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Abstract: The article presents an analysis of rules for collisionless 
substitution in Transparent Procedural Logic, a new version of 
Transparent Intensional Logic. The article compares rules for colli-
sionless substitution in Transparent Procedural Logic and the current 
standard form of Transparent Intensional Logic. The article shows 
that, in some cases, the current rule for collisionless substitution into 
double execution in Transparent Procedural Logic creates problems 
in determining the object v-constructed by the resulting construction.  
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1. Introduction 

 Transparent Intensional Logic (TIL) is a logical system developed by 
Tichý (1988). Later, Materna, Dužı́ and Jespersen (2010) developed it into 
a standard variant of TIL 2010 (TIL 2010). 
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Recent research on TIL has explored hyperintensional contexts (Duží 
2012) and substitution into hyperintensional contexts (Duží et. al. 2010; 
Duží and Jespersen 2012). TIL 2010 was used to analyse offices (Duží et. 
al. 2011; Duží and Číhalová 2024), empty names (Kosterec 2023), as a sys-
tem to investigate structural isomorphism of meaning (Duží 2014), and 
more. 

Kosterec (2020; 2021; 2024, chapter 2.4.3) proved several inconsistencies 
in TIL 2010, which pose a challenge to the results formulated within that 
system.1  

These problems were addressed in the subsequent phase of the develop-
ment of TIL through two approaches. The first was the development of an 
updated version of TIL 2010 by Duží and Jespersen (Duží and Jespersen 
2025), labelled as TIL 2025 (TIL 2025)2. The second approach to the prob-
lems identified in TIL 2010 is Kosterec’s system of TIL, introduced under 
the name Transparent Procedural Logic (TPL) (Kosterec, 2024).  

TPL shares its basic definitions with Tichý’s original formulation of TIL. 
However, it introduces substantial modifications to the definition of colli-
sionless substitution and to the related notions of displayed/executed and 
v-executed/v-displayed occurrence of construction. As a result, TPL differs 
substantially from TIL 2010 and TIL 2025. This paper is concerned exclu-
sively with TPL and does not provide an analysis of TIL 2025. 

Collisionless substitution is the main logical operation on which many 
core theorems of transparent logics depend3. In this article, I demonstrate 
that TPL does not have clear rules describing changes in underlying con-
structions in some instances of collisionless substitution into double  

 
1  The main alternative to TIL 2010 has been Transparent Hyperintensional Logic 
(THL) (Raclavský et. al. 2015, Raclavský 2020). Kosterec (2024, chapter 2.3.5.) 
proved that similar inconsistencies as in TIL 2010 occur also in THL. 
2  TIL 2025 differs from TIL 2010 primarily with respect to the definition of Closure 
and by adopting a more restrictive definition of free variables. In all other respects, 
TIL 2025 retains the core definitions of TIL 2010 as well as its underlying computa-
tional mechanism.  
3  These core theorems are Theorem: Replacement of free Variables, Theorem: 
Compensation Principle, Theorem: Restricted validity of β-reduction by name, The-
orem: Validity of β-conversion by value, and Theorem: Validity of α-conversion 
(Duží et. al. 2010; Kosterec 2024, chapter 2.2.3.) 
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execution. I also show that current rules for collisionless substitution into 
double execution in TPL fails to align with rules governing v-constructing 
for a double execution in TPL. 

This article is structured as follows. In the first part, I briefly introduce 
the concept of construction with a focus on double execution. The next 
section explains the concept of collisionless substitution in TPL and how it 
differs from TIL 2025. Next, I present an example illustrating specific prob-
lems in applying the rule for collisionless substitution into double execution 
in TPL. The article concludes with a brief summary of the main findings. 

2. Double Execution in TPL/TIL 2025 

 The basic concept of TIL/TPL is that of construction; in TIL 2025, this 
concept is denoted under the term procedure.4 A construction is an abstract 
procedural object that represents how to obtain a result by a particular 
procedure [TIL 2025 defines six kinds of procedures: Trivialization, variable, 
Execution, Double Execution, Closure, and Composition] 5 Constructions 
produce an object through v-constructing.6 However, it does not mean that 
every construction must v-construct something every time.7 Some construc-
tions do not v-construct anything—they are like dead ends. This feature 

 
4  The underlying definitions of procedures in TIL 2025 are largely identical to the 
definitions of construction in TIL 2010, with the exception of certain modifications 
concerning Closure (Duží and Jespersen 2025, 21). 
5  In this article, I do not provide the complete definitions of constructions/proce-
dures and v-constructing/v-producing in TIL/2010/TIL 2025. These definitions have 
already been presented and discussed in several published works, including (Duží 
and Jespersen 2012; Duží et. al. 2010; Jespersen and Duží 2022; Kosterec 2024; Duží 
and Jespersen 2025). Therefore, I limit the presentation of the various technical 
aspects of TPL/TIL 2025 only to the extent necessary for the topic discussed in this 
article. 
6  This process of semantic computation of the value of a procedure is called v-
producing in TIL 2025 (Duží and Jespersen 2025, 21). 
7  A letter v in the term v-constructing means that constructing is performed under 
a particular valuation. Valuation is a technical notion in TPL/TIL 2025, a total 
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enables modelling partial functions in TPL/TIL 2025.8 A construction that 
does not v-construct anything for a given set of parameters [referred to as 
a valuation in TPL/TIL 2025] is called v-improper. If a construction never 
v-constructs an object under any possible valuation, it is referred to as an 
improper full-stop (Kosterec, 2024, 29). 

