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ABSTRACT. We address discrete versions of Bourgain-Morrey spaces. We prove
some basic properties and introduce several equivalent norms on these spaces.
Finally, we analyze the action of a dyadic version of the Hardy-Littlewood maxi-

mal operator on such spaces.

1. Introduction

In this paper, we study discrete versions of Bourgain-Morrey spaces intro-
duced and studied by J. Bourgain in [3], S. Masaki and J. Segata in [14],
N. Hatano et al. in [12] and N. Diarra in [4], just to mention a few.

Discrete Bourgain-Morrey spaces generalize the discrete Morrey spaces in-
troduced by H. Gunawan, E. Kikianty and C. Schwanke in [6] and have been
studied in several articles such as [1], [2], [5], [7], [8], [9], [10], [11], and [13].

For 1 ≤ p ≤ q < ∞, discrete Morrey spaces for dimension n = 1, were defined
by Gunawan et al. (see [6]) in the following way:

The set
lpq =

{
x = (xk)k∈Z

∈ R
Z : ‖x‖lpq < ∞

}
,

where

‖x‖lpq = sup
m∈Z, N∈N0

1

(2N + 1)
1
p− 1

q

(
m+N∑

k=m−N

|xk|p
)1/p

,

is called a discrete Morrey space. Here, N0 denotes N∪{0}. Moreover,
(
lpq , ‖·‖lpq

)
is a Banach space such that lpp = lp.
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As in [6], for m ∈ Z and N ∈ N0, we denote by Sm,N the set

{m−N,m−N + 1, . . . ,m+N} .
Clearly, the cardinality of Sm,N is 2N + 1 and it will be denoted by |Sm,N |.

Let 1 ≤ r < ∞. The discrete Bourgain-Morrey space denoted by lpq,r is defined
as

lpq,r =
{
x = (xk)k∈Z : ‖x‖lpq,r < ∞

}
,

where

‖x‖lpq,r =

∥∥∥∥∥∥∥|Sm,N | 1q− 1
p

⎛
⎝ ∑

k∈Sm,N

|xk|p
⎞
⎠
1/p
∥∥∥∥∥∥∥
lr(Z×N0)

=

⎡
⎢⎣ ∑
m∈Z, N∈N0

(2N + 1)
r( 1

q− 1
p )

⎛
⎝ ∑

k∈Sm,N

|xk|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

.

For r=∞, the discrete Bourgain-Morrey space lpq,∞ is the space of sequences x
such that

‖x‖lpq,∞ = sup
m∈Z,N∈N0

|Sm,N | 1q− 1
p

(
m+N∑

k=m−N

|xk|p
)1/p

= ‖x‖lpq < ∞.

Thus, in this case, lpq,∞ coincide with the discrete Morrey space lpq .

Moreover, it is easy to see that: for

1 ≤ p < q < ∞ and 1 < r ≤ ∞,

lpq,r ⊂ lpq ⊂ l∞.

In the following sections of this paper, we will study some important prop-
erties of these discrete spaces, such as completeness, inclusion relations and
equivalent norms. Moreover, we will study the action of a dyadic version of the
classical Hardy-Littlewood maximal operator on these spaces.

We will use standard notation, and as usual, we shall denote by C a constant
that could be changing line by line. Sometimes we will denote a constant by Ca,b

to indicate that the constant depends on a and b.

2. Some properties of the spaces lpq,r

Along this section, we will be assuming that p, q and r are real numbers such
that 1 ≤ p ≤ q < ∞, and 1 ≤ r ≤ ∞.
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����������� 2.1	 The following assertions hold:

a):
(
lpq,r, ‖·‖lpq,r

)
is a Banach space.

b): If 1 ≤ r1 ≤ r2 ≤ ∞, then lpq,r1 ⊂ lpq,r2 with ‖·‖lpq,r2 ≤ ‖·‖lpq,r1 .
c): If 1 ≤ p2 ≤ p1 ≤ q, then lp1

q,r ⊂ lp2
q,r with ‖·‖lp2q,r ≤ ‖·‖lp1q,r .

P r o o f. To prove b), we recall that lr1 ⊂ lr2 with ‖·‖lr2 ≤ ‖·‖lr1 , and this
immediately implies that lpq,r1 ⊂ lpq,r2 with ‖·‖lpq,r2 ≤ ‖·‖lpq,r1 .

Now, according to [6, Proposition 2.4], we have that lp1
q ⊂ lp2

q with ‖·‖lp2q ≤
‖·‖lp1q , which implies c).

Finally, to show a) we proceed as follows.

For r<∞, let us consider a Cauchy sequence (x(j))∞j=1∈ lpq,r. Then, given ε>0,

we can find jε ∈ N such that for every j, l ∈ N with j, l ≥ jε we have∥∥∥x(j) − x(l)
∥∥∥
lpq,r

< ε. (1)

Using b) with r1 = r and r2 = ∞, we see that

lpq,r ⊂ lpq and ‖·‖lpq ≤ ‖·‖lpq,r ,
hence (x(j))∞j=1 is a Cauchy sequence in (lpq , ‖·‖lpq ), and since the latter is

a Banach space, there exists x ∈ lpq such that x(j) → x in lpq as j → ∞. We need

to prove that x ∈ lpq,r and x(j) → x in ‖·‖lpq,r as j → ∞.

