Tatra Mt. Math. Publ. 34 (2006), 289–306 tm

Mathematical Publications

REGULARITY PROBLEMS AND RESULTS CONCERNING COMPOSITE FUNCTIONAL EQUATIONS

Zsolt Páles

ABSTRACT. In recent years, the investigation of functional equations containing the iterates of unknown functions have resulted in the development of a number of new methods and a new chapter in the regularity theory of functional equations. It is well-known that the solutions of the classical Cauchy equation are either very regular (infinitely many times differentiable) or very irregular (i.e., their graphs are everywhere dense on the plane). Thus, very weak regularity assumptions of a solution of the Cauchy equation force its very strong regularity properties. A situation for composite functional equations (that is for equations containing the iterates of unknown functions) is not so extreme. However, in a great deal of situations, starting with monotonicity and continuity properties of the solutions, their local Lipschitz continuity, differentiability everywhere but at countably many points, or further regularity properties can be proved.

The proofs require the Lebesgue’s theorem about the almost everywhere differentiability of monotonic functions, the Bernstein–Doetsch theorem on convex functions, the theorems of Steinhaus and Piccard concerning the algebraic sum of two sets of positive Lebesgue measure or of the second Baire category. Having proved the sufficient differentiability properties of the unknown functions, a functional equation can be differentiated with respect to the variables, and the composite terms can be eliminated. Thus, for derivatives of unknown functions, we obtain a new functional equation that does not involve the iterates of unknown functions, and, as a result, it can be solved using more standard methods of the theory of functional equations.

1. Introduction

A regularity theory of functional equations started probably with observations that the continuous or monotonic or measurable solutions f : R → R of

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 39Bxx, 39B05, 39B62. K e y w o r d s: functional equations, regularity theorems, regularity problems.

The preparation of this paper was supported by the research grants OTKA T-030082, T-038072.

the Cauchy functional equation f(x + y) = f(x) + f(y) , x, y ∈ R , (1) are always of the form f(x) = cx, where c is an arbitrary real constant (cf. A c z é l [Acz66], K u c z m a [Kuc85]) and thus they are analytic. Another wellknown result (see ibid.) is that there are also non-regular solutions of this equation. This is due to the fact that a general solution of (1) can be prescribed arbitrarily on a fixed Hamel base and can be extended to R in a unique way. Therefore, we have the following alternative: The solutions of the functional equation (1) are either very regular (in this case, analytic) or very irregular (in this case, nowhere continuous, non-monotonic on any proper interval, nonmeasurable, etc.).

As it turned out in last decades, a similar alternative can be set for most of the non-composite functional equations in several variables. For instance, all the following equations

f(x + y) = g(x) + h(y) (Pexider equation) , f ( x + y 2 ) = f(x) + f(y) 2 (Jensen equation) ,

f(x + y − xy) + f(xy) = f(x) + f(y) (Hosszú equation) , f(xy) + g ( x(1 − y) ) + h ( (1 − x)y ) + k ( (1 − x)(1 − y) ) = 0 , n∑ k=0 (−1)^{n−k} ( n k ) f(x + ky) = 0 (Fréchet equation) , n∑ k=0 (−1)^{n−k} ( n k ) f(x + ky) = n!f(y) (monomial equation)

can be treated with the same methods from the point of the regularity theory. The key idea followed from these investigations is to assume the weak regularity properties of the unknown functions (such as measurability, Baire property, monotonicity, continuity, etc.) and to derive higher-order regularity properties. Results of this kind are called regularity theorems for functional equations. The most general and powerful results have been obtained by Antal J á r a i (cf. D a r ó c z y –J á r a i [DJ79], J á r a i [Jár79], [Jár82], [Jár84b], [Jár86], [Jár91], [Jár92a], [Jár93], [Jár94a], [Jár94b], [Jár94c], [Jár95], [Jár98b], J á r a i –M a k s a [JM95], J á r a i –S a n d e r [JS97]). Contributions were also made by several other authors as well: A c z é l and C h u n g [AC82], B a k e r [Bak71b], I t z k o w i t z [Itz71], D a r ó c z y [Dar71b], G r o s s e -E r d m a n n [Gro89], P a g a n o n i [Pag74a], P á l e s [Pál92d], S a n d e r [San78a], Ś w i a - t a k [Swi76], T s u t s u m i and H a r u k i [TH82], [TH84], [TH91]. A summary of all these results can be found in J á r a i –S z é k e l y h i d i [JSz96], and in the monographs [Jár96] and [Jár04]. The open problems are collected in [Pál02a].

These results are useful for many reasons. For instance, if a sufficiently highorder differentiability of unknown functions is derived then, after the differentiation with respect to variables, the functional equation can often be reduced to a differential equation (see a general method in [Pál92d] and [Ház04]) for each of the unknown functions, and hence a well-developed and efficient theory of ordinary differential equations can be applied to determine the explicit form of the solutions.

In this paper we treat and describe the developments concerning functional equations where the unknown functions appear in argument of other unknown functions. Such functional equations are termed composite equations in the sequel. Many of these equations are derived from various characterizations in the axiomatization of utility theory (see a recent book of L u c e [Luc00], the survey paper of A c z é l , F a l m a g n e and L u c e [AFL00]).

Referring to an open problem of A c z é l , L u c e and M a k s a [ALM96], A c z é l and M a k s a [AM97P], and also A c z é l [Acz98PB] arose the problem of solving the following functional equation F^{−1} ( F (x)F (y) ) z = F^{−1} ( F (xz)F ( yP (x, z) )) , x, y ∈ [0, 1[ , z ∈ [0, 1] , where P : [0, 1[ × [0, 1] → [0, 1] and F : [0, 1 [ → ] 0, 1] is a strictly decreasing bijection. In [ALM96] the differentiability assumptions were necessary to determine F and P . Several efforts to eliminate or reduce the differentiability conditions have been made (see B r i l l o u ë t –B e l l u o t [BB97], [Acz98a], and [BB98]). A r c z é l ’s idea [Acz98b] moved forward with the solution. He eliminated the two-variable function P and deduced the following equation F (x) F (xy) = F ( G(y) G(xy) ) , x, y ∈ ]0, 1[ , (2) which, by introducing the new unknown functions, is a special case of the following “additivized” equation f(x + y) − f(x) = ϕ ( g(x + y) − g(y) ) , x, y > 0 , x + y < α . (3) The problem was cracked in [Pál98PA], [Pál98PB] where (2) and the related equation (3) were solved. The result with its application was published in [AMP99].