TPL adopts the same definitions of construction and 𝑣𝑣-constructing as 
Tichý’s TIL (Kosterec, 2024, chapter 2.4). These definitions match those in 
TIL 2025, except for the 𝜏𝜏-closure [instead of this type of construction, TIL 
2025 defines a similar but different type of procedure called Closure]. How-
ever, this difference between Closure in TIL 20259 and τ-closure in TPL is 
not relevant to the analysis undertaken in the present article.  

Double execution is a construction/procedure in TPL/TIL 2025 of the 
form 2𝑋𝑋, where 𝑋𝑋 is any entity. 

Example 1. Let us have a variable 𝑥𝑥 [also a construction/procedure in 
TPL/TIL 2025]; then 2𝑥𝑥 is a double execution. The double execution 2𝑥𝑥 is 
a distinct construction from the variable 𝑥𝑥.  

Double execution 𝑣𝑣-constructs a particular object (if any) according to 
the following rule: 

Definition 1. TPL: Def. 𝑣𝑣-constructing 
Let 𝑣𝑣 be a valuation. Then: 
iv)  If 𝑋𝑋 is a construction and 𝑋𝑋 𝑣𝑣-constructs a construction 𝑌𝑌, then 2𝑋𝑋 

𝑣𝑣-constructs the object (if any) that is 𝑣𝑣-constructed by 𝑌𝑌. Other-
wise, 2𝑋𝑋 does not 𝑣𝑣-construct anything. 

This definition implies that, for the double execution 2𝑋𝑋 to 𝑣𝑣-construct 
anything, these conditions must be met at the same time: i) the entity 𝑋𝑋 
must be a construction, ii) the construction 𝑋𝑋 must 𝑣𝑣-construct an object 
𝑌𝑌 that is also a construction, and iii) the construction 𝑌𝑌 must 𝑣𝑣-construct 

 
function that attributes value to all variables (Kosterec, 2024, 30; Duží and Jespersen 
2025, 11). 
8  TIL 2025 and TPL are defined over the set(s) of partial functions. 
9  TIL 2025 employs a modified version of Closure, which differs from Closure in 
TIL 2010. This difference has significant impact on semantic computation with Clo-
sure in TIL 2025 (Duží and Jespersen 2025, 21).  
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an object. If these conditions are met, then the double execution 2𝑋𝑋 𝑣𝑣-
constructs the same object as the one 𝑣𝑣-constructed by the construction 𝑌𝑌. 
Otherwise, the double execution2𝑋𝑋 does not v-construct anything. 

Example 2. double executions 2ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 and 21 do not v-construct anything 
under any valuation. Why? Because object ℎ𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 (physical object from 
bricks and mortar) and number 1 (mathematical number) are not construc-
tions. Therefore, these double executions are improper full-stop. 

What does the double execution 2𝑥𝑥 𝑣𝑣-construct? From definition (iv) TPL: 
Def. 𝑣𝑣-constructing follows that an object 𝑣𝑣-constructed by the double ex-
ecution 2𝑋𝑋 depends on the object that is 𝑣𝑣-constructed by the construction 
𝑌𝑌, which is a construction 𝑣𝑣-constructed by the construction 𝑋𝑋. Therefore, 
the answer to this question depends on the object attributed by a valuation 
𝑣𝑣 to the variable 𝑥𝑥. If, according to a valuation 𝑣𝑣, the variable 𝑥𝑥 does 𝑣𝑣-
construct a construction that is 𝑣𝑣-improper or improper full stop, then the 
double execution 2𝑥𝑥 is 𝑣𝑣-improper. 

Example 3.10 Let us have valuation 𝑣𝑣, according to which the variable 𝑥𝑥 𝑣𝑣-
constructs the double execution 21. Then, under the valuation 𝑣𝑣, the double 
execution 2𝑥𝑥 is 𝑣𝑣-improper. 

Remark 1. The notation 𝑣𝑣(21/𝑥𝑥) indicates that the variable 𝑥𝑥, under the 
valuation 𝑣𝑣, has a value of 21, i.e.,the variable 𝑥𝑥 𝑣𝑣-constructs the double 
execution 21 

Example 4.11 Let us have another valuation 𝑣𝑣, according to which the var-
iable 𝑥𝑥 𝑣𝑣-constructs a variable 𝑦𝑦 and this variable 𝑦𝑦 𝑣𝑣-constructs number 
1. Then, according to this valuation 𝑣𝑣, the double execution 2𝑥𝑥 𝑣𝑣-constructs 
the number 1. 