Indeed, since x(j) → x in lpq , for ε > 0 given above, we can find lε ≥ jε
such that for each m ∈ Z and N ∈ N0,

|Sm,N | 1q− 1
p

⎡
⎣ ∑
k∈Sm,N

∣∣∣x(j)
k − xk

∣∣∣p
⎤
⎦
1/p

< ε if j ≥ lε. (2)

Taking N = 0 in (2), we obtain

x
(j)
k → xk as j → ∞ for every k ∈ Z.

Now, using (1) and Fatou’s lemma, we have for every j, l ∈ N such that j,
l≥ lε ∑

m∈Z,N∈N0

|Sm,N |r( 1
q− 1

p )

⎛
⎝ ∑

k∈Sm,N

∣∣∣x(j)
k − xk

∣∣∣p
⎞
⎠
r/p

≤

lim inf
l→∞

∑
m∈Z,N∈N0

|Sm,N |r( 1
q− 1

p )

⎛
⎝ ∑

k∈Sm,N

∣∣∣x(j)
k − x

(l)
k

∣∣∣p
⎞
⎠
r/p

≤ εr

and this implies that x ∈ lpq,r and x(j) → x in ‖·‖lpq,r .
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The case r = ∞ is also true because lpq,∞ is a discrete Morrey space lpq .

This concludes the proof. �

The following proposition examines dilation, translation, and convolution
properties for lpq,r.

����������� 2.2	 Let 1 ≤ p ≤ q < ∞, 1 ≤ r ≤ ∞, and x ∈ lpq,r.

a): If t ∈ N, then ‖x (t·)‖lpq,r ≤ t
1
p− 1

q ‖x‖lpq,r .
b): If s ∈ Z, then ‖x (· − s)‖lpq,r = ‖x‖lpq,r .
c): If y ∈ l1, then ‖x ∗ y‖lpq,r ≤ ‖y‖l1 ‖x‖lpq,r .

P r o o f. To see a), let us consider first the case r < ∞.

‖x (t·)‖rlpq,r =
∑

m∈Z,N∈N0

(2N + 1)
r( 1

q− 1
p)

⎛
⎝ ∑

k∈Sm,N

|xtk|p
⎞
⎠
r/p

≤
∑

m∈Z,N∈N0

(2N + 1)
r( 1

q− 1
p)

⎛
⎝ ∑

l∈Stm,tN

|xl|p
⎞
⎠
r/p

=
∑

m∈Z,N∈N0

⎡
⎢⎣t 1

p− 1
q (2tN + t)(

1
q− 1

p )

⎛
⎝ ∑

l∈Stm,tN

|xl|p
⎞
⎠
1/p
⎤
⎥⎦
r

≤ tr(
1
p− 1

q )
∑

m∈Z,N∈N0

⎡
⎢⎣(2tN + 1)(

1
q− 1

p )

⎛
⎝ ∑

l∈Stm,tN

|xl|p
⎞
⎠

1/p
⎤
⎥⎦
r

≤ tr(
1
p− 1

q ) ‖x‖rlpq,r .
The case r = ∞ is easier and we omit it.

To prove b), consider the case r = ∞.

‖x (· − s)‖lpq,∞ = ‖x (· − s)‖lpq
= sup

m∈Z, N∈N0

(2N + 1)
1
q− 1

p

⎛
⎝ ∑

k∈Sm,N

|xk−s|p
⎞
⎠
1/p

= sup
m∈Z, N∈N0

(2N + 1)
1
q− 1

p

⎛
⎝ ∑

l∈Sm−s,N

|xl|p
⎞
⎠
1/p

= ‖x‖lpq = ‖x‖lpq,∞ .

The case r < ∞ is similar.
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Finally, let us prove c). Using b), we have for every N ∈ N∥∥∥∥∥
N∑

k=−N

y (k) x (· − k)

∥∥∥∥∥
lpq,r

≤
N∑

k=−N

|y (k)| ‖x (· − k)‖lpq,r

=

N∑
k=−N

|y (k)| ‖x‖lpq,r ,

and taking limit as N → ∞ in both sides of the inequality, we obtain

‖y ∗ x‖lpq,r ≤ ‖y‖l1 ‖x‖lpq,r ,
as we wanted to show. �

We can also prove Young’s inequality for discrete Bourgain-Morrey spaces.


�����
 2.3	 Let p, p0, p1, q, q0, q1, r, r0, r1 be real numbers such that

1 ≤ p ≤ q < ∞, 1 ≤ p0 < q0 < ∞, 1 ≤ p1 < q1 < ∞, 1 < r, r0, r1 < ∞
and

1

p0
+

1

p1
=

1

p
+ 1,

1

q0
+

1

q1
=

1

q
+ 1,

1

r0
+

1

r1
=

1

r
+ 1.

Then, for all
x ∈ lp0

q0,r0
and y ∈ lp1

q1,r1

we have
‖x ∗ y‖lpq,r ≤ 2 ‖x‖lp0q0,r0

‖y‖lp1q1,r1
.

P r o o f. Without loss of generality, we can assume that the sequences x and y
are non-negative.