The most important steps in solutions of equation (3) and also of more general composite functional equations can be summarized in a following scheme (cf. also [Pál99b] for further details):

(I) Assuming the monotonicity and functional equation, the Jensen convexity of internal unknown functions is proved.

(II) Using the Bernstein–Doetsch theorem we show that the internal functions are differentiable everywhere but at countably many points.

(III) Using the Lebesgue’s differentiation theorem, we show the differentiability of external unknown functions.

(IV) The functional equation is differentiated with respect to its variables and composite terms are eliminated.

(V) The resulting equation is a non-composite functional equation with respect to derivatives of internal functions which can be solved by means of standard techniques.

To illustrate the methods, we consider the following functional equation f(x + y) − f(x) + ϕ ( g(y + z) − g(y) ) = ψ ( g(x + y + z) − g(y + z) − g(x + y) + g(y) ) (x, y, z > 0 , x + y + z < α) . (4) Throughout this paper in this paper 0 < α 6 ∞ and f : I → R, g : I → R, ϕ : J → R, and ψ : H → R are strictly monotone functions defined on the sets

I := ]0, α[ , J := { g(y + z) − g(y) : y, z > 0, y + z < α } , (5) H := { g(x + y + z) − g(y + z) − g(x + y) + g(y) : x, y, z > 0, x + y + z < α } . For the origin of this equation, cf. [MMP00] and [MP04].

2. Regularity results and solutions of (4)

In our first result, we deduce the stronger regularity properties of internal functions f and g as well as external functions ϕ and ψ .

Theorem 1. Assume that f, g : I → R, ϕ : J → R and ψ : H → R are

strictly monotone functions satisfying the functional equation (4). Then f and g are strictly convex or concave continuously differentiable functions with nonvanishing derivatives. Furthermore, J and H are open intervals and ϕ, ψ are differentiable on J and H , respectively.

P r o o f . Observe that the left hand side of (4) is a strictly monotone function of z on interval ]0, α − x − y[ for all fixed x, y > 0. Thus the same is true for the left hand side of (4), i.e., z → g(x + y + z) − g(y + z) ( z ∈ ]0, α − x − y[ ) is strictly monotone if x, y > 0, x + y < α. Being the variable y arbitrarily small, we get that z → g(x + z) − g(z) ( z ∈ ]0, α − x[ ) (6) is strictly monotone if 0 < x < α.

Assuming that (6) strictly increases, for arbitrary 0 < u < v < α, we get g (u + v 2 ) − g(u) = g ( u + v − u 2 ) − g(u) < g ( u + v − u 2 + v − u 2 ) − g ( u + v − u 2 )

= g(v) − g (u + v 2 ) , therefore g is strictly Jensen-convex.

Due to its monotonicity, g is also locally bounded, hence, in view of the celebrated Bernstein–Doetsch theorem (cf. B e r n s t e i n –D o e t s c h [BD15], K u c z m a [Kuc85], R o b e r t s –V a r b e r g [RV73]), g is strictly convex. If (6) strictly decreases, then we can similarly see that g is strictly concave.

By the strict convexity/concavity of g , the mapping x → g(x + y + z) − g(x + y) ( x ∈ ]0, α − y − z[ ) (7) is strictly monotone for all fixed y, z > 0 with y + z < α. Thus, the right hand side and also the left hand side of (4) is a strictly monotone function of variable x on the interval ]0, α − y − z[ . Being the variable z arbitrarily small, it follows that the function x → f(x + y) − f(x) ( x ∈ ]0, α − y[ ) (8) is also a strictly monotone function for all y ∈ I . Therefore, f (exactly as g ) is strictly convex or concave.

In view of the well-known regularity properties of convex/concave functions, it follows that f and g are differentiable from the left and from the right at each point of I and, except at countably many points, they are differentiable everywhere. Their inverses are also strictly convex or concave, therefore, they enjoy similar differentiability properties. The continuity of the function g implies that J and H are intervals. Since g is strictly monotone, hence j is an open interval. The strict convexity/concavity of g yields that H is also open.

In the next part of the proof, applying Lebesgue’s theorem on the almost everywhere differentiability of monotone functions we show that ϕ is differentiable on I . The repeated application of Lebesgue’s theorem will then give us also the differentiability of f , g and ψ .

Let u_0 ∈ J be arbitrary. Then there exist x_0, y_0, z_0 ∈ I , such that x_0 + y_0 + z_0 < α and u_0 = g(y_0 +z_0)−g(y_0). Then we have that z_0 = g^{−1} ( u_0+g(y_0) ) −y_0 , therefore the map (u, y) → g^{−1} ( u + g(y) ) − y is defined in a neighborhood of the point (u_0, y_0). Substituting z = g^{−1} ( u + g(y) ) − y into (4), we get that the point (u_0, x_0, y_0) has a neighborhood U × V × W such that ϕ(u) = f(x) − f(x + y) + ψ ( g ( x + g^{−1} ( u + g(y) )) − u − g(x + y) ) ( (u, x, y) ∈ U × V × W ) (9) holds. We show that x and y can be chosen so that the right hand side of (9) is o be differentiable with respect to u at the point u_0 , which yields the differentiability of ϕ at u_0 .

