Tatra Mt. Math. Publ. 34 (2006), 201–222 tm

Mathematical Publications

CONVERGENCE THEOREMS FOR (SL)-INTEGRAL IN RIESZ SPACE-CONTEXT

Antonio Boccuto — Beloslav Riečan

ABSTRACT. We prove some convergence theorems for the (SL)-integral in Riesz spaces introduced in [A. Boccuto: Differential and integral calculus in Riesz spaces, Tatra Mt. Math. Publ. 14 (1998), 293–323], and we prove some results concerning the equivalence between the (SL)- and Kurzweil-Henstock integrals for Riesz space-valued functions.

1. Introduction

There are several generalizations of the Riemann integral both in the classical and abstract theory of integration. A variant of the Kurzweil-Henstock integral coinciding with that for real-valued functions, in general different from that for Riesz space-valued mappings, is a strong Luzin integral ((SL)-integral), that was investigated in the case of real-valued functions by P. Y. L e e and R. V ý b o r n ý ([15], [16]). The idea concerning with this type of integral is as follows: we introduce a condition, so called strong Luzin condition or property (SL) which lies strictly between an absolute continuity and a condition N (roughly speaking, a function f satisfies a condition N if it maps sets of measure zero onto the sets of measure zero). We say that a function f is (SL)-integrable if it “admits” a “weak primitive” of the class (SL). In the Kurzweil-Henstock integration, the condition (SL) plays a very similar role to that by absolute continuity in the theory of Lebesgue integral. We prove that under suitable hypotheses for our involved Riesz space, an integral function associated with the Kurzweil-Henstock integral is of class (SL). Moreover, we will see that, under the same hypotheses, the (SL)- and the Kurzweil–Henstock integral coincide: this, in general, is true only in some particular Riesz spaces.

Furthermore, some convergence theorems are proved for the (SL)-integral, for Riesz space-valued functions.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 28B15, 28B05, 28B10, 46G10. K e y w o r d s: Kurzweil-Henstock integral, strong Luzin integral, Riesz spaces, Henstock Lemma, convergence theorems.

2 Preliminaries

Definition 2.1. Giving an interval [a, b] ⊂ R, the division of [a, b] is called

a finite set T = {x_0, x_1, . . . , x_n} ⊂ [a, b], where x_0 = a, x_n = b and x_{i−1} < x_i for all i = 1, . . . , n. By T we denote the class of all divisions of [a, b].

By a partition of [a, b] we understand a set of type { (A_i, ξ_i) : i = 1, . . . , n } , where A_i = [x_{i−1}, x_i], {x_0, x_1, . . . x_n} is a division, and ξ_i ∈ A_i for all i = 1, . . . , n. A partition is said to be special if ξ_i is an endpoint of A_i for every i = 1, . . . , n. A mesh of a partition Π denotes the quantity |Π| ≡ max^n_{i=1}(x_i −x_{i−1}). Moreover, since no confusion might arise, giving a measurable subset A of the (extended) real line, we denote by |A| its Lebesgue measure (finite or +∞).

Definition 2.2. A decomposition of [a, b] is a set of the type { (A_i, ξ_i) : i = 1, . . . , n } , (1) where {A_i}^n_{i=1} is a family of pairwise non-overlapping intervals of [a, b] and ξ_i ∈ A_i for all i = 1, . . . , n.

We remark that a decomposition of [a, b] is not necessarily a partition of [a, b]. From now on, let us denote by Δ a set of all positive real-valued functions defined on an interval [a, b] ⊂ R.

Definition 2.3. Giving a partition or decomposition Π =^{{(}[x_{i−1}, x_i], ξ_i^) : i = 1, . . . , n } of [a, b], and a function δ ∈ Δ, we say that Π is δ-fine if x_i − x_{i−1} ≤ δ(ξ_i) for all i = 1, . . . , n.

Moreover, if f : [a, b] → R is a mapping, and Π is as above, we denote by ∑ Π f the quantity n∑ i=1 f(ξ_i)(x_i − x_{i−1}) . Definition 2.4. A function δ : [a, b] → R^+_0 is called gage if the set Z_δ ≡ { x ∈ [a, b] : δ(x) = 0 } has Lebesgue measure zero.

We now endow the set of all gages with the following ordering. Giving two gages δ_1 and δ_2 , we say that δ_1 ≤ δ_2 if and only if δ_1(x) ≤ δ_2(x) for all x ∈ [a, b]. Definition 2.5. If δ is a gage, we say that a decomposition Π =^{(A_i, ξ_i) : i = 1, . . . , n } is δ-fine if ξ_i ∉ Z_δ and |A_i| ≤ δ(ξ_i) for all i = 1, . . . , n.

Remark 2.6. We remark that there exist some gages δ , without δ-fine partitions. However, for all gages δ there exists a δ-fine decomposition Π (for a proof see [28, Theorem 1, p. 259]).

Definition 2.7. Let J ⊂ [a, b] ⊂ R, and Δ_J = (R^+)^J . We say that a

function P : [a, b] → R is of class (SL) or has the property (SL) on J if for every set N ⊂ [a, b] of Lebesgue measure zero and ∀ ε > 0 there exists a map δ : J → R^+ such that for any δ-fine decomposition Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n } of [a, b], with x_i ∈ [a, b] and ξ_i ∈ N ∩ J ∀ i = 1, . . . , n, we have: n∑ i=1 | |P (x_i) − P (x_{i−1}) | | ≤ ε . (2)

We say that P is of class (SL) if it is of class (SL) on [a, b].

Definition 2.8. Let R be any Dedekind complete Riesz space, and Δ^{(1)} be

the set of all gages defined on [a, b]. We say that f : [a, b] → R is (SL)-integrable on [a, b] if there exists a function P : [a, b] → R of class (SL) such that, for every ε > 0, there exists δ ∈ Δ^{(1)} such that | | | | ∑ Π f − n∑ i=1 [ P (x_i) − P (x_{i−1} ) ] | | | | ≤ ε (3)

whenever Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n } is a δ-fine decomposition of [a, b].

The function P will be called weak primitive of f .

In this case we put (by definition) (SL) b∫ a f = P (b) − P (a). The (SL) integral is well-defined: indeed we have the following

Proposition 2.9. Let N ⊂ [a, b] be a set of Lebesgue measure zero,

f_0 : [a, b] → R such that f_0(x) = 0 for all x ∉ N and P_0 : [a, b] → R be a constant function. Then P_0 is a weak primitive of f_0 .

