Tatra Mt. Math. Publ. 35 (2007), 155–158 tm

Mathematical Publications

ON WEAKLY COMPACT OPERATORS

Miloslav Duchoň

Summary. The paper deals with some questions of weakly compact mappings and brings an example disproving the assertion that every finitely additive vector Borel measure with bounded semivariation represents a weakly compact operator.

In [P] Th. 5 and Cor. 1 P e l c z y n s k i proved the following.

Theorem. Let S be a compact Hausdorff topological space and X a Banach

space such that no subspace of X is isomorphic to c_0 . Then every continuous linear operator L from C(S) into X is weakly compact.

Recall that c_0 denotes the Banach space of all to zero converging sequences of numbers with the sup norm; C(S) is the Banach space of all continuous real or complex-valued functions on S with the sup norm. That L : C(S) → X is weakly compact means that for every bounded sequence (f_n) of functions from C(S) the sequence (Lf_n) contains a subsequence (Lg_k) weakly convergent to an element x in X .

Corollary 1. Let X be a Banach space. Then each continuous linear oper-

ator from C(S), where S is an infinite compact metric space, into X is weakly compact if and only if X contains no subspace isomorphic to c_0 .

The assumption of metrizability of S is essential. It follows from the fact that each continuous linear operator from l^∞ [l^∞ = m denotes the Banach space of all bounded sequences of numbers with the sup norm] into c_0 is weakly compact [Go], p. 168, G o o d n e r , or [Gr], p. 229, G r o t h ., into every separable Banach space. More over into a quasicomplete Hausdorff separable locally convex topological vector space, if S is a Stonian space, i.e., the closure of any open set is again open.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 28E10, 81P10. K e y w o r d s: vector measure, semivariation, weakly compact operator.

Supported by grant VEGA 2/4137/04 and by Science and Technology Assistance Agency under the contract No. APVT-51-006904.

MILOSLAV DUCHOŇ

An arbitrary continuous linear mapping from C(S) into X , with S locally compact, is weakly compact if and only if X is weakly Σ-complete, i.e., satisfies the following condition: For every sequence (x_n)_{n∈N} of points of X , such that

Σ_n | < x_n, x^′ > | < ∞ for all x^′ ∈ X^′ , there exists x ∈ X such that < x, x^′ >= Σ_n < x_n, x^′ > , (cf. [P], [BeP], [Th], T h o m a s ). This condition is satisfied when X is semireflexive or weakly sequentially complete. In the paper [P] P e l c z y n s k i describes weakly Σ-complete Banach space as a space not containing a subspace isomorphic to c_0 on the basis of a result of [Be P], p. 160, according to which a Banach space is weakly Σ-complete if (and only if) there is no subspace isomorphic to c_0 in X . It is not known if this equivalence holds for arbitrary quasi-complete spaces [Th], p. 20. On the other hand there exist an infinite compact metric space S and a continuous linear operator L on C(S) into l^∞ which is not weakly compact. As known (cf [P], p. 221, P e l c z y n s k i A.) an operator having this property may be given by the formula L(f) = ( f(s_n) − f(a) ) , f ∈ C(S), n = 1, 2, . . . where (s_n) is a convergent sequence of different points in S and a = lim_{n→∞} s_n . Note that in this case L(f) even takes its values in c_0 .

Let ε_s be the Dirac measure concentrated in s ∈ S . Define, for any positive integer n, the real-valued Borel measure l_n by l_n(E) = (ε_sn − ε_a)(E), E a Borel subset of S . Define

m(E) =^(l_n(E)^{)∞}_{n=1}.

Then m is a finitely additive set function on Borel sets B(S) with values in l^∞ . The set function m has the bounded semivariation, i.e., the quantity sup ‖ ‖ ‖ k∑ i=1 d_i m(E_i) ‖ ‖ ‖ is finite, where the supremum is taken over all disjoint sets E_i in B(S) with the union S and all complex numbers d_i with the absolute value equal or less than one.