Let A, B , and C be the sets of those points where g , g^{−1} , and ψ are non-differentiable. Then A and B are at most countable, and C is of Lebesgue measure zero (by Lebesgue’s theorem). Obviously, the set of those points y ∈ W such that u_0 + g(y) ∈ B holds is at most countable. Therefore, there exists a point y^∗ ∈ W such that g^{−1} ( u + g(y^∗) ) is differentiable with respect to u at u_0 . The set S := { x ∈ V : x + g^{−1} ( u_0 + g(y^∗) ) ∈ A } is also at most countable, therefore, for every x but at the points of the countable set S , the composite map u → g ( x + g^{−1} ( u + g(y^∗) )) is differentiable at u_0 .

Finally, we show that x ∈ V \ S can be chosen so that γ(x) := g ( x + g^{−1} ( u_0 + g(y^∗) )) − u_0 − g(x + y^∗) ∉ C . By the strict convexity/concavity of g and by u_0 ≠ 0, γ is strictly monotone on V , therefore γ(V \ S) = γ(V ) \ γ(S), and γ(V ) is open. Thus γ(V \ S) cannot be of measure zero, that implies contains also the elements of a complement of C . If x = x^∗ ∈ V \ S is chosen in such a way that γ(x^∗) ∉ C , then the map u → ψ ( g ( x^∗ + g^{−1} ( u + g(y^∗) )) − u − g(x^∗ + y^∗) ) (u ∈ U) is differentiable at u_0 . Hence the right-hand side of (9) is differentiable with respect to u at the point u_0 . Thus the differentiability of ϕ is verified.

In the next step of the proof we show that f is also differentiable everywhere. Therefore, we rewrite (4) as f(x) = f(x+y)+ϕ ( g(y +z)−g(y) ) −ψ ( g(x+y +z)−g(y +z)−g(x+y)+g(y) ) (x, y, z > 0, x + y + z < α) (10) and we show that for a fixed x_0 ∈ I , y, z can be chosen so that the right-hand side of (10) is to be differentiable with respect to x at the point x_0 .

Let y_0, z_0 > 0 be fixed such that x_0 + y_0 + z_0 < α. Then (x_0, y_0, z_0) has a neighborhood V ×W ×U such that (10) is valid for all (x, y, z) ∈ V ×W ×U . As functions f and g are differentiable everywhere but at countably many points of x_0 + W , there exists y^∗ ∈ W , such that f and g are differentiable at x_0 + y^∗.

Thus, the maps x → f(x + y^∗) and x → g(x + y^∗) are differentiable at x_0 . The choice of z should satisfy two conditions: (a) Let g be differentiable at x_0 + y^∗ + z , and (b) let ψ be differentiable at the point

δ(z) := g(x_0 + y^∗ + z) − g(y^∗ + z) − g(x_0 + y^∗) + g(y^∗) .

Condition (a) is satisfied by all but countably many points of U . Being the function g strictly convex/concave, δ is a strictly monotone function. Thus δ(U) is open, whence omitting countably many points from U that do not satisfy (a), the map of a residual set by δ cannot be of measure zero. Thus, by Lebesgue’s theorem, z = z^∗ ∈ U can be chosen so that (a) and (b) hold simultaneously. Substituting y = y^∗ and z = z^∗ into (10), we can see that the right-hand side of this equation is differentiable with respect to x at x_0 . This shows the differentiability of f . Taking the convexity/concavity of f also into consideration, it follows that f is continuously differentiable as well.

To show the differentiability of g , using the substitution u = x+y we rewrite (4) as g(u) = g(u + z) − g(y + z) + g(y) − ψ^{−1} ( f(u) − f(u − y) + ϕ ( g(y + z) − g(y) )) (0 < y < u, 0 < z < α − u) . (11) Let u_0 ∈ I be fixed and let 0 < y_0 < u_0 , 0 < z_0 < α − u_0 . Then choose z ∈ ]0, α − u_0[ such that (a’) g is differentiable at u_0 + z and (b’) ψ^{−1} is differentiable at the point

η(z) := f(u_0) − f(u_0 − y_0) + ϕ ( g(y_0 + z) − g(y) ) . Since η is strictly monotone and g is differentiable everywhere but at countably many points, therefore by repeating a former argument and using the Lebesgue’s theorem again, we can see that z = z^∗ can be chosen from any neighborhood of z_0 such that (a’) and (b’) are satisfied. Substituting y = y_0 and z = z^∗ and applying the differentiability of f and ϕ, the right-hand side of (11) is differentiable with respect to u at u_0 . This proves that g is differentiable everywhere. The concavity/convexity of g yields that the derivative of g is also continuous.

In the last step of the proof we show that ψ is also differentiable at each point of the interval H . Let t_0 ∈ H be arbitrary. Then there exist x_0, y_0, z_0 > 0 such that x_0 + y_0 + z_0 < α and

t_0 = g(x_0 + y_0 + z_0) − g(x_0 + y_0) − g(y_0 + z_0) + g(y_0) .

Let us introduce the notation:

h(u) := g(x_0 + u) − g(u) (0 < u < α − x_0) .

Due to strict convexity/concavity of g , the function h is strictly monotone and continuous. Thus it is also invertible. Using this notation and substitutions x = x_0 , u = y + z (4) can be rewritten as

f(x_0 + y) − f(x_0) + ϕ ( g(u) − g(y) ) = ψ ( h(u) − h(y) ) (0 < y < u < α − x_0) . (12) Introduce now a new variable t = h(u) − h(y). Then y has to be replaced by h^{−1} ( h(u) − t ) in (12). Since t_0 = h(y_0 + z_0) − h(y_0), therefore there exist neighborhoods V of t_0 and U of u_0 = y_0 + z_0 such that, after having made the above substitutions, we get ψ(t) = f ( x_0 + h^{−1}(h(u) − t) ) − f(x_0) + ϕ ( g(u) − g ( h^{−1}(h(u) − t) )) (u ∈ U, t ∈ V ) . (13) An inverse function h^{−1} is strictly monotone, therefore, by Lebesgue’s theorem, u = u^∗ ∈ U can be chosen so that h^{−1} is differentiable at h(u^∗) − t_0 . Then, using the choice u = u^∗ and the differentiability properties concerning the f , g , ϕ, it follows that the right-hand side of (13) is a differentiable function of t at the point t_0 . This proves the differentiability of ψ and completes the proof of the theorem.