Let m, m ∈ Z and N ∈ N0. First, observe that by the properties of charac-
teristic functions and the definition of convolution, we can rewrite the following
expression as

∥∥(x ∗ y)χSm,N

∥∥
lp

=

(∑
k∈Z

∣∣(x ∗ y) (k)χSm,N
(k)
∣∣p)1/p

=

⎛
⎝ ∑

k∈Sm,N

|(x ∗ y) (k)|p
⎞
⎠
1/p

=

⎛
⎝ ∑

k∈Sm,N

∣∣∣∣∣
∑
m∈Z

x (m) y (k −m)

∣∣∣∣∣
p
⎞
⎠
1/p

. (3)
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Then, by (3) and by Minkowski’s inequality for integrals, we obtain

∥∥(x ∗ y)χSm,N

∥∥
lp

=

⎛
⎝ ∑

k∈Sm,N

∣∣∣∣∣
∑
m∈Z

x (m) y (k −m)

∣∣∣∣∣
p
⎞
⎠
1/p

≤
∑
m∈Z

⎛
⎝ ∑

k∈Sm,N

|x (m) y (k −m)|p
⎞
⎠
1/p

. (4)

Next, since

∑
m∈Z

⎛
⎝ ∑

k∈Sm,N

|x (m) y (k −m)|p
⎞
⎠
1/p

=
∑
m∈Z

(∑
k∈Z

∣∣x (m) y (k −m)χSm,N
(k)
∣∣p)1/p

=
∑
m∈Z

∥∥x (m) y (· −m)χSm,N
(·)∥∥

lp
, (5)

from (4) and (5), we get that∥∥(x ∗ y)χSm,N

∥∥
lp
≤
∑
m∈Z

∥∥x (m) y (· −m)χSm,N
(·)∥∥

lp
. (6)

Moreover, since x, y ≥ 0, it follows that

x (m) y (· −m)χSm,N
(·) ≤

∑
t∈Sm,N

x (t) y (· − t)χSm,N
(·)

for every m ∈ Z, and consequently∑
m∈Z

∥∥x (m) y (· −m)χSm,N
(·)∥∥

lp

≤
∑
m∈Z

∥∥∥∥∥∥
∑

t∈Sm,N

x (t) y (· − t)χSm,N
(·)
∥∥∥∥∥∥
lp

=
∑
m∈Z

∥∥∥∥∥
∑
t∈Z

x (t) y (· − t)χSm,N
(·)χSm,N

(t)

∥∥∥∥∥
lp

. (7)

Now, denoting by

Sm,N − Sm,N = {j − k : j ∈ Sm,N , k ∈ Sm,N} = Sm−m,2N ,

and noticing that for s, t ∈ Z

χSm,N
(s)χSm,N

(t) ≤ χSm,N−Sm,N
(s− t)χSm,N

(t)

= χSm−m,2N
(s− t)χSm,N

(t) ,
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we obtain∑
m∈Z

∥∥∥∥∥
∑
t∈Z

x (t) y (· − t)χSm,N
(·)χSm,N

(t)

∥∥∥∥∥
lp

≤
∑
m∈Z

∥∥∥∥∥
∑
t∈Z

x (t) y (· − t)χSm−m,2N
(· − t)χSm,N

(t)

∥∥∥∥∥
lp

. (8)

Thus, combining (6), (7) and (8), we get

∥∥(x ∗ y)χSm,N

∥∥
lp

≤
∑
m∈Z

∥∥∥∥∥
∑
t∈Z

x (t) y (· − t)χSm−m,2N
(· − t)χSm,N

(t)

∥∥∥∥∥
lp

. (9)

Furthermore, we can rewrite the right-hand side of (9) as

∑
m∈Z

∥∥∥∥∥
∑
t∈Z

x (t) y (· − t)χSm−m,2N
(· − t)χSm,N

(t)

∥∥∥∥∥
lp

=

∑
m∈Z

∥∥(xχSm,N

) ∗ (yχSm−m,2N

)∥∥
lp
. (10)

Now, using (9), (10) and Young’s inequality for lp spaces with 1
p0

+ 1
p1

= 1
p
+ 1,

we get ∥∥(x ∗ y)χSm,N

∥∥
lp

≤
∑
m∈Z

∥∥(xχSm,N

) ∗ (yχSm−m,2N

)∥∥
lp

≤
∑
m∈Z

∥∥xχSm,N

∥∥
lp0

∥∥yχSm−m,2N

∥∥
lp1

. (11)

Hence, by (11) and the fact that 1
q − 1

p =
(

1
q0

− 1
p0

)
+
(

1
q1

− 1
p1

)
, we have(∑

m∈Z

(2N + 1)
r
q− r

p
∥∥(x ∗ y)χSm,N

∥∥r
lp

)1/r

≤
(∑

m∈Z

(2N + 1)
r
q− r

p

(∑
m∈Z

∥∥xχSm,N

∥∥
lp0

∥∥yχSm−m,2N

∥∥
lp1

)r)1/r

=

(∑
m∈Z

(∑
m∈Z

(2N+1)
1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0
(2N+1)

1
q1

− 1
p1

∥∥yχSm−m,2N

∥∥
lp1

)r)1/r
.

(12)

In addition, defining for m ∈ Z

a (m) := (2N + 1)
1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

,

b (m) := (2N + 1)
1
q1

− 1
p1

∥∥yχSm,2N

∥∥
lp1

,
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the right-hand side of(12) can be written as(∑
m∈Z

(∑
m∈Z

a (m) b (m−m)

)r)1/r
=

(∑
m∈Z

|(a ∗ b) (m)|r
)1/r

,

then, using Young’s inequality for lr , we have(∑
m∈Z

|(a ∗ b) (m)|r
)1/r

≤ ‖a‖lr0 ‖b‖lr1=
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0×
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,2N

∥∥
lp1

)r1)1/r1
. (13)

Thus, by (12) and (13), we obtain(∑
m∈Z

(2N + 1)
r
q− r

p
∥∥(x ∗ y)χSm,N

∥∥r
lp

)1/r
≤

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0×
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,2N

∥∥
lp1

)r1)1/r1
. (14)