Counterexample. We will give a promised counterexample. By the assigning f → ∫ fdm =^{(∫} f(s) dl_n(s)^{)∞}_{n=1}

ON WEAKLY COMPACT OPERATORS

a representation of the continuous linear operator L : C(S) into l^∞ is given by means of the finitely additive set function m : B(S) → l^∞ . We have, of course, ∫ f dm =^{(∫} f(s) dl_n(s)^{)∞}_{n=1} =^{(∫} f(s) dε_{sn} (s) −^∫ f(s) dε_a^) = ( f(s_n) − f(a) )_∞ n=1 ∈ l^∞(even ∈ c_0) .

Take S = [0, 1] and put

f_k(s) = ks 1 + k^2s^2 , k = 1, 2, . . . for s in S and s_n = 1/n, n = 1, 2, . . . , so a = 0. For all s and k = 1, 2 . . . , clearly, 0 6 f_k(s) 6 1/2, f_k(s_k) = 1/2, sup_s f_k(s) =^1_2 . We^1_2 = ‖f_k‖ 6^1_2 , k = 1, 2, . . . and f_k(s) → 0 for k → ∞ for every s and ‖ ‖ ∫ f_kdm ‖ ‖ = sup n | f_k(s_n) | = 1 2 , k = 1, 2, . . . Thus (f_k ) is a bounded sequence of functions from C(S) converging to zero at every point s in S , i.e., (f_k) converges weakly to 0 in C(S). Hence the assigning f → L(f) = ∫ fdm is not weakly compact operator on C(S) into

l^∞ because L(f_k) does not converge to zero in l^∞ as it should be for a weakly compact operator from C(S) into l^∞ . [DS] IV.7.4. D u n f o r d –S c h w a r t z .

The set function m considered here is a finitely additive on B(S) with bounded semivariation which is not countably additive (and hence) nor regular, takes its values in the Banach space X = l^∞; m does not, however, represent a weakly compact operator on C(S) into X . This example shows that it is not true that every finitely additive set function on Borel sets in S , with values in Banach space X with bounded semivariation defines a weakly compact operator on C(S) into X as asserted in [Wh] Theorem 1.4.

It is easy to prove that if m has bounded semi-variation then the set

Vm^= {_k ∑ j=1 m(E_j )α_j | k ∈ N^∗, |α_j| 6 1^}

is a bounded set in X .

We will say that m has weakly compact semi-variation if m has bounded semi-variation and if the set Vm is included in a weakly compact set W of X .

It is clear that, when m has weakly compact semi-variation, for any continuous function f : [a, b] → R, we have ∫ f dm ∈ ‖f‖W if V_m ⊆ W . If Vm ⊆ W , then m(S) ⊆ W .

On the other hand our set function m representing a continuous linear operator on C(S) into c_0 takes its values in the second dual c^{′′}_0 = l^∞ and for every u ∈ l^1 the set function u ∘ m(E) = m(E)u is regular and countably additive. But this is quite in the accordance with the representation theorem of continuous linear operators on C(S) into X , cf. [DS] Th. VI.7.3.

MILOSLAV DUCHOŇ

REFERENCES

[BP] BESSAGA, C.—PELCZYNSKI, A. : On bases and unconditional convergence of series in Banach spaces, Studia Math. 17 (1958), 151–164.

[DS] DUNFORD, N.—SCHWARTZ, J. : Linear Operators I, Interscience Publishers, New York, London, 1958.

[Go] GOODNER, D. B. : Projections in normed linear spaces, Trans. Amer. Math. Soc. 69 (1950), 89–108.

[Gr] GROTHENDIECK, A. : Topological Vector Spaces, Gordon and Breach Science Publishers, New York, 1973.

[P] PELCZYNSKI, A. : Projections in certain Banach spaces, Studia Math. 19 (1960), 209–228. [Th] THOMAS, E. : The Lebesgue-Nikodym Theorem for Vector Valued Radon Measures, Mem.

Amer. Math. Soc. Vol. 139, Amer. Math. Soc., Providence RI, 1974.

[Wh] WHITE, A. J. : Convolutions of vector measures, Proc. Roy. Soc. Edinburg, Sect. A 73 (1974–1975), 117–135.

Received June 7, 2005 Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: duchon@mat.savba.sk