In order to describe the solutions of (4) in a unified structure, let us introduce the following notation:

L_γ(x) := ln x if γ = 0 , ln e^{γx} − 1 γ if γ ∈ R \ {0} , (x > 0) . (14)

Theorem 2. Assume that f, g : I → R, ϕ : J → R and ψ : H → R are

strictly monotone functions satisfying the functional equation (4). Then there exist constants a, b, c, d, γ ∈ R with ac ≠ 0 such that

f(x) = aL_γ (x) + b , g(x) = cL_γ(x) + d, (x ∈ I) , (15)

furthermore, J = c ]0, ∞[, H = c ]−∞, 0[., and there exists a constant δ ∈ R such that ϕ(x) = −a ln ( 1 − e^{−x/c} ) + δ (x ∈ J) , (16) ψ(x) = −a ln ( 1 − e^{x/c} ) + δ (x ∈ H) . (17)

P r o o f . By the previous theorem, f , g , ϕ, ψ are differentiable, f^′, g^′ are continuous and non-vanishing on I . Differentiating (4) with respect to the variables x, y , z and using the notations

ξ := 1, η := ϕ^′ ( g(y + z) − g(y) ) and ζ := −ψ^′ ( g(x + y + z) − g(y + z) − g(x + y) + g(y) ) we get that (ξ, η, ζ) is a solution of the following system of homogeneous linear

equations: [ f^′(x+y) − f^′(x) ] · ξ + 0 · η + [ g^′(x+y+z) − g^′(x+y) ] · ζ = 0 , f^′(x+y) · ξ + [ g^′(y+z) − g^′(y) ] · η + [ g^′(x+y+z) − g^′(y+z) −g^′(x+y) + g^′(y)] · ζ = 0 ,

0 · ξ + g^′(y + z) · η + [ g^′(x+y+z) − g^′(y+z) ] · ζ = 0 . Since (ξ, η, ζ) is a nontrivial solution, hence the determinant of the coefficient matrix vanishes, i.e., fi fi fi fi fi fi f^0 (x + y) � f^0 (x) 0 g^0 (x + y + z) � g^0 (x + y)

f^0 (x + y) g^0 (y + z) � g^0 (y) g^0 (x + y + z) � g^0 (y + z) � g^0 (x + y) + g^0 (y)

0 g^0 (y + z) g^0 (x + y + z) � g^0 (y + z) fi fi fi fi fi fi = 0 .

Subtracting the last row from the second one, the second from the first then,

and finally adding the second columns to the third one, we get | | | | | −f^′(x) g^′(y) g^′(x + y + z)

f^′(x + y) −g^′(y) −g^′(x + y)

0 g^′(y + z) g^′(x + y + z)

| | | | | = 0 (x, y, z > 0, x + y + z < α) , which yields the equation

f^′(x) [ g^′(y)g^′(x + y + z) − g^′(x + y)g^′(y + z) ] = f^′(x + y)g^′ ( x + y + z [ g^′(y) − g^′(y + z) ]) (x, y, z > 0, x + y + z < α) . (18) Dividing (18) by f^′(x)g^′(x + y + z) ≠ 0, we get g^′(x+y)g^′(y+z) g^′(x+y+z) − g^′(y) = f^′(x+y) f^′(x) [ g^′(y+z) − g^′(y) ] (x, y, z > 0, x + y + z < α) . (19) The left-hand side is symmetric in x, z , hence

f^′(z) f^′(z+y) [ g^′(y+z)−g^′(y) ] = f^′(x) f^′(x+y) [ g^′(y+x)−g^′(y) ] (x, y, z > 0, x+y+z < α) . Therefore, using fixed y ∈ I , we see that the function x → f^′(x)

f^′(x + y) [ g^′(x + y) − g^′(y) ] ( x ∈ ]0, α − y[ ) is constant. Thus there exists a function h : I → R such that

f^′(x)

f^′(x + y) [ g^′(x + y) − g^′(y) ] = h(y) (x, y > 0, x + y < α) . (20) In the second step of the proof, we utilize the symmetry in x, z of the right-hand

side of (4). Applying (4) twice, we get, for x, y, z > 0, with x + y + z < α, f(x + y) − f(x) + ϕ ( g(y + z) − g(y) ) = f(y + z) − f(z) + ϕ ( g(x + y) − g(y) ) . (21)

Differentiating with respect to x, y, z , we can see that

ξ := 1, η := ϕ^′ ( g(y + z) − g(y) ) , ζ := −ϕ^′ ( g(x + y) − g(y) ) , are the solutions of the following system of homogeneous linear equations: [ f^′(x+y) − f^′(x) ] · ξ + 0 · η + g^′(x+y)· ζ = 0 , [ f^′(x+y) − f^′(y+z) ] · ξ + [ g^′(y+z) − g^′(y) ] · η + [ g^′(x+y) − g^′(y) ] · ζ= 0 , [ f^′(z) − f^′(y+z) ] · ξ + g^′(y+z)· η + 0· ζ = 0 . Subtract the first and the last equations form the second one. Then (ξ, η, ζ) is a

nontrivial solution of the equations obtained in such a way. Hence, the following

determinant is zero | | | | | | f^′(x + y) − f^′(x) 0 g^′(x + y) f^′(x) − f^′(z) −g^′(y) −g^′(y) f^′(z) − f^′(y + z) g^′(y + z) 0

| | | | | | = 0 (x, y, z > 0, x + y + z < α) . After expanding and rearranging, it follows that [ f^′(x + y) − f^′(x) ] g^′(y) g^′(x + y)

+ f^′(x) = [ f^′(z + y) − f^′(z) ] g^′(y) g^′(z + y)