 
10  In Example 3, the double execution 21 is the construction of order 1 and higher 
over B, the variable x is the construction of order 2 and higher over B and the double 
execution 2x is the construction of order 3 and higher over B in the ramified hierarchy 
of types. 
11  In Example 4, the variable y is the construction of order 1 and higher over B, 
the variable x is the construction of order 2 and higher over B and the double exe-
cution 2x is the construction of order 3 and higher over B in the ramified hierarchy 
of types. 
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Remark 2. A sign →𝑣𝑣 stands for 𝑣𝑣-constructing/v-producing in TPL/TIL 
2025; therefore, we can represent Example 4 as follows: 𝑥𝑥 →𝑣𝑣 𝑦𝑦, 𝑦𝑦 →𝑣𝑣 1, 
2𝑥𝑥 →𝑣𝑣 1. 

The construction 𝑌𝑌 [in Example 4, the variable 𝑦𝑦] 12 may not be explicitly 
expressed in the construction 2𝑋𝑋 [in Example 4, the double execution 2𝑥𝑥]. 
If the construction 𝑌𝑌 is not explicitly expressed in construction 2𝑋𝑋, then we 
may say that the double execution 2𝑋𝑋 is “built upon” the hidden layer 
formed by construction 𝑌𝑌. Moreover, a double execution can even be ‘built’ 
on several layers of other constructions. This occurs when the construction 
𝑋𝑋 in the double execution 2𝑋𝑋 𝑣𝑣-constructs a construction that is itself double 
execution, i.e. 𝑋𝑋 →𝑣𝑣

2𝑌𝑌. If this is the case, then to determine an object 𝑣𝑣-
constructed by the double execution 2𝑋𝑋, it is necessary to consider addi-
tional construction 𝑣𝑣-constructed by the construction 𝑌𝑌. 

Example 5.13 Assume valuation 𝑣𝑣: 𝑥𝑥 →𝑣𝑣
2𝑦𝑦, 𝑦𝑦 →𝑣𝑣 𝑧𝑧 and 𝑧𝑧 →𝑣𝑣 1. From 𝑦𝑦 →𝑣𝑣 𝑧𝑧 

and 𝑧𝑧 →𝑣𝑣 1 follows that 2𝑦𝑦 →𝑣𝑣 1 [according to (iv) TPL: Def. 𝑣𝑣-constructing 
an object 𝑣𝑣-constructed by the double execution 2𝑦𝑦 is the same as 𝑣𝑣-con-
structed by a variable 𝑧𝑧]. Therefore, 2𝑥𝑥 →𝑣𝑣 1 [from (iv) TPL: Def. 𝑣𝑣-con-
structing follows that an object 𝑣𝑣-constructed by 2𝑥𝑥 is the same as an object 
(if any) 𝑣𝑣-constructed by 2𝑦𝑦]. 

To determine the identity of an object 𝑣𝑣-constructed by the double ex-
ecution 2𝑥𝑥, only the object 𝑣𝑣-constructed by the double execution 2𝑦𝑦 is 
considered. The definition (iv) TPL: Def. 𝑣𝑣-constructing does not establish 

 
12  Construction Y is expressed in 2X if X is a Trivialization. “TIL being a hyperin-
tensional system, each construction C can occur not only in Execution mode to 
produce an object (if any) when being executed but also as an object in its own right 
on which other (higher-order) constructions operate. The Trivialisation of C causes 
C to occur just presented as an argument, as mentioned above. Yet sometimes, we 
need to cancel the effect of Trivialisation and trade the mode of C for Execution 
mode.” (Duží and Číhalová 2024) 
13  In Example 5, the variable z is the construction of order 1 and higher over B, 
the variable y is the construction of order 2 and higher over B, the double execution 
2y is the construction of order 3 and higher over B, the variable x is the construction 
of order 4 and higher over B and the double execution 2x is the construction of order 
5 and higher over B in the ramified hierarchy of types. 
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a direct connection between the value of the double execution 2𝑥𝑥 and the 
value of the variable 𝑧𝑧. The identity of an object 𝑣𝑣-constructed by the dou-
ble execution 2𝑥𝑥 depends on the value of the variable 𝑧𝑧 only because an 
object 𝑣𝑣-constructed by the variable 𝑧𝑧 determines an object 𝑣𝑣-constructed 
by the double execution 2𝑦𝑦.  

If, under some alternative valuation vi, the variable 𝑦𝑦 would not 𝑣𝑣-con-
struct the variable 𝑧𝑧 but instead a variable 𝑧𝑧𝑖𝑖; then this change would affect 
2𝑥𝑥 only because an object 𝑣𝑣-constructed by the double execution 2𝑦𝑦 would 
depend on an object 𝑣𝑣-constructed by the variable 𝑧𝑧𝑖𝑖. Then, according to 
this new valuation 𝑣𝑣𝑖𝑖, an object 𝑣𝑣-constructed by the variable 𝑧𝑧𝑖𝑖 and not 
the variable 𝑧𝑧 would be relevant to the identity of an object 𝑣𝑣-constructed 
by the double execution 2𝑦𝑦 and therefore the double execution 2𝑥𝑥. 

