IB@Dls 7 | > |a(m)”
k=1

Iez me Py (I)

T e _k b T rql/r
<Cyplely, + 3270 [2* (Il )]

k=1

Therefore, combining @I, [@2)), @3) and (@4) we obtain

z = ok [k z \VT
Collalify, +>227% [2* (=l ) ]

k=1

1Mz
q,r

IN

o0
z k_k z
Cy el +3 2774 flallf -
k=1
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Finally, since ¢ < r, we conclude

oo
T T k_k T
IMzelfy < Cyllalfy + S 2774 2l
k=1

oo

z z 1_1\F
Cyllalfy + Nzl S (2777)

k=1

Cpoar N2l - (46)

IN

is completes the proof. O
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