+ f^′(z)

for x, y, z > 0 with x + y + z < α. This equation shows that, for a fixed y ∈ I ,

the function x → [ f^′(x + y) − f^′(x) ] g^′(y) g^′(x + y)

+ f^′(x) ( x ∈ ]0, α − y[ )

is constant. Therefore, there exists a function k : I → R such that [ f^′(x + y) − f^′(x) ] g^′(y) g^′(x + y)

+ f^′(x) = k(y) (x, y > 0, x + y < α) . (22)

Multiply (22) by g^′(x + y) and subtract (20) multiplied by f^′(x + y). Then,

after having x + y = u substituted, we get

f^′(u) [ g^′(y) + h(y) ] = g^′(u)k(y) ( 0 < y < u < α ) . (23)

From this equation it follows that if y = y_0 is such that k(y_0) ≠ 0, then g^′(y_0) + h(y_0) is not zero either. Therefore, the function u → f^′(u)/g^′(u) is constant on interval ]y_0, α[. If k ≡ 0, then let β := α, otherwise define β by

β := inf { y ∈ ]0, α[ : k(y) ≠ 0 } . Then f^′/g^′ is constant on ]β, α[, i.e., there exists q ≠ 0 such that f^′(u) = q g^′(u) for β < u < α. On the other hand, k(y) = 0 for 0 < y < β , therefore, by equation (23), we have h(y) = −g^′(y).

In fact, we show that f^′/g^′ is constant on the entire interval I . If β = 0, then there is nothing to prove. Assume that 0 < β . Then, by (20), f^′(x) f^′(x + y) [ g^′(x + y) − g^′(y) ] = −g^′(y) ( x, y > 0, 0 < x + y < β ) . (24)

Expressing the fraction f^′(x + y)/f^′(x) from here and substituting it into (19), after some calculations, we get 1 g^′(x + y + z) + 1 g^′(y) = 1 g^′(y + z) + 1 g^′(x + y) ( x, y, z > 0, x + y + z < β ) . If now y < u < β and x := z := (u − y)/2, then the above equation is so-called Jensen equation with respect to the function 1/g^′ . Thus, there exist constants a, b such that 1/g^′(x) = ax + b for 0 < x < β . Substituting this form of g^′ into (24), we obtain that f^′(x + y)

f^′(x) = ax a(x + y) + b ( x, y > 0, x + y < β ) . Taking the limit y → 0, we can see that b = 0 and that x → xf^′ (x) is constant on ]0, β [. Since b = 0, hence 1/g^′(x) = ax, therefore f^′(x)/g^′(x) = axf^′(x). Thus, we have shown that f^′/g^′ is constant on ]0, β [. If β = α, then it means the entire interval I . If β < α, then f^′/g^′ is also constant on ]β, α[. By the continuity of f^′/g^′ this is possible only if f^′/g^′ takes the same constant value q on both subintervals.

Substitute now g^′ by f^′/q in (22). Then we get

f^′(x) + f^′(y) − f^′(x)f^′(y) f^′(x + y) = k(y) ( x, y > 0, x + y < α ) . (25)

Due to the symmetry of the left-hand side, we get that k ≡ p, constant. With the notation F = 1/f^′ , the equation (25) reduces to the equation

F (x) + F (y) = F (x + y) + pF (x)F (y) ( x, y > 0, x + y < α ) . (26)

If p = 0, then this is a conditional Cauchy equation, whose regular solution is of the form F (x) = x/a (x ∈ I), where 0 ≠ a ∈ R is a constant (cf. A c z é l [Acz66]). Thus, for the function f , we obtain that

f(x) = a ln x + b = aL_0(x) + b (x ∈ I ) , (27) where b is a real constant.

If p ≠ 0, then (25) can be rewritten in the form

1 − pF (x + y) = ( 1 − pF (x) )( 1 − pF (y) ) ( x, y > 0, x + y < α ) , which is a conditional multiplicative Cauchy equation for a continuous function M defined by M(x) = 1 − pF (x). Hence, there are two possibilities: either M ≡ 0, i.e., F (x) = 1 p , f(x) = px + b (x ∈ I ) , (28)

or there exists γ ≠ 0 such that M(x) = e^{−γx} , whence

F (x) = 1 − e^{−γx} p , f(x) = a ln e^{γx} − 1 γ + b = aL_γ (x) + b (x ∈ I ) . (29)

Here, a = p/γ ≠ 0. Solution (28) leads to a contradiction, because f is not strictly convex/concave then. Thus we have proved that there exist the constants a, b, γ ∈ R, with a ≠ 0 such that f(x) = aL_γ(x) + b (x ∈ I) . Since f^′/g^′ = q , therefore g^′ = f^′/q = (a/q)L^′_γ . Hence there exist constants c, d ∈ R with c ≠ 0 such that g(x) = cL_γ(x) + d (x ∈ I) . Thus (4) has been proved.

Finally we determine the external unknown functions ϕ, ψ , and their domain J , H .

To determine the function ϕ, differentiate (21) with respect to the variable x. Then

f^′(x + y) − f^′(x) = ϕ^′ ( g(x + y) − g(y) ) · g^′(x + y) ( x, y > 0, x + y < α ) . (Since in (21), the variable z can be arbitrarily small.) Thus, in view of formulae (15), we have a c · L^′_γ (x + y) − L^′_γ(x) L^′_γ(x + y) = ϕ^′ ( c L_γ(x + y) L_γ (y) ) ( x, y > 0, x + y < α ) . (30)

In what follows, we make computations in details only in the case when γ ≠ 0. The case γ = 0 can be treated in a similar and simpler way. Assuming γ ≠ 0, and using (14) for L_γ , we can rewrite (30) as ϕ^′ ( c ln e^{γ(x+y)} − 1 e^{γ(y)} − 1 ) = a c · 1 − e^{γy} e^{γ(x+y)} − e^{γy} = a c · 1 1 −^{eγ(x+y)−1} eγy−1 ( x, y > 0, x+y < α ) .