What if the variable 𝑦𝑦 does not 𝑣𝑣-construct the variable 𝑧𝑧, but a double 
execution 2𝑧𝑧 instead? In this case, an additional "layer" of constructions is 
needed to determine an object v-constructed by the double execution 2𝑥𝑥. 

Example 6. 14 Let us modify Example 5: 𝑦𝑦 →𝑣𝑣
2𝑧𝑧, 𝑧𝑧 →𝑣𝑣 𝑟𝑟, 𝑟𝑟 →𝑣𝑣 1. If this is 

the case, then 2𝑦𝑦 →𝑣𝑣 1 [from (iv) TPL: Def. 𝑣𝑣-constructing follows that the 
double execution 2𝑧𝑧 𝑣𝑣-constructs the same object as 𝑣𝑣-constructed by the 
variable 𝑟𝑟, and the double execution 2𝑦𝑦 𝑣𝑣-constructs the same object as the 
double execution 2𝑧𝑧, namely, the number 1]. At the same time, if 𝑥𝑥 →𝑣𝑣

2𝑦𝑦, 
then 2𝑥𝑥 →𝑣𝑣 1 [from (iv) TPL: Def. 𝑣𝑣-constructing follows that an object 𝑣𝑣-
constructed by the double execution 2𝑥𝑥 is the same as 𝑣𝑣-constructed by the 
double execution 2𝑦𝑦, namely, 1]. 

The layered structure of double execution may create difficulties in the 
application of the rules for collisionless substitution in TPL. These difficul-
ties are illustrated by an example in the following section of the article. 

 
14  In Example 6, the variable r is the construction of order 1 and higher over B, 
the variable z is the construction of order 2 and higher over B, the double execution 
2z is the construction of order 3 and higher over B, the variable y is the construction 
of order 4 and higher over B, the double execution 2y is the construction of order 5 
and higher over B, the variable x is the construction of order 6 and higher over B 
and the double execution 2x is the construction of order 7 and higher over B in the 
ramified hierarchy of types. 
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3. Collisionless Substitution into Double Execution in TPL 

 Collisionless substitution in TPL has new rules that differ significantly 
from those in TIL 2010/TIL 2025. The full definition of collisionless substi-
tution in TPL is as follows:  

Definition 2. TPL: Def. collisionless substitution 

Let 𝑥𝑥 be a variable, and 𝐶𝐶 and 𝐷𝐷 are any kinds of construction. If 𝑥𝑥 is not 
free in 𝐶𝐶, then the result of substituting 𝐷𝐷 for 𝑥𝑥 in 𝐶𝐶 is 𝐶𝐶. Assume that 𝑥𝑥 is 
free in 𝐶𝐶. Then: 

(a)  If 𝐶𝐶 is 𝑥𝑥, then the result of substituting 𝐷𝐷 for 𝑥𝑥 in 𝐶𝐶 is 𝐷𝐷. If 𝐶𝐶 is 1𝑋𝑋 
or 2𝑋𝑋 then the result of substituting 𝐷𝐷 for 𝑥𝑥 in 𝐶𝐶 is 1𝑌𝑌, 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷}, 
where 𝑌𝑌 is the result of substituting 𝐷𝐷 for 𝑥𝑥 in 𝑋𝑋. 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷} means 
that all of the free occurrences of 𝑥𝑥 in 2𝑌𝑌 are replaced with 𝐷𝐷. 

(b)  If 𝐶𝐶 is [𝑋𝑋𝑋𝑋1 …𝑋𝑋𝑚𝑚], then the result of substituting 𝐷𝐷 for 𝑥𝑥 in 𝐶𝐶 is 
[𝑌𝑌𝑌𝑌1 …𝑌𝑌𝑚𝑚], where 𝑌𝑌,𝑌𝑌1, … ,𝑌𝑌𝑚𝑚 are the results of substituting 𝐷𝐷 for 𝑥𝑥 in 
𝑋𝑋, 𝑋𝑋1, … ,𝑋𝑋𝑚𝑚, respectively. 

(c)  Let 𝐶𝐶 be of the form [λτx1xmY]; for 1 ≤  𝑖𝑖 ≤ 𝑚𝑚, let 𝑦𝑦𝑖𝑖 = 𝑥𝑥𝑖𝑖 if 𝑥𝑥𝑖𝑖 is not 
free in 𝐷𝐷, and otherwise let 𝑦𝑦𝑖𝑖 = the first variable that 𝑣𝑣-constructs 
entities of the same type as 𝑥𝑥𝑖𝑖, does not occur or 𝒗𝒗-occur in 𝐶𝐶, is not 
free in 𝐷𝐷, and is distinct from 𝑦𝑦1, … ,𝑦𝑦𝑖𝑖−1. Then, the result of substi-
tuting 𝐷𝐷 for 𝑥𝑥 in 𝐶𝐶 is [𝜆𝜆𝑦𝑦1 …𝑦𝑦𝑚𝑚𝑍𝑍], where 𝑍𝑍 is the result of substituting 
𝐷𝐷 for 𝑥𝑥 in the result of substituting 𝑦𝑦𝑖𝑖 for 𝑥𝑥𝑖𝑖(1 ≤  𝑖𝑖 ≤ 𝑚𝑚) in 𝑌𝑌. 