Proposition 2.10. Let N and f_0 be as in Proposition 2.9, and P be a weak

primitive of f_0 . Then P is constant.

The following fundamental result holds (see [15], [16]).

Theorem 2.11. A function f : [a, b] → R is Kurzweil-Henstock integrable on

[a, b] if and only if it is (SL)-integrable on [a, b], and in this case we have

(KH) b∫ a f = (SL) b∫ a f .

3. The (SL)-integral in the Riesz-space context

Now, we introduce some preliminary definitions concerning Riesz spaces, and later the (KH)- and (SL)-integrals.

We begin with the following:

Definition 3.1. Let R be any Riesz space. A unit of R is an element u ∈ R

such that u ≥ 0, u ≠ 0.

Definition 3.2. Let u be a unit of R. We say that the sequence (r_n)_n

of elements of R u-converges to r ∈ R if ∀ ε > 0, ∃ n = n(ε) ∈ N such that |r_n −r| ≤ εu, ∀ n ≥ n. We say that (r_n)_n converges relatively (or (r)-converges) to r if it u-converges, for some unit u. In this case, we write (r) lim_{n→+∞}r_n = r or (r) lim_n r_n = r .

Definition 3.3. Let u be a unit of R, and (Λ, ≺) be any directed set. We

say that the net (r_λ)_{λ∈Λ} u-converges to r if ∀ε > 0, ∃ λ = λ(ε) ∈ Λ such that |r_λ − r| ≤ εu , ∀ λ ∈ Λ , λ ≺ λ . We say that (r_λ)_{λ∈Λ} converges relatively (or (r)-converges) to r if it u-converges, for some unit u. In this case, we write (r) lim_{λ∈Λ} r_λ = r or (r) lim_λ r_λ = r .

Definition 3.4. A sequence (r_n)_n of elements of R is said to be order-

convergent (or (O)-convergent) to r ∈ R, if there exists a sequence (p_n)_n in R, such that p_n ↓ 0 and |r_n − r| ≤ p_n , ∀ n ∈ N (see also [17], [39]). In this case, we write (O) lim_n r_n = r .

Let us note that, in the context of (O)-convergence, the definition of series

of the type^∞ ∑ n=1 a_n , with a_n ∈ R ∀ n ∈ N, can be formulated analogously as in

classic case.

Definition 3.5. Let (Λ, ≺) be any directed set. A net (r_λ)_{λ∈Λ} is said to be

order convergent (or (O)-convergent) to r if sup_{ρ∈Λ} inf_{λ≺ρ} r_λ = inf_{ρ∈Λ} sup_{λ≺ρ} r_λ ,

and in this case we write (O) lim_{λ∈Λ} r_λ = r . We observe that if a net (O)-converges both to r and s, then r ≡ s necessarily.

We remark that if R is Archimedean then (r)-convergence implies (O)-convergence. In general, the converse is not true (for example, in the spaces of type C(Ω) = {f : Ω → R, f is continuous} where Ω is an infinite compact topological space). However, there are many cases when these two concepts coincide, for example in the spaces of type L^0(X, B, μ) where (X, B, μ) is a measure space with μ-positive, σ-additive and σ-finite measure (see [17], [39]).

Definition 3.6. A Dedekind complete Riesz space R, such that every subset

R_1 ≠ ∅ bounded from above containing a countable subset having the same supremum as R_1 , is said to be super Dedekind complete.

Definition 3.7. Let R be a Riesz space. We say that R has a property σ

or σ-property if for all sequences (r_n)_n of positive elements of R there exists a sequence (λ_n)_n of strictly positive real numbers such that the sequence (λ_nr_n)_n is bounded (see also [17, Definition 70.1, p. 478]).

Remark 3.8. We observe that if (X, B, μ) is a measure space where μ is a σ-finite countably additive ~R-valued measure, then the spaces L^p(X, B, μ), with p ∈ [0, ∞], have the property σ (see also [17]). Moreover, we note that there exist some super Dedekind complete Riesz spaces lacking in property σ (for example, we can take the space R ⊂ R^N consisting of all sequences with only a finite number of nonzero coordinates: see [17, p. 479]).

Assumptions 3.9. From now on, we always suppose R to be a Dedekind

complete Riesz space. In some suitable cases, we add R an extra element +∞ extending ordering and operations having the same role as the element +∞ with respect to real numbers, in such a way +∞ ≥ r , ∀ r ∈ R , 0 · (+∞) = 0 , λ · (+∞) = +∞ , ∀ λ ∈ R^+, +∞ + r = +∞ , ∀ r ∈ R ∪ {+∞} . We denote by the symbol R the set R ∪ {+∞}.

Definition 3.10. A net (p_δ)_{δ∈Δ} of elements of R is called (O)-net if the

following conditions are fulfilled:

(3.10.1) p_{δ1} ≤ p_{δ2} whenever δ_1, δ_2 ∈ Δ, δ_1 ≤ δ_2 ; (3.10.2) inf{p_δ : δ ∈ Δ} = 0.

A sequence (p_n)_n in R is called (O)-sequence if it is decreasing and inf_n p_n = 0.

Definition 3.11. A map f : [a, b] → R is (KH)-integrable (on [a, b]) if there

exists an element Y ∈ R such that

(O) lim_{δ∈Δ} [ sup {| | ∑ Π f − Y | | |: Π is a δ-fine partition of [a, b] }] = 0 . (4)

Remark 3.12. It is easy to see that in Definition 3.11 the element Y is unique, provided that it exists; in this case we write

Y = (KH) b∫ a f .

Without loss of generality, in (4) we can take the set of δ-fine special partitions of [a, b] instead of the set of all δ-fine partitions of [a, b]: indeed, giving a partition “generated” by a division T = {x_0, x_1, . . . , x_n}, with ξ_i ∈ [x_{i−1}, x_i] for all i = 1, . . . , n, and such that ξ_i is not an endpoint of [x_{i−1}, x_i] for some i, it will be sufficient to consider the division T^′ obtained by adding such ξ_i ’s to the points of T , and to associate the same ξ_i ’s with T^′ as in the original partition.

In general, the (HK)- and (SL)-integral are different from each other in a general Riesz space (see also the following example ([3]). However, we will prove that, under suitable hypotheses, these two integrals coincide.