A substitution t = t(x, y) =^{eγ(x+y)−1}_{eγ(y)−1} turns this equation to the following equation

ϕ^′(c ln t) = a c · 1 1 − t ( t ∈ ]1, ∞[ ) (31)

Observe that 1 < t(x, y) for all x, y > 0, with x+y < α, furthermore, t(x, y) → 1 as x → 0, and t(x, y) → ∞ as y → 0. Thus, the domain of ϕ is J = c ]0, ∞[. Substituting t = e^{x/c} (x ∈ J) into (31), we obtain

ϕ^′(x) = − a c · 1 e^{x/c} − 1 (x ∈ J) . Integrating this equation, it follows that ϕ is of the form (16). In the case γ = 0, a similar computation yields that ϕ is also given by (16).

We determine ψ and H also in the case γ ≠ 0. Then we have that ϕ ( g(y + z) − g(y) ) = a ln e^{γ(y+z)} − 1 e^{γ(y+z)} − e^{γy} + δ ( y, z > 0, y + z < α ) . Thus, (4) can be rewritten as

a ln e^{γ(x+y)} − 1 e^{γx} − 1 · e^{γ(y+z)} − 1 e^{γ(y+z)} − e^{γy} + δ = ψ ( c ln e^{γ(x+y+z)} − 1 e^{γ(x+y)} − 1 · e^{γy} − 1 e^{γ(y+z)} − 1 ) , (32)

for x, y, z > 0 with x + y + z < α. Introduce the notation t(x, y, z) := e^{γ(x+y+z)} − 1 e^{γ(x+y)} − 1 · e^{γy} − 1 e^{γ(y+z)} − 1 ( x, y, z > 0, x + y + z < α )

An elementary computation yields that 0 < t(x, y, z) < 1

lim_{x→0} t(x, y, z) = 1 , lim_{y→0} t(x, y, z) = 0 .

Therefore, the range of the function t is an interval ]0, 1[. The substitution t = t(x, y, z) simplifies equation (32) to

ψ(c ln t) = a ln 1 1 − t + δ ( t ∈ ]0, 1[ ) . Thus, the domain of ψ is H = c ]−∞, 0[ and after the substitution t = e^{x/c} (x ∈ H) it follows that ψ is of a desired form (17). In the case γ = 0, a similar and a simpler argument shows that (17) is still valid. The determination of the function ψ also shows that the functions given by formulae (15), (16) and (17) satisfy the functional equation (4), indeed.

3. Concluding remarks

The applications of methods treated in this paper can be found in A c z é l – M a k s a –P á l e s [AMP01], A c z é l –M a k s a –N g –P á l e s [AMNP01] and M a k s a –M a r l e y –P á l e s [MMP00].

The following functional equation is a possible generalization of (4) f(x + y) − f(x) + n∑ i=1 ϕ_i [ g_i(y + z_i) − g_i(y) ]

= n∑ i=1 ψ_i [ g_i(y + x + z_i) − g_i(y + x) − g_i(y + z_i) + g_i(y) ] ( x, y, z_i > 0, x + y + z_i < α; i = 1, . . . , n ) . Extending the regularity improving methods, G i l á n y i –P á l e s [GP01] showed the differentiability of unknown functions (assuming monotonicity properties). The solutions of this equation are still unknown.

A number of problems related to quasi-arithmetic means lead to the following composite equation (called M a t k o w s k i --S u t ô equation): ϕ^{−1} ( ϕ(x) + ϕ(y) 2 ) + ψ^{−1} ( ψ(x) + ψ(y) 2 ) = x + y (x, y ∈ I) , (33)

where ϕ, ψ : I → R are continuous and strictly monotone functions. The C^∞ -solutions were found by S u t ô [Sut14a], [Sut14b], The solutions with C^2 assumptions were determined by M a t k o w s k i [Mat99a], with C^1 assumptions by D a r ó c z y –P á l e s [DP01a], and with convexity assumptions by D a r ó c z y –M a k s a [DM99a]. In D a r ó c z y –M a k s a –P á l e s [DMP00] and D a r ó c z y –H a j d u -N g [DHN03] extension theorems were proved. Finally a complete solution was found by D a r ó c z y –P á l e s in [DP02c] and [DP03c]. Further generalizations concerning the weighted quasi-arithmetic means and conjugate arithmetic means were found in [Dar00], [DN00], [DP02b], [DP03a], [DP03d], [Haj02], [Haj03].

There is no room here to describe all the methods applied in these papers. We only pick out one essential step: from (33) it easily follows that t → ϕ^{−1} ( s + t 2 ) − ϕ^{−1}(t) ( t ∈ ϕ(I) ) (34)

is a strictly monotone function for all fixed s ∈ ϕ(I). This property does not imply that ϕ has Jensen-convexity or concavity properties. However, applying the monotonicity of function (34), a generalization of the Bernstein–Doetsch theorem yields that ϕ^{−1} and ϕ are locally Lipschitz functions. For more details concerning this approach, cf. [Pál03b]. After obtaining the Lipschitz properties of ϕ^{−1} and ϕ, and using Lebesgue’s theorem again, one can show that they are differentiable in a subinterval of I . At this point, one has to apply Baire’s and P i c c a r d ’s theorem ([Pic42]) to get that these functions are continuously differentiable in a (possibly smaller) subinterval of I . The solution is then completed when applying the results concerning C^1 assumptions [DP01a] and extension theorem from [DMP00].

REFERENCES

[AC82] ACZÉL, J.—CHUNG, J. K. : Integrable solutions of functional equations of a general type, Studia Sci. Math. Hungar. 17 (1982), 51–67.

[Acz66] ACZÉL, J. : Lectures on Functional Equations and Their Applications, Mathematics in Science and Engineering, Vol. 19, Academic Press, New York, 1966.

[Acz98a] ACZÉL, J. : 2. Remark (A result of C. T. Ng) (in report of meeting), Aequationes Math. 56 (1998), 299.