I now provide several examples to better illustrate how collisionless substi-
tution operates in TPL/TIL 2025. Then, I analyse the rule (a) TPL: Def. 
collisionless substitution for collisionless substitution into double execution 
in detail. 

The definition of a free variable is essential to the functioning of colli-
sionless substitution. The first line of TPL: Def. collisionless substitution 
addresses cases in which the variable 𝑥𝑥, for which the construction 𝐷𝐷 is 
substituted, is not free in 𝐶𝐶. If this is the case, then collisionless substitution 
does not affect the construction 𝐶𝐶 in any way. The result of collisionless 
substitution of the construction 𝐷𝐷 for the variable 𝑥𝑥 is identical to the con-
struction 𝐶𝐶. 
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Remark 3. The notation 𝐶𝐶(𝐷𝐷/𝑥𝑥) indicates the collisionless substitution of 
the construction 𝐷𝐷 for the variable 𝑥𝑥 in the construction 𝐶𝐶. 

Example 7. Let us have valuation 𝑣𝑣, the construction 0𝑥𝑥, and the construc-
tion 𝐷𝐷 of any type. The construction 0𝑥𝑥 is called trivialization in TPL/TIL 
2025. The variable 𝑥𝑥 is not free in trivialization 0𝑥𝑥 [the variable x is 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡-
bound or bound by trivialization in trivialization 0𝑥𝑥]. Therefore, the colli-
sionless substitution 0𝑥𝑥(𝐷𝐷/𝑥𝑥) results in the construction 0𝑥𝑥 [by the first line 
of TPL: Def. collisionless substitution 2]. 

Before proceeding, we provide one further example of collisionless sub-
stitution in which the variable x is free in the construction C. 

Example 8. Let us have valuation 𝑣𝑣, the variable 𝑥𝑥 and the construction 𝐷𝐷 
of any type. Each variable is free in itself. Therefore, the variable 𝑥𝑥 is free 
in the construction 𝑥𝑥. A collisionless substitution of the construction 𝐷𝐷 for 
the variable 𝑥𝑥 results in the construction 𝐷𝐷 [this result follows from the first 
line of the rule (a) TPL: Def. collisionless substitution]. 

I will now test the application of the rule for collisionless substitution 
into double execution in TPL by the following example: 

Example 9.15 Assume valuation 𝑣𝑣, under which: 

● 2/𝜏𝜏 
● 𝑥𝑥/∗1 →𝑣𝑣 2 
● 𝑞𝑞/∗2 →𝑣𝑣 𝑥𝑥 
● 2𝑞𝑞/∗3 →𝑣𝑣 2 

Remark 4. A sign / assigns a type from the ramified hierarchy of types to 
an entity; in Example 9, these types are: 𝜏𝜏,∗ 1,∗ 2,∗ 3.16 

 
15  In Example 9, the variable x is the construction of order 1 and higher over B, 
the variable q is the construction of order 2 and higher over B and the double exe-
cution 2q is the construction of order 3 and higher over B in the ramified hierarchy 
of types. 
16  TIL is an open-ended system. Type τ designates a set of real numbers in the 
objectual base B. Types *1,*2,*3 designates types of constructions in the ramified 
hierarchy of types. I do not discuss these types in more detail. There are several 
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In Example 9, the variable 𝑞𝑞 𝑣𝑣-constructs the variable 𝑥𝑥. Therefore, an 
object 𝑣𝑣-constructed by the double execution 2𝑞𝑞 is identical to an object 𝑣𝑣-
constructed by the variable 𝑥𝑥, namely, the number 2. The variable 𝑥𝑥 is not 
explicitly expressed in the body of the variable 𝑞𝑞, or the double execution 
2𝑞𝑞. In this sense, the variable 𝑥𝑥 is "hidden" within the underlying structure 
of the double execution 2𝑞𝑞. 

The collisionless substitution in TIL 2025 affects only explicit parts (sub-
procedures) of procedures. Therefore, the result of the collisionless substi-
tution 2𝑞𝑞(𝐷𝐷/𝑥𝑥) is the procedure 2𝑞𝑞 itself in TIL 2025 [since the variable 𝑥𝑥 
is not a sub-procedure of the double execution 2𝑞𝑞, it does not have a free 
occurrence in 2𝑞𝑞 (Duží and Jespersen 2025, 22).17  

At TPL, the situation differs significantly. TPL introduces a new defi-
nition of free variable and free occurrence of variable that differs from the 
definitions adopted by TIL 2010/TIL 2025. According to this new defini-
tion, the variable 𝑥𝑥 has free occurrence in the double execution 2𝑞𝑞 in TPL. 