Example 3.13. Let R be a Dedekind complete Riesz space without property σ (see Remark 3.8). In R there exists a sequence (u_n)_n such that for all sequences (λ_n)_n of positive real numbers, the sequence (λ_nu_n)_n is not bounded in R. The function f : [0, 1] → R, defined by setting f(x) = { u_n if x = 1/n , 0 otherwise , (5) is not (KH)-integrable on [0, 1]. This function is (SL)-integrable on [0, 1] with (SL)-integral zero, because it coincides with the identically zero function up to the complement of a set of Lebesgue measure 0.

We observe, however, that, if R has the property σ and f : [a, b] → R vanishes up to the complement of a set of Lebesgue measure zero, then f is (SL)-integrable on [a, b] with integral zero (see also [5]).

We also recall a version of the Henstock Lemma for the (KH)-integral (see also [3]).

Lemma 3.14. If f is (KH)-integrable on [a, b] and F (I) = (KH)^∫_I f for every

subinterval I ⊂ [a, b], then

inf_{δ∈Δ} { sup q∑ i=1 | | |J_i|f(ξ_i)−F (J_i) | |: Π is a δ-fine decomposition of [a, b] } = 0 (6)

(where Π ≡ {(J_i, ξ_i) : i = 1, . . . , q}).

We also recall the following result (see [3]):

Theorem 3.15. Let R be any Dedekind complete Riesz space, and f_1 , f_2 ,

g , h : [a, b] → R be four maps (KH)-integrable on [a, b] such that g ≤ f_j ≤ h for j = 1, 2.

Then f_1 ∨ f_2 and f_1 ∧ f_2 are (KH)-integrable on [a, b].

Now, introduce the notion of function of a class (SL) (with respect to (O)-convergence).

Definition 3.16. Let J ⊂ [a, b] ⊂ R, and Δ_J = (R^+)^J . We say that a

function P : [a, b] → R is of class (SL) or has the property (SL) on J if for every set N ⊂ [a, b] of Lebesgue measure zero there exists an (O)-net (p^{(N )}_δ )_{δ∈ΔJ} , such that ∀ δ ∈ Δ_J sup {_n ∑ i=1 | |P (x_i) − P (x_{i−1}) | |: {([x_{i−1}, x_i], ξ_i) : i = 1, . . . , n} is a δ-fine decomposition of [a, b], x_i ∈ [a, b] and ξ_i ∈ N ∩ J ∀ i } ≤ p^{(N )}_δ . (7)

We say that P is of class (SL) on the assumption that it is of class (SL) on [a, b]. Definition 3.17. Let R be any Dedekind complete Riesz space, and Δ^{(1)} be

the set of all gages defined on [a, b]. We say that f : [a, b] → R is (SL)-integrable on [a, b] if there exists a function P : [a, b] → R of class (SL) and an (O)-net (p_δ)_{δ∈ Δ}(1) such that ∀δ ∈ Δ^{(1)} we have: sup {| | | | ∑ Π f − n∑ i=1 [ P (x_i) − P (x_{i−1} ) ] | | | | : Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n }

is a δ-fine decomposition of [a, b] } ≤ p_δ . The function P will be called weak primitive of f .

In this case we put (according to the definition) (SL) b∫ a f = P (b) − P (a). In [3] it is proved that the (SL)-integral is well-defined. There are the following propositions there:

Proposition 3.18. Let R be any Dedekind complete Riesz space, N ⊂ [a, b]

be a set of Lebesgue measure zero, and let f_0 : [a, b] → R be such that f_0(x) = 0 for all x ∉ N . Then

(SL) b∫ a f_0 = 0 .

Proposition 3.19. Let R be as in Proposition 3.18, and f, g : [a, b] → R

be two functions differing only in a set of Lebesgue measure zero. Then f is (SL)-integrable on [a, b] if and only if g is either, and in this case,

(SL) b∫ a f = (SL) b∫ a g .

Proposition 3.20. Let f : [a, b] → R be (SL)-integrable on [a, b], and let

P_1 , P_2 be two weak primitives of f . Then

P_1(β) − P_1(α) = P_2(β) − P_2(α)

for all α, β with [α, β] ⊂ [a, b].

In [3], the following comparison result of (KH)- and (SL)-integrals for bounded functions was given considering values in an arbitrary Dedekind complete Riesz spaces was given.

Theorem 3.21. Let R be any Dedekind complete Riesz space and let

f : [a, b] → R be bounded. Then the following are equivalent:

(3.21.1) f is (KH)-integrable on [a, b];

(3.21.2) f is (SL)-integrable on [a, b].

In this case we have

(KH) b∫ a f = (SL) b∫ a f .

By suitable hypotheses for our Riesz space R, we will prove that the (KH)- and (SL)-integrals coincide even for functions being not necessarily bounded on [a, b]. We start with a formulation of hypotheses.

Assumptions 3.22. From now on, we assume that R = L^0(X, B, μ), where

(X, B, μ) is a measure space, with μ-positive, σ-finite, σ-additive and ~R-valued.

First of all, since (r)- and (O)-convergences coincide in our space L^0 , we observe that the definitions of functions of class (SL) and of (SL)-integrability can be formulated as follows:

Definition 3.23. Let J ⊂ [a, b] ⊂ R, and Δ_J = (R^+)^J . We say that a

function P : [a, b] → R is of class (SL) or has the property (SL) on J if for every set N ⊂ [a, b] of Lebesgue measure zero there exists a unit w such that, ∀ ε > 0, there exists a map δ : J → R^+ such that, for any δ-fine decomposition Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n } of [a, b], with x_i ∈ [a, b] and ξ_i ∈ N ∩ J ∀ i = 1, . . . , n, we have: n∑ i=1 | |P (x_i) − P (x_{i−1} ) | | ≤ εw . (8)

We say that P is of class (SL) provided it is of class (SL) on [a, b].

Definition 3.24. Let Δ^{(1)} be the set of all gages defined on [a, b]. We

say that f : [a, b] → R is (SL)-integrable on [a, b] if there exists a function P : [a, b] → R of class (SL) and a unit w such that, for every ε > 0, there exists δ ∈ Δ^{(1)} such that | | | | | ∑ Π f − n∑ i=1 [ P (x_i) − P (x_{i−1}) ] | | | | | ≤ εw , (9) whenever Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n } is a δ-fine decomposition of [a, b].

The function P will be called weak primitive of f .

In this case we put (by definition) (SL) b∫ a f = P (b) − P (a). Now we prove that if R satisfies Assumptions 3.22 then the (SL)-integral coincides with the (KH)-integral. First of all we prove that, for super Dedekind complete Riesz space-valued maps, “the integral function associated with Kurzweil-Henstock integral in [a, b] is of class (SL) on [a, b]”.