[Acz98b] ACZÉL, J. : 3. Problem (in report of meeting), Aequationes Math. 56 (1998), 299. [AFL00] ACZÉL, J—FALMAGNE, J. C.—LUCE, R. D. : Functional equations in the behavioral sciences, Math. Japon. 52 (2000), 469–512.

[ALM96] ACZÉL, J.—LUCE, R. D.—MAKSA, GY. : Solutions to three functional equations arising from different ways of measuring utility, J. Math. Anal. Appl. 204 (1996), 451–471.

[AM97] ACZÉL, J.—MAKSA, GY. : Remark and problem (in report of meeting), Aequationes Math. 53 (1997), 185–186.

[AMNP01] ACZÉL, J.—MAKSA, GY.—NG, C. T.—PÁLES, ZS. : A functional equation arising from ranked additive and separable utility, Proc. Amer. Math. Soc. 129 (2001), 989–998.

[AMP99] ACZÉL, J.—MAKSA, GY.—PÁLES, ZS. : Solution to a functional equation arising from different ways of measuring utility, J. Math. Anal. Appl. 233 (1999), 740–748.

[AMP01] ACZÉL, J.—MAKSA, GY.—PÁLES, ZS. : Solution of a functional equation arising in an axiomatization of the utility of binary gambles, Proc. Amer. Math. Soc. 129 (2001), 483–493.

[Bak71] BAKER, J. A. : Regularity properties of functional equations, Aequationes Math.

6 (1971), 243–248.

[BB97] BRILLOUËT-BELLUOT, N. : 4. Problem (in report of meeting), Aequationes Math. 53 (1997), 186–187.

[BB98] BRILLOUËT-BELLUOT, N. : 22. Remark (in report of meeting), Aequationes Math. 55 (1998), 310.

[BD15] BERNSTEIN, F.—DOETSCH, G : Zur Theorie der konvexen Funktionen, Math.

Ann. 76 (1915), 514–526.

[Dar71] DARÓCZY, Z. : On the general solution of the functional equation f(x+y �xy)+ f(xy) = f(x) + f(y), Aequationes Math. 6 (1971), 130–132.

[Dar00] DARÓCZY, Z. : Matkowski–Sutô type problem for conjugate arithmetic means, Rocznik Nauk.-Dydakt. Prace Mat. 17 (2000), 89–100.

[DHN03] DARÓCZY, Z.—HAJDU, G.—NG, C. T. : An extension theorem for a Matkowski– –Sutô problem, Colloq. Math. 95 (2003), 153–161.

[DJ79] DARÓCZY, Z.—JÁRAI, A. : On the measurable solution of a functional equation arising in information theory, Acta Math. Acad. Sci. Hungar. 34 (1979), 105–116.

[DM99] DARÓCZY, Z.—MAKSA, GY. : On a problem of Matkowski, Colloq. Math. 82 (1999), 117–123.

[DMP00] DARÓCZY, Z.—MAKSA, GY.—PÁLES, ZS. : Extension theorems for the Matkowski-Sutô problem, Demonstratio Math. 33 (2000), 547–556.

[DN00] DARÓCZY, Z.—NG, C. T. : A functional equation on complementary means, Acta Sci. Math. (Szeged) 66 (2000), 603–611.

[DP01] DARÓCZY, Z.—PÁLES, ZS. : On means that are both quasi-arithmetic and conjugate arithmetic, Acta Math. Hungar. 90 (2001), 271–282.

[DP02a] DARÓCZY, Z.—PÁLES, ZS. : Gauss-composition of means and the solution of the Matkowski–Sutô problem, Publ. Math. Debrecen 61 (2002), 157–218.

[DP02b] DARÓCZY, Z.—PÁLES, ZS. : A Matkowski–Sutô type problem for quasi-arith-metic means of order α (Z. Daróczy and Zs. Páles, eds.), Functional Equations—Results and Advances, Adv. Math. (Dordrecht), Vol. 3, Kluwer Acad. Publ., Dordrecht, 2002, pp. 189–200.

[DP03a] DARÓCZY, Z.—PÁLES, ZS. : Középértékek Gauss-féle kompozíciója és a Matkowski–Sutô probléma megoldása, Mat. Lapok (1998–1999 (2003)), 1–53.

[DP03b] DARÓCZY, Z.—PÁLES, ZS. : The Matkowski–Sutô problem for weighted quasi- -arithmetic means, Acta Math. Hungar. 100 (2003), 237–243.

[DP03c] DARÓCZY, Z.—PÁLES, ZS. : A Matkowski–Sutô-type problem for weighted quasi- -arithmetic means, Ann. Univ. Sci. Budapest, Sect. Comp. 22 (2003), 69–81.

[GP01] GILÁNYI, A,—PÁLES, ZS. : A regularity theorem for composite functional equations, Arch. Math. (Basel) 77 (2001), 317–322.

[Gro89] GRONAU, D. : Do the Jabotinsky equations imply the translation equation?, European Conference on Iteration Theory (Caldes de Malavella, 1987), World Sci. Publishing, Teaneck, NJ, pp. 231–239.

[Haj02] HAJDU, G. : An extension theorem for the Matkowski–Sutô problem for conjugate arithmetic means (Z. Daróczy and Zs. Páles, eds.), Functional Equations—Results and Advances, Adv. in Math., Vol. 3, Kluwer Acad. Publ., Dordrecht, 2002, pp. 201–208.

[Haj03] HAJDU, G. : Investigations in the theory of functional equations, PhD Thesis, Institute of Mathematics, University of Debrecen, Debrecen, Hungary, 2003.

[Ház04] HÁZY, A. : Solving linear two variable functional equations with computer, Aequationes Math. 67 (2004), 47–62.

[Itz71] ITZKOWITZ, G. L. : Measurability and continuity for a functional equation on a topological group, Aequationes Math. 7 (1971), 194–198.

[Jár79] JÁRAI, A. : On measurable solutions of functional equations, Publ. Math. Debrecen 26 (1979), 17–35.