Furthermore, rule (a) TPL: Def. collisionless substitution allows substi-
tuting for the free occurrence of a variable 𝑥𝑥, not only in the double execu-
tion 2𝑋𝑋, but also in constructions forming “hidden” layers of double execu-
tion 2𝑋𝑋. Therefore, even if a variable 𝑥𝑥 is not a subconstruction of double 
execution 2𝑋𝑋, we can still substitute for free occurrences of this variable 𝑥𝑥 
in constructions underlying the double execution 2𝑋𝑋. 

Nowhere in the definition is it stipulated that 𝑥𝑥 must be a subconstruc-
tion of 𝐶𝐶. Therefore, the definition also covers 𝑣𝑣-executed/𝑣𝑣-displayed 
occurrences as soon as we consider them free/bound. (Kosterec 2024, 
120).  

 
sources that provide a detailed explanation of the ramified hierarchy of types (Duží 
et. al. 2010; Jespersen and Duží 2022, Kosterec 2024; Duží and Jespersen 2025). 
17  This follows from rule vi) of Definition 4.7 (Correct collision-less substitution), 
which states that: Let x be a variable and C, D procedures. If x is not free in C, 
then the result of substituting D for x in C is C. Hence, let the occurrence of x be 
free in C. vi) If C is 2X where X is a procedure, then the result of the substitution 
of D for x in C is 2Y, where Y is the result of the substitution of D for x in X. (Duží 
and Jespersen 2025, 24). 
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This change in the definition of collisionless substitution together with the 
new definition of free variable 18 constitutes a distinction between TPL and 
TIL 2025. 19 

By rule (a) TPL: Def. collisionless substitution, the result of collisionless 
substitution 2𝑞𝑞(𝐷𝐷/𝑥𝑥) is 2𝑞𝑞{𝑥𝑥 ∶=  𝐷𝐷}, which means that all free occurrences 
of the variable 𝑥𝑥 in the double execution 2𝑞𝑞 are replaced by the construction 
𝐷𝐷. 

The definition of collisionless substitution in TPL clearly states that in 
the construction 2𝑞𝑞{𝑥𝑥 ∶=  𝐷𝐷},20 the variable 𝑥𝑥 is to be replaced by the con-
struction 𝐷𝐷, but what exactly does it mean? In Example 9, the variable 𝑥𝑥 
is not a subconstruction of the double execution 2𝑞𝑞 or the variable 𝑞𝑞. There-
fore, the construction 𝐷𝐷 cannot replace free occurrences of the variable 𝑥𝑥 in 
those constructions. What are other alternatives? Kosterec is not clear on 
this point, and (a) TPL: Def. collisionless substitution is open to several 
interpretations in that regard. 

To further elaborate on this point, instead of the construction 𝐷𝐷, we 
consider a collisionless substitution of construction 12𝑞𝑞 in Example 9. This 

 
18  All these changes in the TPL definitions concern the so-called secondary defini-
tions. Kosterec distinguishes between primary and secondary definitions in transpar-
ent logics. Primary definitions concern key notions of any system of transparent 
logic. Primary definitions are definitions of the following: valuations, constructions, 
constructing according to valuation, and the ramified hierarchy of types. Primary 
definitions are essential for characterizing a logical system as a TIL. According to 
Kosterec, secondary definitions must correspond to the core definitions of the system. 
Secondary definitions are Def. Displayed vs. executed occurrence of a construction, 
Def. (v-displayed vs. v-executed occurrence of a construction), Def. free variable and 
Def. collisionless substitution. The main differences between various transparent 
logics lie in formulating secondary definitions (Kosterec 2024, 80) 
19  In the following examples, I only state whether a certain variable is free or not 
according to the rules of TPL. A detailed discussion on the definition of free variable 
in TPL is not necessary for the topic discussed in the article. 
20  The TPL introduces new notation {}, which is not present in TIL. “It is useful 
to have a notation to distinguish between constructions that are considered the result 
of a substitution for variables and those that are not – to make the substitution 
explicit. I suggest that we use a notation similar to the standard notation for substi-
tution from lambda calculi.” (Kosterec 2024, 173) 
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kind of construction is called single execution in TPL/TIL 2025. 21 The 
single execution 12𝑞𝑞 𝑣𝑣-constructs the same object (if any) that is 𝑣𝑣-con-
structed by the double execution 2𝑞𝑞, that is, the number 2 [this follows from 
(iii) TPL: Def. 𝑣𝑣-constructing].22 

The single execution 12𝑞𝑞 is chosen deliberately because it contains the 
double execution 2𝑞𝑞 as its subconstruction. Therefore, the collisionless 
substitution 2𝑞𝑞(12𝑞𝑞/𝑥𝑥) includes the substitution of the double execution 
2𝑞𝑞 into itself. My challenge with this example is to examine whether the 
rule (a) TPL: Def. collisionless substitution can prevent a vicious cycle in 
this case. 