Proposition 3.25. Assume that R is a super Dedekind complete Riesz

space, and let f : [a, b] → R be (KH)-integrable on [a, b]. Let F be a (KH)-integral function associated with f , that is F (a) = 0 and

F (x) = (KH) x∫ a f , ∀ x ∈ (a, b] . Then F is of class (SL) on [a, b].

P r o o f . We know that f is integrable on every subinterval [c, d] ⊂ [a, b]. So, the definition of F given above makes sense. Let Ω be such a compact Hausdorff extremely disconnected topological space (unique up to homeomorphisms) existing by virtue of Maeda–Ogasawara–Vulikh representation theorem (see [1]). For all ω ∈ Ω, define f_ω : [a, b] → ~R by setting: f_ω(x) = f(x)(ω) , x ∈ [a, b] . (10) Throughout the proof of Lemma 3.4 of [4], we proved that there exists a meager set N_0 ⊂ Ω such that ∀ ω ∈ Ω \ N_0 , ∀ x ∈ [a, b], F (x)(ω) ≡ (KH) x∫ a f (ω) = (KH) x∫ a f_ω ∈ R , (11)

where the f_ω’s are as in (10). Let

~F_ω(x) = (KH) x∫ a f_ω , ω ∈ Ω \ N_0 , x ∈ [a, b] .

For such ω ’s, the function ~F_ω is of class (SL) on [a, b]: that is, in terms of

(O)-convergence, for every set N ⊂ [a, b] of Lebesgue measure zero and ∀ ω ∈

Ω \ N_0 , we get:

inf_{δ∈Δ} [ sup {_n ∑ i=1 | | ~F_ω(x_i) − ~F_ω(x_{i−1} ) | |: {([x_{i−1}, x_i], ξ_i): i = 1, . . . , n} is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }] = 0 . (12)

From (12), taking into account that R is super Dedekind complete and hence

all involved suprema and infima can be considered countable, we get, up to the

complement of meager subsets of Ω:

0 = inf_{δ∈Δ} [ sup {_n ∑ i=1 | | ~F_ω(x_i) − ~F_ω(x_{i−1} ) | |: {([x_{i−1}, x_i] ξ_i) : i = 1, . . . , n} is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }]

= inf_{δ∈Δ} [ sup {_n ∑ i=1 | |F (x_i)(ω) − F (x_{i−1} )(ω) | | : {([x_{i−1}, x_i], ξ_i) : i = 1, . . . , n} is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }]

= inf_{δ∈Δ} [ sup {(_n ∑ i=1 | |F (x_i) − F (x_{i−1} ) | | ) (ω) : {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n }

is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }] (13)

= inf_{δ∈Δ} {[ sup {_n ∑ i=1 | F (x_i) − F (x_{i−1}) | : {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n }

is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }] (ω) }

= { inf_{δ∈Δ} [ sup {_n ∑ i=1 | |F (x_i) − F (x_{i−1}) | | : {([x_{i−1}, x_i], ξ_i): i = 1, . . . , n} is a δ-fine decomposition of [a, b] , x_i ∈ [a, b] and ξ_i ∈ N ∀ i }]} (ω) . From this it follows that F is of class (SL) on [a, b]. It concludes the proof.

Now we turn to the theorem on equivalence between two involved integrals.

Theorem 3.26. Let R satisfy Assumptions 3.22. A function f : [a, b] → R

is (KH)-integrable on [a, b] if and only if it is (SL)-integrable on [a, b], and in

this case we have

(KH) b∫ a f = (SL) b∫ a f . P r o o f . We begin with “only if” part. Since f is (KH)-integrable on [a, b],

then it is (KH)-integrable even on every subinterval of [a, b]. Let F (a) = 0 and

F (x) = (KH) x∫ a f , ∀ x ∈ (a, b] . The assertion of “only if” part follows form Henstock Lemma, because (9) holds

when P is replaced by F and since F is of class (SL) on [a, b] (thanks to super

Dedekind completeness of R, which is a consequence of Assumptions 3.22), by

virtue of Proposition 3.25.

We now turn to “if” part. Let f : [a, b] → R be (SL)-integrable, and let

P : [a, b] → R be a weak primitive of f . There exists a unit w such that for

every ε > 0, there is a gage δ_1 such that | | | | | n∑ i=1 {[ P (x_i) − P (x_{i−1}) ] − (x_i − x_{i−1})f(ξ_i) } | | | | | ≤ εw for every δ_1-fine decomposition Π_1 = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , n } of [a, b].

Let Z_{δ1} be a δ_1-zeros set and let f_0 ≡ fχ_{Zδ1} . We note that f_0 is zero al-

most everywhere. Then since L^0 has the property σ , f_0 is Kurzweil–Henstock

integrable on [a, b] and

(KH) b∫ a f_0 = 0 .

Thus there exists a unit z such that for all ε > 0 there exists a function

δ_2 : [a, b] → R^+ such that ∀ δ_2-fine partition Π_2 of [a, b] and we get | | | | | ∑ Π2 f_0 | | | | | ≤ εz . Since P is of class (SL) on [a, b], there exists a unit y such that for all ε > 0

there is a map γ : [a, b] → R^+ for each γ-fine decomposition Π_3 of [a, b], Π_3 = {( [ω_{i−1}, ω_i], κ_i ) : i = 1, . . . , n } with κ_i ∈ [a, b] and κ_i ∈ Z_{δ1} , ∀ i = 1, . . . , n, and

we have:_n ∑ i=1 | |P (ω_i) − P (ω_{i−1}) | | ≤ εy . (14)

ANTONIO BOCCUTO — BELOSLAV RIEČAN

Let δ(t) = min { δ_1(t), δ_2 (t) } if t ∉ Z_{δ1} , and δ(t) = min { γ(t), δ_2(t) } if t ∈ Z_{δ1} .

If Π = {( [w_{k−1}, w_k], ζ_k ) : k = 1, . . . , p } is any δ-fine partition of [a, b], then we

get:| | | | p∑ k=1 (w_k − w_{k−1})f(ζ_k ) − [ P (b) − P (a) ] | | | | = | | | | p∑ k=1 (w_k − w_{k−1})f(ζ_k ) − p∑ k=1 [ P (w_k) − P (w_{k−1}) ] | | | | ≤ | | | | p∑ k=1 (w_k − w_{k−1})f_0(ζ_k) | | | | + ∑ k=1,...,p, ζ_k∈Z_δ1 | P (w_k) − P (w_{k−1}) |

+ | | | | | | | ∑ k=1,...,p, ζ_k ∉Z_δ1 (w_k − w_{k−1})f(ζ_k ) − [ P (w_k) − P (w_{k−1}) ] | | | | | | | ≤ ε(w + z + y) . This concludes the proof.