Now, since

Sm,2N = Sm−N,N ∪ Sm+N,N ,

then

χSm,2N
≤ χSm−N,N

+ χSm+N,N
. (15)

Moreover, for each l ∈ Z we have∑
m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm+l,N

∥∥
lp1

)r1
=

∑
m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1
. (16)
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Taking l = N , −N , from (15) and (16) we obtain that(∑
m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,2N

∥∥
lp1

)r1)1/r1

≤
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

(∥∥yχSm−N,N

∥∥
lp1

+
∥∥yχSm+N,N

∥∥
lp1

))r1)1/r1
=

2

(∑
m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1
. (17)

Therefore, by (14) and (17)(∑
m∈Z

(2N + 1)
r
q− r

p
∥∥(x ∗ y)χSm,N

∥∥r
lp

)1/r
≤

2

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0×(∑
m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1
. (18)

Now, raising to the power r, adding over N ∈ N0 and taking rth root on both
sides of the above inequality, it follows that( ∑

N∈N0

∑
m∈Z

(2N + 1)
r
q− r

p
∥∥(x ∗ y)χSm,N

∥∥r
lp

)1/r
≤

2

⎡
⎣ ∑
N∈N0

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)r/r0×
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)r/r1⎤⎦
1/r

. (19)

Thus, according to the definition of the lpq,r-norm and (19),

‖x ∗ y‖lpq,r =

( ∑
N∈N0

∑
m∈Z

(2N + 1)
r
q− r

p
∥∥(x ∗ y)χSm,N

∥∥r
lp

)1/r
≤

2

⎡
⎣ ∑
N∈N0

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)r/r0×
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)r/r1⎤⎦
1/r

. (20)
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Now, observing that

2

⎡
⎣ ∑
N∈N0

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)r/r0

×
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)r/r1⎤⎦
1/r

≤ 2 sup
N∈N0

⎡
⎣(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)r/r1⎤⎦
1/r

×
⎡
⎣ ∑
N∈N0

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)r/r0⎤⎦
1/r

, (21)

and noticing that

2 sup
N∈N0

⎡
⎣(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)r/r1⎤⎦
1/r

×
⎡
⎣ ∑
N∈N0

(∑
m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)r/r0⎤⎦
1/r

= 2

∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
l∞(N0)

×
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr(N0)

, (22)

we conclude, combining (20), (21) and (22), that

‖x ∗ y‖lpq,r ≤ 2

∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
l∞(N0)

×
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr(N0)

.

(23)
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Finally, using the fact that r1 < r, we obtain∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr(N0)

≤
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
lr1 (N0)

, (24)

and since∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
l∞(N0)

≤
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr(N0)

, (25)

we conclude by (23), (24) and (25) that

‖x ∗ y‖lpq,r ≤ 2

∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
l∞(N0)

×
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr(N0)

≤ 2

∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q0

− 1
p0

∥∥xχSm,N

∥∥
lp0

)r0)1/r0∥∥∥∥∥∥
lr0 (N0)

×
∥∥∥∥∥∥
(∑

m∈Z

(
(2N + 1)

1
q1

− 1
p1

∥∥yχSm,N

∥∥
lp1

)r1)1/r1∥∥∥∥∥∥
lr1 (N0)

= 2 ‖x‖lp0q0,r0
‖y‖lp1q1,r1

. (26)

This completes the proof. �

Next, we give some examples of elements in discrete Bourgain-Morrey spaces.

Example. Let 1 ≤ p < q < ∞, and 2
1
p− 1

q

< r < ∞. Define

x = (xk)k∈Z
by xk = δk0.

Then, x ∈ lpq,r.
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Indeed,

‖x‖rlpq,r =
∑

m∈Z,N∈N0

(2N + 1)
r( 1

q− 1
p)

⎛
⎝ ∑

k∈Sm,N∩{0}
|xk|p

⎞
⎠
r/p

. (27)

Notice that k ∈ Sm,N ∩ {0} if and only if m ∈ {−N, · · ·, N}. Thus, the right-
-hand side of (27) can be expressed as

∑
N∈N0

(2N + 1)
r( 1

q− 1
p )

N∑
m=−N

1 =

∞∑
N=0

(2N + 1)
1+r( 1

q− 1
p )

and this series converges if 1 + r
(

1
q − 1

p

)
< −1, that is, if r >

2
1
p − 1

q

.

Example. Let 1 < r ≤ p < q < ∞. Define x = (xk)k∈Z
by

xk =

{
|k|−1/q

if k �= 0,

1 if k = 0.

Then,
x ∈ lpq \ lpq,r.

In [6], it is proved that x ∈ lpq . Now, let us fix N ∈ N0 and observe that

∑
m∈Z

(2N + 1)
r( 1

q− 1
p )

⎛
⎝ ∑

k∈Sm,N

|xk|p
⎞
⎠
r/p

≥ (2N + 1)
r( 1

q− 1
p )

(
N∑

k=−N

|xk|p
)r/p

= (2N + 1)r(
1
q− 1

p )

⎛
⎝ ∑

k∈{−N,···,N}−{0}
|k|−p/q

⎞
⎠
r/p

≥ (2N + 1)
r( 1

q− 1
p )N−r/q ∼ N−r/p,

this implies that

∑
m∈Z,N∈N0

(2N + 1)
r( 1

q− 1
p )

⎛
⎝ ∑

k∈Sm,N

|xk|p
⎞
⎠
r/p

≥ C

∞∑
N=0

1

N r/p
= ∞,

or, x /∈ lpq,r.
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3. Equivalent norms

In this section, we introduce a couple of norms in the discrete Bourgain-
-Morrey space that will be equivalent to the original norm given in lpq,r. As a con-
sequence, we will also obtain equivalent norms in the discrete Morrey space lpq .