A vicious cycle occurs when a construction 𝑣𝑣-constructs itself [or another 
construction that determines an object 𝑣𝑣-constructed by this construction]. 
An example of a vicious cycle is a situation in which 𝑥𝑥 →𝑣𝑣 𝑥𝑥. Transparent 
logics are typed lambda calculi and prohibit these types of constructions by 
employing a type system called the ramified hierarchy of types.23 Any con-
struction in which a vicious cycle of this kind occurs cannot be correctly 
typed and thus stands outside the ramified hierarchy of types. 

What is the result of the collisionless substitution of the single execution 
12𝑞𝑞 for the variable 𝑥𝑥 in the double execution 2𝑞𝑞 in TPL? TPL threats the 
variable 𝑥𝑥 as free in the double execution 2𝑞𝑞. Therefore, according to rule 
(a) TPL: Def. collisionless substitution, the result of the collisionless sub-
stitution 2𝑞𝑞(12𝑞𝑞/𝑥𝑥) is a construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}, which means that all free 
occurrences of 𝑥𝑥 in 2𝑞𝑞 are replaced with 12𝑞𝑞. 

The fact that the variable 𝑥𝑥 is not expressed in the double execution 2𝑞𝑞 
or the variable 𝑞𝑞 means that the single execution 12𝑞𝑞 cannot replace the 
variable 𝑥𝑥 in either the double execution 2𝑞𝑞 or the variable 𝑞𝑞. Yet, according 
to (a) TPL: Def. collisionless substitution, the collisionless substitution of 
12𝑞𝑞 for the variable 𝑥𝑥 in the double execution 2𝑞𝑞 must affect the resulting 

 
21  According to the valuation v in Example 9, the single execution 12q/*4 is the 
construction of order 4 and higher over B. 
22  This rule states that “If X is a construction, then 1X v-constructs the object (if 
any) that is v-constructed by X. Otherwise, 1X does not v-construct anything” 
(Kosterec 2024, 45; Kosterec 2024, 168). 
23  TPL and TIL 2025 employ nearly identical rules for the determination of type 
in the ramified hierarchy of types (Kosterec 2024, 168; Jespersen and Duží 2025, 13). 
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construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} in some meaningful way. Therefore, the collision-
less substitution 2𝑞𝑞(12𝑞𝑞/𝑥𝑥) should yield some changes that would differen-
tiate the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} from the double execution 2𝑞𝑞.24 Kosterec 
does not explain the application of this rule in detail, and to my best 
knowledge, no material published on TPL discusses this particular example. 

There are two possible approaches to the explanation of the rule (a) 
TPL: Def. collisionless substitution. The first possibility is to assume that 
collisionless substitution for variables that are "hidden" in deeper layers of 
double execution directly changes the structure of affected constructions. 

If we accept this explanation, the single execution 12𝑞𝑞 replaces the var-
iable 𝑥𝑥 as an object 𝑣𝑣-constructed by the variable 𝑞𝑞 in the construction 
2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}. Then, we would need to determine an object 𝑣𝑣-constructed 
by the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} under a modified valuation according to 
which 𝑞𝑞 →𝑣𝑣

12𝑞𝑞 [instead of 𝑞𝑞 →𝑣𝑣 𝑥𝑥 that was stipulated by valuation 𝑣𝑣 in 
Example 9]. I refer to this explanation as a static explanation. If this were 
the case, then from 𝑞𝑞 →𝑣𝑣

12𝑞𝑞 it would follow that the object 𝑣𝑣-constructed 
by the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} is identical to the object v-constructed by 
the single execution 12𝑞𝑞 [according to rule (iv) TPL: Def. 𝑣𝑣-constructing]. 
The advantage of the static explanation is that it conforms to the general 
rule for 𝑣𝑣-constructing for double execution in TPL (iv) TPL: Def. 𝑣𝑣-con-
structing. In most cases, this explanation would seem preferable, apart from 
this example, when it inevitably leads to a vicious cycle due to 𝑞𝑞 →𝑣𝑣

12𝑞𝑞. 
The variable 𝑞𝑞 cannot be properly typed according to the condition 
𝑣𝑣(12𝑞𝑞/𝑞𝑞); therefore, it must stand outside the ramified hierarchy of types. 
Consequently, under the static explanation, the resulting construction 2𝑞𝑞{𝑥𝑥 ∶
=  12𝑞𝑞} would stand outside the ramified hierarchy of types as well [because 
𝑞𝑞 →𝑣𝑣

12𝑞𝑞 is not a construction within the ramified hierarchy of types, it does 
not 𝑣𝑣-construct any object; therefore, the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} would 
not 𝑣𝑣-construct any object either]. This result is not welcome because it 
violates the compensation principle in TPL.25 From this it follows that the 

 
24  Kosterec (2024, 173) explicitly reaffirms this observation: “The result of the col-
lisionless substitution of D for x in C is to be followed by {x := D}. Then 20x is not 
equivalent to 20x{x := D}.” 
25  Compensation principle: Let C be a construction. Then for any valuation v and 
a construction D, if D v-constructs an entity d, then C(D/x) v-constructs an entity 
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construction 𝐷𝐷 cannot be the object 𝑣𝑣-constructed by 𝑋𝑋 or any other con-
struction, in which 𝐷𝐷 replaces free occurrences of 𝑥𝑥, in the construction of 
the form 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷}. Therefore, the static explanation must be rejected. 