4. Convergence theorems

In this section we prove some convergence theorems for the (SL)-integral

and generalize Theorem 2.11 to suitable Riesz spaces. Let R be as in As-

sumptions 3.22. We prove that, under these assumptions, in a certain sense,

the (SL)-integral contains an improper integral (on [a, b]).

Theorem 4.1. Let f : [a, b] → R satisfy the following properties:

(4.1.1) f is bounded and (SL)-integrable in [a, c] for every c ∈ (a, b);

(4.1.2) (O) lim_{c→b−} [ (SL) c∫ a f ] = l ∈ R. Then f is (SL)-integrable on [a, b] and

(SL) b∫ a f = l . P r o o f . Let us define P : [a, b] → R as follows:

P (x) = (SL) x∫ a f if x ∈ [a, b); P (b) = l .

Let (y_n)_{n∈N∪{0}} be a strictly increasing sequence such that y_0 = a and lim n→+∞ y_n = b. Since f is bounded in [a, x] for each x ∈ [a, b), then P is

of class (SL) on [y_n, y_{n+1}] for every n ∈ N ∪ {0} (see also [3]), and hence f is of class (SL) on [a, b). From this and (4.1.2), by virtue of a “continuity property” of P at b, it follows that P is of class (SL) on [a, b], by properties of functions of class (SL) (see [3]). Since f is (SL)-integrable on every interval of the type [y_n, y_{n+1}] and, in our space R, (O)-convergence coincides with (r)-convergence, then, for each n ∈ N, there exists a unit w_n such that, for all ε > 0, there exists a gage δ^∗_n : [a, b] → R^+_0 such that for every δ^∗_n-fine decomposition Π_n = {( [x_{i−1}, x_i], ξ_i ) : i = 1, 2, . . . , k_n } of [y_n, y_{n+1}] we have | | | | | k_n∑

i=1 (x_i − x_{i−1})f(ξ_i) − [ P (x_i) − P (x_{i−1}) ] | | | | | ≤ εw_n . (15)

In view of the property σ and in correspondence with a sequence (w_n)_n there exist a sequence of positive real numbers (λ_n)_n and a unit w , such that λ_nw_n ≤ w, ∀ n ∈ N . Applying the previous argument as in (15) and replacing ε by ελ_n/2^n , we get that for each n ∈ N there exists a unit w_n such that for all ε > 0 there exists a gage δ_n : [a, b] → R^+_0 such that for every δ_n-fine decomposition Π_n = {( [x_{i−1}, x_i], ξ_i ) : i = 1, 2, . . . , k_n } of [y_n, y_{n+1}] and we have: | | | | k_n∑

i=1 (x_i − x_{i−1}) f(ξ_i) − [ P (x_i) − P (x_{i−1}) ] | | | | ≤ ελ_n 2^n w_n ≤ ε 2^n w . (16)

Now, let δ(x) = { 0 if x ∈ { y_n : n ∈ N ∪ {0} } , min { x−y_n, y_{n+1}−x, δ_n(x) } if x ∈ (y_n, y_{n+1}) .

It is easy to see that δ : [a, b] → R^+_0 is a gage. Every δ-fine decomposition must have its intervals contained in some interval of the type [y_n, y_{n+1}]. Indeed, if there exists an element ( [u, v], ξ ) of such a decomposition (where [u, v] is a subinterval of [a, b] and ξ ∈ [u, v]) such that ∃ n ∈ N with u < y_n < v , then v − u ≤ δ(ξ). Since δ(y_n) = 0, then ξ cannot coincide with y_n . If u ≤ ξ < y_n then v − u ≤ δ(ξ) ≤ y_n − ξ ≤ y_n − u , and hence v ≤ y_n , a contradiction. Moreover, if y_n < ξ ≤ v then v − u ≤ δ(ξ) ≤ ξ − y_n ≤ v − y_n , and hence u ≥ y_n , a contradiction.

Now, let Π be any δ-fine decomposition of [a, b]: as shown above, Π “in-

duces” a decomposition Π_n of [y_n, y_{n+1}]on every interval [y_n, y_{n+1}]; thus Π = ⋃ n∈T^∗ Π_n , (17)

where T^∗ is a suitable subset of N. We observe that T^∗ is a finite set: the in-

volved decompositions are formed by a finite number of intervals and lim_{n→+∞} y_n =

b. Moreover, by δ-fineness, an endpoint of the last interval of an involved de-

composition must be strictly smaller than y_{n0} for some positive integer n_0 : in

particular, our decomposition Π cannot have any interval of type [t, b], and so

no δ-fine decomposition can be a partition. Finally we have: 0 ≤ | | | | | ∑ i∈T^∗ (x_i − x_{i−1})f(ξ_i) − [ P (x_i) − P (x_{i−1}) ] | | | | | ≤ ∑ Πn | | | | | k_n∑

i=1 (x_i − x_{i−1})f(ξ_i) − [ P (x_i) − P (x_{i−1}) ] | | | | | ≤ ∞∑ n=1 ελ_n 2^n w_n ≤ εw .

(18)

The assertion follows from (18). This concludes the proof.

The next results are generalizations of theorems proved for real-valued func-

tions by P. Y. L e e and R. V ý b o r n ý (see [15] and [16, pp. 162–169]). We

begin with the following preliminary definitions.

Definition 4.2. Let J ⊂ [a, b] ⊂ R, and Δ_J = (R^+)^J . We say that a

sequence of functions (P_n : [a, b] → R)_n is of class (USL) or has property (USL)

(uniform (SL)) on J if for every set N ⊂ [a, b] of Lebesgue measure zero

there exists a unit w such that ∀ ε > 0, there exist n_0 = n_0(ε) ∈ N, and a

map δ : J → R^+ such that for every n ≥ n_0 and for any δ-fine decomposition Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , p } of [a, b] with x_i ∈ [a, b] and ξ_i ∈ N ∩ J

∀ i = 1, . . . , p, we have: p∑ i=1 | |P_n(x_i) − P_n(x_{i−1} ) | | ≤ εw . (19) We say that (P_n)_n is of class (USL) if it is of class (USL) on [a, b].