For j ∈ N0 and k ∈ Z we define the dyadic interval of integers

I (j, k) =
[
2jk, 2j (k + 1)

) ∩ Z

=
{
2jk, 2jk + 1, · · ·, 2j (k + 1)− 1

}
.

The set of all dyadic intervals as defined above is denoted by I.
The family of sets Sm,N , varying m ∈ Z and N ∈ N0 will be denoted by S ,

and the subfamily of S whose elements are the sets Sm,2N , with m ∈ Z and
N ∈ N0 will be denoted by SI .

Let 1 ≤ p ≤ q < ∞, 1 ≤ r < ∞, and x ∈ lpq,r. We define

‖x‖Ilpq,r =

⎡
⎢⎣ ∑
k∈Z, j∈N0

(
2j
)r( 1

q− 1
p )

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

,

and

‖x‖SI
lpq,r

=

⎡
⎢⎣ ∑
m∈Z,N∈N0

(
2N+1 + 1

)r( 1
q− 1

p)

⎛
⎝ ∑

l∈Sm,2N

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

.


�����
 3.1	 The norms ‖x‖lpq,r , ‖x‖
I
lpq,r

and ‖x‖SI
lpq,r

are equivalent.

P r o o f. Let us first show that ‖x‖lpq,r and ‖x‖SI
lpq,r

are equivalent.

Let m ∈ Z and N ∈ N0. If N = 0, then

|xm| = 1

|Sm,0|
1
p− 1

q

⎛
⎝ ∑

l∈Sm,0

|xl|p
⎞
⎠
1/p

≤
(

3∣∣Sm,20

∣∣
)1

p− 1
q

⎛
⎝ ∑

l∈Sm,20

|xl|p
⎞
⎠
1/p

. (28)

For N ≥ 1, let f (N) = �log2 N�, where �x� denotes the least integer greater
than or equal to x. Thus,

log2 N ≤ f (N) ≤ log2 2N or N ≤ 2f(N) ≤ 2N .

This implies that
Sm,N ⊂ Sm,2f(N)

and

2N + 1 ≤ 2 · 2f(N) + 1 ≤ 4N + 1.

115
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Hence,(
2N + 1

2N + 1

) 1
p
− 1

q 1∣∣Sm,2f(N)

∣∣ 1p− 1
q

⎛
⎝ ∑

l∈Sm,N

|xl|p
⎞
⎠
1/p

≤

1∣∣Sm,2f(N)

∣∣ 1p− 1
q

⎛
⎜⎝ ∑

l∈S
m,2f(N)

|xl|p
⎞
⎟⎠
1/p

or(
2N + 1∣∣Sm,2f(N)

∣∣
) 1

p
− 1

q
1

(2N + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈Sm,N

|xl|p
⎞
⎠
1/p

≤

1∣∣Sm,2f(N)

∣∣ 1p− 1
q

⎛
⎜⎝ ∑

l∈S
m,2f(N)

|xl|p
⎞
⎟⎠
1/p

,

then,
1

(2N + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈Sm,N

|xl|p
⎞
⎠
1/p

≤
(∣∣Sm,2f(N)

∣∣
2N + 1

) 1
p
− 1

q
1∣∣Sm,2f(N)

∣∣ 1p− 1
q

⎛
⎜⎝ ∑

l∈S
m,2f(N)

|xl|p
⎞
⎟⎠
1/p

.

Since for every N ∈ N

1 =
2N + 1

2N + 1
≤
∣∣Sm,2f(N)

∣∣
2N + 1

≤ 4N + 1

2N + 1
≤ 2,

we have

1 ≤
(∣∣Sm,2f(N)

∣∣
2N + 1

) 1
p
− 1

q

≤ 2
1
p
− 1

q ,

and so,

1

(2N + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈Sm,N

|xl|p
⎞
⎠
1/p

≤ 2
1
p
− 1

q
1∣∣Sm,2f(N)

∣∣ 1p− 1
q

⎛
⎜⎝ ∑

l∈S
m,2f(N)

|xl|p
⎞
⎟⎠
1/p

. (29)

Using (28) and (29), we get

‖x‖lpq,r =

⎛
⎜⎝ ∑

m∈Z,N∈N0

1

(2N + 1)
r
p
− r

q

⎛
⎝ ∑

l∈Sm,N

|xl|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

≤ 3
1
p
− 1

q

⎛
⎜⎝ ∑

m∈Z, N∈N0

1∣∣Sm,2f(N)

∣∣ rp− r
q

⎛
⎜⎝ ∑

l∈S
m,2f(N)

|xl|p
⎞
⎟⎠
r/p⎞
⎟⎠
1/r

(30)

≤ 3
1
p
− 1

q

⎛
⎜⎝ ∑

m∈Z, N∈N0

1∣∣Sm,2N

∣∣ rp− r
q

⎛
⎝ ∑

l∈S
m,2N

|xl|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

= 3
1
p
− 1

q‖x‖SI
l
p
q,r

.
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Clearly,
‖x‖SI

lpq,r
≤ ‖x‖lpq,r ,

thus, we have proved the desired equivalence.