The second possible explanation of rule (a) TPL: Def. collisionless sub-
stitution is to assume that collisionless substitution affects the identity of 
an object 𝑣𝑣-constructed by a double execution during individual steps of v-
constructing. I refer to this explanation as a dynamic explanation. In the 
dynamic explanation, it is still true that 𝑞𝑞 →𝑣𝑣 𝑥𝑥 in 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}. Only after 
this step of v-constructing happens [when the variable 𝑥𝑥 has been v-con-
structed by the variable 𝑞𝑞], the single execution 12𝑞𝑞 instead of the variable 
𝑥𝑥 is used to determine the identity of the object v-constructed by the con-
struction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞} [replacement of the variable 𝑥𝑥 by the single execution 
12𝑞𝑞 thus happens only "after" the variable 𝑥𝑥 has been v-constructed by the 
variable 𝑞𝑞. Accordingly, the variable 𝑥𝑥 merely determines the specific step 
of v-constructing when the single execution 12𝑞𝑞 becomes relevant for v-
constructing of the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}]. Consequently, the assump-
tion of 𝑞𝑞 →𝑣𝑣

12𝑞𝑞 is not required for the computation of the value of the 
construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}, and the vicious cycle of 𝑞𝑞 →𝑣𝑣

12𝑞𝑞 is thereby 
averted. 

On this point, it is important to read carefully the definition (iv) TPL: 
Def. 𝑣𝑣-constructing, which states: “If X is a construction and X v-constructs 
a construction Y, then 2X v-constructs the object (if any) that is v-con-
structed by Y. Otherwise, 2X does not v-construct anything.” (Kosterec 
2024, 168). It is the main and only rule for determining the identity of the 
object v-constructed by any double execution [including a double execution 
of the form 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷}]. This rule explicitly and without exception requires 
that the construction 𝑌𝑌 [in Example 9, the single execution 12𝑞𝑞] must be 𝑣𝑣-

 
c iff C v(d/x)-constructs c. (Duží et. al. 2010, 145; Kosterec 2024, 180). We can see 
that the compensation principle essentially states that if the construction D v-con-
structs the same object [D→vd] as a certain variable x [i.e., under (v(d/x)], then the 
collisionless substitution of the construction D for this variable x [C(D/x)], should 
not alter the object v-constructed by construction C into which we substitute con-
struction D for variable x [C(D/x)→vc and also Cv(d/x)→vc]. The compensation 
principle should be valid for any object d and c v-constructed by D and C, respec-
tively. 
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constructed by the construction 𝑋𝑋 [in Example 9, the variable 𝑞𝑞] in order to 
provide a value for an object 𝑣𝑣-constructed by double execution 2𝑋𝑋 [in Ex-
ample 9, the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}]. As I show above, this cannot be 
satisfied in the case of the construction 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}. Therefore, although 
the dynamic explanation explains how to apply (a) TPL: Def. collisionless 
substitution in a way that avoids a vicious cycle, this explanation is not 
compatible with the (iv) TPL: Def. 𝑣𝑣-constructing. We may thus conclude 
that there is no rule in place in TPL that specifies the single execution 12𝑞𝑞 
as a source of the identity of an object v-constructed by 2𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}, under 
the assumption that the replacement of the single execution 12𝑞𝑞 for the 
variable 𝑥𝑥 has occurred “after” the variable 𝑥𝑥 is v-constructed by the vari-
able 𝑞𝑞. 

Therefore, neither of the proposed explanations satisfactorily explains 
the application of rule (a) TPL: Def. collisionless substitution in the case 
2𝑞𝑞(12𝑞𝑞/𝑥𝑥) ↔2 𝑞𝑞{𝑥𝑥 ∶=  12𝑞𝑞}. 

4. Conclusion 

 The definition of free occurrence of a variable in TPL permits collision-
less substitution for occurrences of variables that are not (visible) parts of 
double execution. Rule (a) TPL: Def. collisionless substitution specifies that 
such collisionless substitution into the “hidden layers” of double execution 
yields a new construction of the form 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷}. 

The article shows that TPL provides neither a clear interpretation for 
the application of this rule nor a clear account of the structure of the re-
sulting double execution. The article therefore proposes two possible inter-
pretations for the application of the collisionless substitution in such cases, 
which labels the static explanation and the dynamic explanation. 

The article shows that the collisionless substitution under the static ex-
planation leads to an inconsistency that violates the compensation principle. 
By contrast, although the dynamic explanation explains how collisionless 
substitution may be applied in case of double execution without incon-
sistency, this explanation fails to conform to the general rule for v-con-
structing for the double execution. Consequently, the article concludes that 
TPL lacks clear rules for determining an object v-constructed by double 
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execution of the form 2𝑌𝑌{𝑥𝑥 ∶=  𝐷𝐷}. This result poses a challenge for TPL, 
despite its potential as a promising new system of transparent logic.  
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