Definition 4.3. Let Δ^{(1)} be a set of all gages defined on [a, b]. We say that

the sequence (f_n : [a, b] → R)_n is (SL)-equiintegrable (or simply equiintegrable) on [a, b] if there exists a sequence of functions (P_n : [a, b] → R)_n of class (USL) and a unit w such that for every ε > 0 there exist δ ∈ Δ^{(1)} and n_0 ∈ N, such that | | | | | ∑ Π f_n − p∑ i=1 [ P_n(x_i) − P_n(x_{i−1}) ] | | | | | ≤ εw (20)

for every n ≥ n_0 , and whenever Π = {( [x_{i−1}, x_i], ξ_i ) : i = 1, . . . , p } is a δ-fine decomposition of [a, b].

We now prove the following:

Theorem 4.4. Let R be any Dedekind complete Riesz space, let^(f_n : [a, b] → R ) n be (SL)-equiintegrable, and let F_n be a weak primitive of f_n on [a, b] ∀ n ∈ N. Suppose that the sequence (F_n)_n satisfies property (USL) on [a, b] and assume that there exists a function f : [a, b] → R such that

(r) lim_n f_n(x) = f(x)

for almost all x ∈ [a, b] and with respect to the same unit y .

Then there exists a map F : [a, b] → R such that

(r) lim_n [ F_n(x) − F_n(a) ] = F (x) , ∀ x ∈ [a, b] with respect to a same unit, f is (SL)-integrable on [a, b] and F is a weak primitive of f on [a, b].

P r o o f . (See also [15, Theorem 3, pp. 767–768] and [16, Theorem 4.3.3, pp. 163–165].) Let N be such a set (of Lebesgue measure zero) where the sequence (f_n)_n does not converge to f , ε > 0, z ∈ R be a unit, and δ be a gage chosen with respect to (SL)-equiintegrability of the sequence (f_n)_n . Further, let Z_δ be the set of all zeros of δ , γ : [a, b] → R^+ associated with ε and N ∪ Z_δ according to the property (USL) of the sequence (F_n)_n . Put

δ^∗(x) = { δ(x) if x ∉ N ∪ Z_δ , γ(x) if x ∈ N ∪ Z_δ . Fix x ∈ (a, b], and let Π = {([u_i, v_i], x_i) : i = 1, . . . , p} be a δ^∗-fine partition of [a, x]. Let Π_0 be such a part of Π for which x_i ∈ N ∪ Z_δ ∀ i = 1, . . . , p, and

Π_1 = Π \ Π_0 . For every m, n ∈ N we have: 0 ≤ | |[F_m(x) − F_m(a)] − [F_n(x) − F_n(a)] | | ≤ | | | | | ∑ Π {[ F_m(v_i) − F_m(u_i) ] − [ F_n(v_i) − F_n(u_i) ]} | | | | | ≤ ∑ Π0 [ F_m(v_i) − F_m(u_i) ] + ∑ Π0 [ F_n(v_i) − F_n(u_i) ]

+ | | | | ∑ Π1 {[ F_m(v_i) − F_m(u_i) ] − (v_i − u_i)f_m(x_i) } | | | | + | | | | | ∑ Π1 {[ F_n(v_i) − F_n(u_i) ] − (v_i − u_i)f_n(x_i) } | | | | | + ∑ Π1 (v_i − u_i) | |f_m(x_i) − f_n(x_i) | | .

(21)

For m, n larger than a suitable positive integer n^∗ depending on ε only, the

first two terms in the last member of inequality (21) are less than εw , where w

is a suitable unit existing by the property (USL), and both the third and fourth

term are less than εz , where z is as above. We now estimate the latter term.

By hypothesis, y is a such unit that for every x ∈ [a, b] \ N and for each

ε > 0 there exists n_0 ∈ N such that ∀ n, m ≥ n_0 , | |f_m(x) − f_n(x) | | ≤ εy . From this it follows that the last term in inequality (21) is less than ε(b − a)y

for sufficiently large n (depending on the involved partition Π). From this it

follows that the sequence ( F_n(x) − F_n(a) ) n is Cauchy. Hence in R there exists

a limit

F (x) ≡ (r) lim_n [ F_n(x) − F_n(a) ] , for every x ∈ (a, b] (or to the same unit as to that one with respect to which the

involved sequence is Cauchy), because every Dedekind complete Riesz space is

complete with respect to (r)-convergence (see also [17]). Moreover, set F (a) = 0.

We have that F is of class (SL), since the sequence (F_n)_n is of class (USL). Now

change δ , if necessary, by defining it equal to zero on the set N . So, ∀ n ≥ n^∗

(where n^∗ is as above) and for every δ-fine decomposition Π = {( [s_i, t_i ], ξ_i ) : i = 1, . . . , q } of [a, b], we obtain: | | | | | q∑ i=1 {[ F_n(t_i) − F_n(s_i) ] − (t_i − s_i)f_n(ξ_i) } | | | | | ≤ εz , (22) where z is as above. Considering that the (r)-limit from (22) as n tends to +∞, we get: | | | | | q∑ i=1 {[ F (t_i) − F (s_i) ] − (t_i − s_i)f(ξ_i) } | | | | | ≤ εz whenever Π = {( [s_i, t_i], ξ_i ) : i = 1, . . . , q } is a δ-fine decomposition of [a, b].

Thus we get (SL)-integrability of f on [a, b] with weak primitive F . This concludes the proof.

We now turn to the following version of the monotone convergence theorem.

Theorem 4.5. Let R satisfy Assumptions 3.22, let f_n : [a, b] → R, n ∈ N,

be (SL)-integrable on [a, b], and suppose that the sequence ( (SL) b∫ a f_n ) n is bounded in R. Moreover, assume that

f_n(x) ≤ f_{n+1}(x) [ or f_n(x) ≥ f_{n+1}(x) ] , ∀ n ∈ N for almost all x ∈ [a, b], and that there exists a function f : [a, b] → R such that

(r) lim_n f_n(x) = f(x)

for almost all x ∈ [a, b] and with respect to the same unit z .

Then f is (SL)-integrable on [a, b] and

(SL) x∫ a f = (r) lim_n

(SL) x∫ a f_n , ∀x ∈ [a, b]

with respect to a same unit.