Next, we show the equivalence of the norms ‖x‖SI
lpq,r

and ‖x‖Ilpq,r . For j ∈ N0

and k ∈ Z, notice that(
2jk + 2j−1

)− 2j−1 = 2jk and
(
2jk + 2j−1

)
+ 2j−1 = 2j (k + 1) ,

so,

I (j, k) ⊂ S2jk+2j−1,2j−1 ,

and

2j = |I (j, k)| ≤ ∣∣S2jk+2j−1,2j−1

∣∣ = 2j + 1.

Thus,(
2j

2j

) 1
p
− 1

q 1

(2j + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
1/p

≤ 1

(2j + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈S
2jk+2j−1,2j−1

|xl|p
⎞
⎠
1/p

,

or(
2j

2j + 1

) 1
p
− 1

q 1

(2j)
1
p
− 1

q

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
1/p

≤ 1

(2j + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈S
2jk+2j−1,2j−1

|xl|p
⎞
⎠
1/p

.

(31)

On the other hand, since for each j ∈ N0

1

2
≤ 2j

2j + 1
≤ 1, we obtain

(
2j + 1

2j

) 1
p− 1

q

≤ 2
1
p− 1

q ,

and therefore, for every j ∈ N0, k ∈ Z, by (31) we obtain

1

(2j)
1
p− 1

q

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
1/p

≤ 2
1
p− 1

q
1

(2j + 1)
1
p− 1

q

⎛
⎝ ∑

l∈S2jk+2j−1,2j−1

|xl|p
⎞
⎠
1/p

.

(32)
This implies that

‖x‖Ilpq,r =

⎡
⎢⎣ ∑

k∈Z, j∈N0

1

(2j)
r
p
− r

q

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

≤ 2
1
p
− 1

q

⎡
⎢⎣ ∑

k∈Z, j∈N0

1

(2j + 1)
r
p
− r

q

⎛
⎝ ∑

l∈S
2jk+2j−1,2j−1

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

≤ 2
1
p
− 1

q ‖x‖SI
l
p
q,r

.
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Now, let
m ∈ Z and N ∈ N0.

Observe that ∣∣Sm,2N

∣∣ = 2N+1 + 1,

and the family of sets {I (N + 1, k) : k ∈ Z} partitions Z into groups of 2N+1

consecutive integers. This implies that there exists at least one integer s, and
at most two such that

s = 2N+1l ∈ Sm,2N , for some l ∈ Z.

If we denote by s(m,N) = 2N+1l(m,N) ∈ Sm,2N the largest integer satisfying
this condition, we will have

Sm,2N ⊂ I
(
N + 1, l(m,N)

)∪ I
(
N + 1, l(m,N)− 1

)
=: A(m,N),

and

|A (m,N)| = 2N+2.

Therefore, for any m ∈ Z, N ∈ N0(
2N+1 + 1

2N+1 + 1

)1
p
− 1

q 1

|A (m,N)| 1p− 1
q

⎛
⎝ ∑

l∈S
m,2N

|xl|p
⎞
⎠
1/p

≤ 1

|A (m,N)| 1p− 1
q

⎛
⎝ ∑

l∈A(m,N)

|xl|p
⎞
⎠
1/p

=
1

|A (m,N)| 1p− 1
q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p+
∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
1/p

≤ 1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p
⎞
⎠
1/p

+
1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
1/p

,

which implies
1

(2N+1 + 1)
1
p− 1

q

⎛
⎝ ∑

l∈Sm,2N

|xl|p
⎞
⎠
1/p

≤
( |A (m,N)|

2N+1 + 1

) 1
p− 1

q 1

(2N+1)
1
p− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p
⎞
⎠
1/p

+

( |A (m,N)|
2N+1 + 1

) 1
p− 1

q 1

(2N+1)
1
p− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
1/p

.

Observing that

1 ≤ |A (m,N)|
2N+1 + 1

≤ 2 or 1 ≤
( |A (m,N)|

2N+1 + 1

) 1
p− 1

q

≤ 2
1
p− 1

q ,

118



DISCRETE BOURGAIN-MORREY SPACES

we conclude that

1

(2N+1 + 1)
1
p
− 1

q

⎛
⎝ ∑

l∈S
m,2N

|xl|p
⎞
⎠
1/p

≤ 2
1
p
− 1

q

⎛
⎜⎝ 1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p
⎞
⎠
1/p
⎞
⎟⎠

+ 2
1
p
− 1

q

⎛
⎜⎝ 1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
1/p
⎞
⎟⎠ . (33)

Using (33), we obtain

‖x‖SI
l
p
q,r

=

⎛
⎜⎝ ∑

m∈Z, N∈N0

1

(2N+1 + 1)
r
p
− r

q

⎛
⎝ ∑

l∈S
m,2N

|xl|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

≤

⎡
⎢⎣ ∑

m∈Z,N∈N0

⎡
⎢⎣2 1

p
− 1

q

⎛
⎜⎝ 1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p
⎞
⎠
1/p
⎞
⎟⎠

+ 2
1
p
− 1

q

⎛
⎜⎝ 1

(2N+1)
1
p
− 1

q

⎛
⎝ ∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
1/p
⎞
⎟⎠
⎤
⎥⎦
r ⎤
⎥⎦
1/r

. (34)

Now, according to Minkowski’s inequality, expression (34) can be estimated by

2
1
p− 1

q

⎛
⎜⎝ ∑

m∈Z,N∈N0

1

(2N+1)
r
p− r

q

⎛
⎝ ∑

l∈I(N+1,l(m,N)−1)

|xl|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

+ 2
1
p− 1

q

⎛
⎜⎝ ∑

m∈Z,N∈N0

1

(2N+1)
r
p− r

q

⎛
⎝ ∑

l∈I(N+1,l(m,N))

|xl|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

≤ 2
1
p− 1

q ‖x‖Ilpq,r+ 2
1
p− 1

q ‖x‖Ilpq,r

= 21+
1
p− 1

q ‖x‖Ilpq,r ,
as we wanted to prove. �
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Reminding that for r = ∞, lpq,r = lpq and defining

‖x‖Ilpq = sup
k∈Z, j∈N0

(
2j
) 1

q− 1
p

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
1/p

,

‖x‖SI
lpq

= sup
m∈Z,N∈N0

(
2N+1 + 1

) 1
q− 1

p

⎛
⎝ ∑

l∈Sm,2N

|xl|p
⎞
⎠
1/p

,

we have the following result.