P r o o f . According to Theorem 4.4, it is sufficient to prove the equiintegrability of sequence (f_n)_n . Considering −f_n and f_n − f_1 , respectively, instead of f_n , without loss of generality we can suppose that (f_n)_n is increasing and f_n ≥ 0. Put

F_n(x) ≡ (SL) x∫ a f_n , n ∈ N , x ∈ [a, b] . We have: F_n(x) ≤ F_n(b) , ∀ n ∈ N , ∀ x ∈ [a, b] , the sequence ( F_n(b) ) n is increasing and bounded, and thus in R there the following limit exists:

F (x) ≡ (O) lim_n F_n(x) , x ∈ [a, b] .

So, there is a unit w such that ∀ε > 0, ∃ n_0 ∈ N, such that F (b) − F_n(b) ≤ εw , ∀ n ≥ n_0 . Let N be a set (of Lebesgue measure zero) where the sequence (f_n)_n does not

converge to f . By hypothesis, z is such a unit that ∀ ε > 0 and ∀ x ∈ [a, b] \ N ,

there exists n(x) ≥ n_0 such that f(x) − f_n(x) ≤ εz , ∀ n ≥ n(x) . Since f_n is (SL)-integrable ∀ n ∈ N, for every n ∈ N there exists a unit w_n such

that ∀ ε > 0, there exists a gage δ^∗_n such that for every δ^∗_n-fine decomposition

Π_n of [a, b], Π_n = {( [u_i, v_i], x_i ) : i = 1, . . . , q } , we have: | | | | q∑ i=1 [ F_n(v_i) − F_n(u_i) − (v_i − u_i)f_n(x_i) ] | | | | ≤ εw_n . Since L^0 has the property σ , there exists a sequence (λ_n)_n of positive real

numbers and a unit y such that λ_nw_n ≤ y , ∀ n ∈ N . Thus y is such a unit that ∀ ε > 0, there exists a gage δ_n such that for every

δ_n-fine decomposition Π_n = {( [u_i, v_i], x_i ) : i = 1, . . . , q } , we have: | | | | q∑ i=1 [ F_n(v_i) − F_n(u_i) − (v_i − u_i)f_n(x_i) ] | | | | ≤ ελ_n 2^n w_n ≤ ε 2^n y . Without loss of generality we can assume δ_n(x) ≥ δ_{n+1}(x) , ∀ n ∈ N , ∀ x ∈ [a, b] . Moreover, let δ(x) = { δ_{n(x)}(x) if x ∉ N, 0 if x ∈ N.

(23)

We now prove that the sequence (F_n)_n has the property (USL) on [a, b]. For

every decomposition Π = {( [u_i, v_i], x_i ) : i = 1, . . . , q } we get: q∑ i=1 | |F_n(v_i) − F_n(u_i) | | ≤ q∑ i=1 | |F_{n0} (v_i) − F_{n0} (u_i) | |

+ q∑ i=1 [ F_n(v_i) − F_n(u_i) − ( F_{n0} (v_i) − F_{n0} (u_i) )]

≤ q∑ i=1 | |F_{n0} (v_i) − F_{n0} (u_i) | | + [F (b) − F_{n0} (b)]

≤ q∑ i=1 | |F_{n0} (v_i) − F_{n0} (u_i) | | + εw , ∀ n ≥ n_0 .

(24)

There exists a gage γ_{n0} according to the fact that F_{n0} is of class (SL) on [a, b].

By virtue of (24) γ_{n0} is the required gage, because sequence (F_n)_n satisfies

property (USL) on [a, b].

Finally we prove the (SL)-equiintegrability of the sequence (f_n)_n on [a, b].

Let n_0 be as above. Fix m, n ≥ n_0 arbitrarily. Let δ be as in (23), let Π^′ = {( [u_i, v_i], x_i ) : i = 1, . . . , q } be a δ-fine decomposition of [a, b]. Let Π be such

a part of Π^′ whose x_i ’s are m > n(x_i) and Π_0 = Π^′ \ Π. Since the sequence

(δ_n)_n is decreasing, we have that Π_0 is δ_m-fine, and | | | | | ∑ Π′ {( v_i − u_i) f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | | ≤ | | | | ∑ Π { (v_i − u_i)f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | + | | | | | ∑ Π0 { (v_i − u_i)f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | | ≤ | | | | ∑ Π {( v_i − u_i)f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | + ε 2^m y . Moreover, we get: | | | | ∑ Π { (v_i − u_i)f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | ≤ ∑ Π (v_i − u_i) | f_m(x_i) − f_{n(xi)}(x_i) |

+ | | | | | ∑ Π {[ F_{n(xi)}(v_i) − F_{n(xi)}(u_i) ] − (v_i − u_i)f_{n(xi)}(x_i) } | | | | | + | | | | ∑ Π {[ F_{n(xi)}(v_i) − F_{n(xi)}(u_i) ] − [ F_m(v_i) − F_m(u_i) ]} | | | | . We have: 0 ≤ ∑ Π (v_i − u_i) | |f_m(x_i) − f_{n(xi)}(x_i) | | ≤ εz ;

0 ≤ ∑ Π {[ F_m(v_i) − F_m(u_i) ] − [ F_{n(xi)}(v_i) − F_{n(xi)}(u_i) ]}

≤ ∑ Π {[ F (v_i) − F (u_i) ] − [ F_{n0} (v_i) − F_{n0} (u_i) ]}

≤ F (b) − F_{n0} (b) ≤ εw .

Furthermore, we get: | | | | | ∑ Π {[ F_{n(xi)}(v_i) − F_{n(xi)}(u_i) ] − (v_i − u_i)f_m(x_i) } | | | | | ≤ ∞∑ κ=1

| | | | | | ∑ n(x_i)=κ [ F_κ(v_i) − F_κ(u_i) ] − [ (v_i − u_i)f_κ(x_i) ] | | | | | | ≤ ∞∑ κ=1 ε 2^κ y = εy . Finally we obtain: | | | | ∑ Π′ { (v_i − u_i) f_m(x_i) − [ F_m(v_i) − F_m(u_i) ]} | | | | ≤ ε(z + w + 2y) . This concludes the proof.

REFERENCES

[1] BERNAU, S. J. : Unique representation of Archimedean lattice groups and normal Archimedean lattice rings, Proc. London Math. Soc. 15 (1965), 599–631.

[2] BOCCUTO, A. : Abstract integration in Riesz spaces, Tatra Mt. Math. Publ. 5 (1995), 107–124.

[3] BOCCUTO, A. : Differential and integral calculus in Riesz spaces, Tatra Mt. Math. Publ.

14 (1998), 293–323.

[4] BOCCUTO, A. : A Perron-type integral of order 2 for Riesz spaces, Math. Slovaca 51 (2001), 185–204.