��������� 3.2	 The norms ‖x‖lpq , ‖x‖
I
lpq

and ‖x‖SI
lpq

are equivalent on the dis-

crete Morrey spaces.

P r o o f. From (28) and (29) we get

‖x‖lpq ≤ 3
1
p− 1

q ‖x‖SI
lpq

≤ 3
1
p− 1

q ‖x‖lpq .

Now, using (32), and (33), we arrive at

‖x‖Ilpq ≤ 2
1
p− 1

q ‖x‖SI
lpq

≤ 2
1
p− 1

q 21+
1
p− 1

q ‖x‖Ilpq ,
and this ends our proof. �

Remark 1	 Using the equivalence of norms on lpq,r, we can show that
the sequence given in Example 2 belongs to lpq,r for every 1 ≤ r < ∞.

Indeed,

‖x‖Ilpq,r =

⎡
⎢⎣ ∑
k∈Z, j∈N0

1

|I (j, k)| rp− r
q

⎛
⎝ ∑

l∈I(j,k)

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

=

⎡
⎢⎣∑

j∈N0

1

|I (j, 0)| rp− r
q

⎛
⎝ ∑

l∈I(j,0)

|xl|p
⎞
⎠
r/p
⎤
⎥⎦
1/r

=

⎡
⎣∑

j∈N0

(
2j
) r

q− r
p (1)r/p

⎤
⎦
1/r

=

⎡
⎣ ∞∑
j=0

(2
r
q− r

p )j

⎤
⎦
1/r

and this series converges if p < q.
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4. The dyadic maximal operator

In this section, we will examine the behavior of the dyadic version of Hardy-
Littlewood maximal operator on the spaces lpq,r. We will consider the following
dyadic version of the maximal operator: for a sequence x = (xk)k∈Z

we define

MI (x) (k) = sup
k∈I∈I

1

|I|
∑
l∈I

|xl|

for each k ∈ Z. We will prove the boundedness of this operator on the spaces

lpq,r. We will take advantage of the fact that we can use the dyadic norm ‖·‖Ilpq,r
on lpq,r. We also closely follow the proof given by [12].


�����
 4.1	 Let 1 < p < q < r < ∞. Then, the maximal operator MI is
bounded on lpq,r.

P r o o f. Let x ∈ lpq,r. For each I ∈ I define

x
(1)
I = xχI and x

(2)
I = xχZ−I .

Clearly, x
(1)
I ∈ lp and

(
1

|I|
∑
m∈I

∣∣∣MIx
(1)
I (m)

∣∣∣p
)1/p

≤ Cp

(
1

|I|
∑
m∈I

|x (m)|p
)1/p

.

Then,⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(1)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

≤ Cp

⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

|x (m)|p
)r/p⎞⎠

1/r

.

(35)

On the other hand, for k ∈ N0 let Pk (I) ∈ I be the kth parent of I, that is,

Pk(I) ⊃ I and
∣∣Pk(I)

∣∣ = 2k|I|.

Now, take an arbitrary m ∈ I. Notice that

MIx
(2)
I (m) = sup

m∈R∈I

1

|R|
∑
s∈R

∣∣∣x(2)
I (s)

∣∣∣ = sup
k∈N

1

|Pk (I)|
∑

s∈Pk(I)

∣∣∣x(2)
I (s)

∣∣∣
because for any P ∈ I such that P ⊂ I we have

1

|P |
∑
s∈P

∣∣∣x(2)
I (s)

∣∣∣ = 0.
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Thus, for any m ∈ I

MIx
(2)
I (m) = sup

k∈N

1

|Pk (I)|
∑

s∈Pk(I)

∣∣∣x(2)
I (s)

∣∣∣

≤ sup
k∈N

⎛
⎝ 1

|Pk (I)|
∑

s∈Pk(I)

∣∣∣x(2)
I (s)

∣∣∣p
⎞
⎠
1/p

≤
∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

s∈Pk(I)

|x (s)|p
⎞
⎠
1/p

=: R (I) ,

where R (I) ∈ [0,∞]. This implies that(
1

|I|
∑
m∈I

∣∣∣MIx
(2)
I (m)

∣∣∣p
)1/p

≤ R (I)

and so, ⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(2)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

≤
(∑

I∈I

(
|I| 1q R (I)

)r)1/r

=

⎛
⎜⎝∑

I∈I

⎛
⎜⎝|I| 1q

∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠
1/p
⎞
⎟⎠
r⎞
⎟⎠
1/r

. (36)

Next, for an arbitrary and fixed k ∈ N, let us consider any interval R ∈ I. If R turns
out to be the kth parent of some interval I∗ ∈ I, then there exist additionally 2k − 1
intervals I ∈ I such that R is also the kth parent, that is, R = Pk (I), and hence

∑
I∈I, R=Pk(I)

|Pk (I)|
r
q
− r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p

= 2k |R| rq − r
p

(∑
m∈R

|x (m)|p
)r/p

.

If R is not the kth parent of some interval in I, then
∑

I∈I, R=Pk(I)

|Pk (I)|
r
q
− r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p

= 0 ≤ 2k |R| rq − r
p

(∑
m∈R

|x (m)|p
)r/p

.

In any case, we obtain by summing over all R ∈ I
∑
I∈I

|Pk (I)|
r
q
− r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p

≤ 2k
∑
R∈I

|R| rq − r
p

(∑
m∈R

|x (m)|p
)r/p

= 2k
(
‖x‖Ilpq,r

)r
. (37)
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Now, since x = x
(1)
I + x

(2)
I , we get

‖MIx‖Ilpq,r =

⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

|MIx (m)|p
)r/p⎞⎠

1/r

=

⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(1)
I + x

(2)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

. (38)

Next, by subadditivity of the maximal function and the triangle inequality⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(1)
I + x

(2)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

≤
⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(1)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

+

⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

∣∣∣MI
(
x
(2)
I

)
(m)

∣∣∣p
)r/p⎞⎠

1/r

, (39)

then, by (35) and (36), the right-hand side of the last inequality can be estimated by

Cp

⎛
⎝∑

I∈I
|I| rq − r

p

(∑
m∈I

|x (m)|p
)r/p⎞⎠

1/r

+

⎛
⎜⎝∑

I∈I

⎛
⎜⎝|I| 1q

∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠

1/p
⎞
⎟⎠
r⎞
⎟⎠
1/r

= Cp ‖x‖Ilpq,r

+

⎛
⎜⎝∑

I∈I

⎛
⎜⎝|I| 1q

∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠
1/p
⎞
⎟⎠
r⎞
⎟⎠
1/r

. (40)

Therefore, by (38), (39) and (40) we obtain

‖MIx‖Ilpq,r ≤ Cp ‖x‖Ilpq,r +

⎛
⎜⎝∑

I∈I

⎛
⎜⎝|I| 1q

∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠
1/p
⎞
⎟⎠
r⎞
⎟⎠
1/r

. (41)
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Furthermore, applying Minkowski’s inequality, we get

Cp ‖x‖Ilpq,r +

⎛
⎜⎝∑

I∈I

⎛
⎜⎝|I| 1q

∞∑
k=1

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠

1/p
⎞
⎟⎠
r⎞
⎟⎠
1/r

≤ Cp ‖x‖Ilpq,r +
∞∑

k=1

⎛
⎜⎝∑

I∈I
|I| rq

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠

r/p
⎞
⎟⎠
1/r

. (42)

Moreover, since |I| = 2−k |Pk (I)|, it holds

∞∑
k=1

⎛
⎜⎝∑

I∈I
|I| rq

⎛
⎝ 1

|Pk (I)|
∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

=
∞∑

k=1

2−
k
q

⎛
⎜⎝∑

I∈I
|Pk (I)| rq − r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

,

and using the last equality, we obtain that expression (42) can be written as

Cp ‖x‖Ilpq,r +
∞∑
k=1

2−
k
q

⎛
⎜⎝∑

I∈I
|Pk (I)|

r
q
− r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

. (43)

In addition, by (37),

Cp ‖x‖Ilpq,r+
∞∑
k=1

2−
k
q

⎛
⎜⎝∑

I∈I
|Pk (I)|

r
q
− r

p

⎛
⎝ ∑

m∈Pk(I)

|x (m)|p
⎞
⎠
r/p
⎞
⎟⎠
1/r

≤ Cp ‖x‖Ilpq,r +
∞∑

k=1

2−
k
q

[
2k
(
‖x‖Ilpq,r

)r]1/r
. (44)

Therefore, combining (41), (42), (43) and (44) we obtain

‖MIx‖Ilpq,r ≤ Cp ‖x‖Ilpq,r +
∞∑
k=1

2−
k
q

[
2k
(
‖x‖Ilpq,r

)r]1/r

= Cp ‖x‖Ilpq,r +
∞∑
k=1

2
k
r
− k

q ‖x‖Ilpq,r . (45)
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Finally, since q < r, we conclude

‖MIx‖Ilpq,r ≤ Cp ‖x‖Ilpq,r +
∞∑
k=1

2
k
r
−k

q ‖x‖Ilpq,r

= Cp ‖x‖Ilpq,r+ ‖x‖Ilpq,r
∞∑
k=1

(
2

1
r
− 1

q

)k

≤ Cp,q,r ‖x‖Ilpq,r . (46)

This completes the proof. �
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operator on discrete Morrey spaces, Rev. Colombiana Mat. 57 (2023), no. 2, 179–191.

[10] HAROSKE, D.—SKRZYPCZAK, L.: Morrey sequence spaces: Pitt’s theorem and

compact embeddings, Constr. Approx. 51 (2020), no. 3, 505–535.

[11] HAROSKE, D.—SKRZYPCZAK, L.: Nuclear embeddings of Morrey sequence spaces and
smoothness Morrey spaces, Bull. Malays. Math. Sci. Soc. 47 (2024), paper no. 111, 34 pp.

[12] HATANO, N.—NOGAYAMA, T.—SAWANO, Y.—HAKIM, D.: Bourgain-Morrey spaces
and their applications to boundedness of operators, J. Funct. Anal. 284 (2023),

paper no. 109720; https://doi.org/10.1016/j.jfa.2022.109720.

125

https://doi.org/10.1016/j.jfa.2022.109720
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