[5] BOCCUTO, A.—SKVORTSOV, V. A. : Henstock–Kurzweil type integration of Riesz- -space-valued functions and applications to Walsh series, Real Anal. Exchange 29 (2003– –2004), 419–438.

[6] CANDELORO, D. : Riemann-Stieltjes integration in Riesz spaces, Rend. Mat. Appl.

(Roma), Ser. VII 16 (1996), 563–585.

[7] DEBIÈVE, C.—DUCHOŇ, M. : Integration by parts in vector lattices, Tatra Mt. Math.

Publ. 6 (1995), 13–18.

[8] DUCHOŇ, M.—RIEČAN, B. : On the Kurzweil–Stieltjes integral in ordered spaces, Tatra Mt. Math. Publ. 8 (1996), 133–142.

[9] FILTER, W. : Representations of Archimedean Riesz spaces—a survey, Rocky Mountain J. Math. 24 (1994), 771–851.

[10] HALUŠKA, J. : On integration in complete vector lattices, Tatra Mt. Math. Publ. 3 (1993), 201–212.

[11] HENSTOCK, R. : The General Theory of Integration, Clarendon Press, Oxford, 1991. [12] HENSTOCK, R. : The construction of path integrals, Math. Japonica 39 (1994), 15–18. [13] KANTOROVIČ, L. V.—AKILOV, G. P. : Functional Analysis, Nauka, 1977 (In Russian);

English transl., Pergamon Press, Oxford, 1982.

[14] LEE, P. Y. : Lanzhou Lectures on Henstock Integration, World Scientific Publishing Co., Singapore, 1989.

[15] LEE, P. Y.—VÝBORNÝ, R. : Kurzweil–Henstock Integration and the strong Lusin condition, Boll. Un. Mat. Ital. 7-B (1993), 761–773.

[16] LEE, L. P.—VÝBORNÝ, R. : The Integral: An Easy Approach After Kurzweil and Henstock, Cambridge Univ. Press., Cambridge, 2000.

[17] LUXEMBURG, W. A. J.—ZAANEN, A. C. : Riesz Spaces, I, North-Holland Publishing Co., Amsterdam, 1971.

[18] MALIČKÝ, P. : The monotone limit convergence theorem for elementary functions with values in a vector lattice, Comment. Math. Univ. Carolin. 27 (1986), 53–67.

[19] MALIČKÝ, P. : Random variables with values in a vector lattice, Acta Mat. Univ. Comenian. 52–53 (1987), 249–263.

[20] MALIČKÝ, P. : On the conditional expectation of vector lattice valued variables, Acta Mat.

Univ. Comenian. 56–57 (1989), 115–127.

[21] McGILL, P. : Integration in vector lattices, J. London Math. Soc. 11 (1975), 347–360. [22] McSHANE, E. J. : A Riemann-type integral that includes Lebesgue–Stieltjes, Bochner and stochastic integrals, Mem. Amer. Math. Soc. 88 (1969), p. 54.

[23] MULDOWNEY, P. : A General Theory of Integration in Function Spaces, Including Wiener and Feynman Integration, John Wiley & Sons, Inc. New York, 1987.

[24] PFEFFER, W. F. : Lectures on geometric integration and the divergence theorem, Rend.

Instit. Mat. Univ. Trieste 23 (1991), 263–314.

[25] PFEFFER, W. F. : The Lebesgue and Denjoy-Perron integrals from a descriptive point of view, Ricerche Mat. 48 (1999), 211–223.

[26] POTOCKÝ, R. : On random variables having values in a vector lattice, Math. Slovaca 27 (1977), 267–276.

[27] POTOCKÝ, R. : On the expected value of vector lattice-valued random variables, Math.

Slovaca 36 (1986), 401–405.

[28] PUCCI, P. : Integrali di Riemann e di Burkill-Cesari, Rend. Mat. (Roma), Ser. VII 3 (1983), 253–275.

[29] RIEČAN, B. : On the Kurzweil integral for functions with values in ordered spaces, I, Acta Math. Univ. Comenian. 56–57 (1989), 411–424.

[30] RIEČAN, B. : On operators valued measures in lattice ordered groups, Atti Sem. Mat. Fis.

Univ. Modena 40 (1992), 151–154.

[31] RIEČAN, B.—NEUBRUNN, T. : Integral, Measure and Ordering, Kluwer Acad. Publ., 1997.

[32] RIEČAN, B.—VRÁBELOVÁ, M. : On the Kurzweil integral for functions with values in ordered spaces, II, Math. Slovaca 43 (1993), 471–475.

[33] RIEČAN, B.—VRÁBELOVÁ, M. : On integration with respect to operator valued measures in Riesz spaces, Tatra Mt. Math. Publ. 2 (1993), 144–165.

[34] RIEČAN, B.—VRÁBELOVÁ, M. : On the Kurzweil integral for functions with values in ordered spaces, III, Tatra Mt. Math. Publ. 8 (1996), 93–100.

[35] RIEČAN, B.—VRÁBELOVÁ, M. : The Kurzweil construction of an integral in ordered spaces, Czechoslovak Math. J. 48 (1997), 565–574.

[36] SZABÓ, GY.—SZÁZ, Á. : The net integral and a convergence theorem, Math. Nachr. 135 (1988), 53–65.

[37] SZABÓ, GY.—SZÁZ, Á. : Defining nets for integration, Publ. Math. Debrecen 36 (1989), 237–252.

[38] SZÁZ, Á. : The fundamental theorem of calculus in an abstract setting, Tatra Mt. Math.

Publ. 2 (1993), 167–174.

[39] VULIKH, B. Z. : Introduction to the Theory of Partially Ordered Spaces, Wolters–Noordhoff Sci. Publ., Groningen, 1967.

[40] VÝBORNÝ, R. : Some applications of Kurzweil-Henstock integration, Math. Bohemica 118 (1993), 425–441.

[41] XU, J.—LEE, P. Y. : Stochastic Integrals of Itô and Henstock, Real Anal. Exchange 18 (1992–1993), 352–366.

Received October 5, 2004 Antonio Boccuto Dipartimento di Matematica e Informatica via Vanvitelli 1 I–06123 Perugia ITALY E-mail: boccuto@dipmat.unipg.it

boccuto@yahoo.it

Beloslav Riečan Department of Mathematics Faculty of Natural Sciences Matej Bel University Tajovského 40 SK–97401 Banská Bystrica SLOVAKIA E-mail: riecan@fpv.umb.sk

Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: riecan@mat.savba.sk