[Jár82] JÁRAI, A. : Regularity properties of functional equations, Aequationes Math. 25 (1982), 52–66.

[Jár84] JÁRAI, A. : A remark to a paper of J. Aczél and J. K. Chung: “Integrable solutions of functional equations of a general type”, Studia Sci. Math. Hungar. 19 (1984), 273–274.

[Jár86] JÁRAI, A. : On regular solutions of functional equations, Aequationes Math. 30 (1986), 21–54.

[Jár91] JÁRAI, A. : Differentiation of parametric integrals and regularity of functional equations (D. Gronau, ed.), Contributions to the Theory of Functional Equations (Graz, 1991), Grazer Math. Berichte, Vol. 315, Karl-Franzens-Univ. Graz, Graz,1991, pp. 45–50.

[Jár92] JÁRAI, A. : Hölder continuous solutions of functional equations, C. R. Math. Rep.

Acad. Sci. Canada 14 (1992), 213–218.

[Jár93] JÁRAI, A. : On Hölder continuous solutions of functional equations, Publ. Math.

Debrecen 43 (1993), 359–365.

[Jár94a] JÁRAI, A. : On analytic solutions of functional equations, Ann. Univ. Sci. Budapest. Sect. Comput. 14 (1994), 71–77.

[Jár94b] JÁRAI, A. : On continuous solutions of functional equations, Publ. Math. Debrecen 44 (1994), 115–122.

[Jár94c] JÁRAI, A. : On Lipschitz property of solutions of functional equations, Aequationes Math. 47 (1994), 69–78.

[Jár95] JÁRAI, A. : A Steinhaus type theorem, Publ. Math. Debrecen 47 (1995), 1–13. [Jár96] JÁRAI, A. : Regularity properties of functional equations, Leaflets in Mathematics, Vol. 4, Janus Pannonius University, Pécs, Hungary, 1996.

[Jár98] JÁRAI, A. : Regularity property of the functional equation of the Dirichlet distribution, Aequationes Math. 56 (1998), 37–46.

[Jár04] JÁRAI, A. : Regularity properties of functional equations in several variables, Adv.

Math. (Dordrecht), Kluwer Acad. Publ., Dordrecht, 2004.

[JM95] JÁRAI, A.—MAKSA, GY. : The measurable solutions of a functional equation of C. Alsina and J. L. Garcia-Roig, C. R. Math. Rep. Acad. Sci. Canada 17 (1995), 7–10.

[JS97] JÁRAI, A.—SANDER, W. : A regularity theorem in information theory, Publ.

Math. Debrecen 50 (1997), 339–357.

[JSz96] JÁRAI, A.—SZÉKELYHIDI, L. : Regularization and general methods in the theory of functional equations, Aequationes Math. 52 (1996), 10–29.

[Kuc85] KUCZMA, M. : An Introduction to the Theory of Functional Equations and Inequalities, Prace Naukowe Uniwersytetu Śla̧skiego w Katowicach, Vol. 489, Państwowe Wydawnictwo Naukowe—Uniwersytet Śla̧ski, Warszawa–Kraków–Katowice, 1985.

[Luc00] LUCE, R. D. : Utility of Gains and Losses: Measurement-Theoretical and Experimental Approaches, Lawrence Erlbaum Publishers, London–Mahwah–New Jersey, 2000.

[Mat99] MATKOWSKI, J. : Invariant and complementary quasi-arithmetic means, Aequationes Math. 57 (1999), 87–107.

[MMP00] MAKSA, GY.—MARLEY, A. A. J.—PÁLES, ZS. : On a functional equation arising from joint-receipt utility models, Aequationes Math. 59 (2000), 273–286.

[MP04] MAKSA, GY.—PÁLES, ZS. : On a composite functional equation arising in utility theory, Publ. Math. Debrecen 65 (2004), 215–220.

[Pag74] PAGANONI, L. : Sulla equivalenza fra misurabilità e continuità per le soluzioni di una classe di equazioni funzionali, Riv. Mat. Univ. Parma 3 (1974), 175–188.

[Pál92] PÁLES, ZS. : On reduction of linear two variable functional equations to differential equations without substitutions, Aequationes Math. 43 (1992), 236–247.

[Pál98a] PÁLES, ZS. : 11. Remark (to 3. Problem of J. Aczél) (in report of meeting), Aequationes Math. 56 (1998), 306–307.

[Pál98b] PÁLES, ZS. : 23. remark (Solution to a problem of J. Aczél) (in report of meeting), Aequationes Math. 56 (1998), 312–314.

[Pál99] PÁLES, ZS. : Újabb módszerek a függvényegyenletek és a függvényegyenl őtlenségek elméletében, (Newer Methods in the Theory of Functional Equations and Functional Inequalities) (Hungarian), Doct. of Sci. Thesis, Institute of Mathematics and Informatics, Kossuth L. University, Debrecen, Hungary, 1999.

[Pál02] PÁLES, ZS. : Problems in the regularity theory of functional equations, Aequationes Math. 63 (2002), 1–17.

[Pál03] PÁLES, ZS. : A regularity theorem for composite functional equations, Acta Sci.

Math. (Szeged) 69 (2003), 591–604.

[Pic42] PICCARD, S. : Sur les ensembles parfaits, Mém. Univ. Neuchâtel, Vol. 16, Secrétariat de l’Université Neuchâtel, 1942.

[RV73] ROBERTS, A. W.—VARBERG, D. E. : Convex Functions, Pure and Applied Mathematics, Vol. 57, Academic Press, New York–London, 1973.

[San78] SANDER, W. : Regularitätseigenschaften von Funktionalungleichungen, Glas.

Mat. Ser. III 33 (1978), 237–247.

[Sut14a] SUTÔ, O. : Studies on some functional equations I, Tôhoku Math. J. 6 (1914), 1–15.

[Sut14b] SUTÔ, O. : Studies on some functional equations II, Tôhoku Math. J. 6 (1914), 82–101.

[Świ76] ŚWIATAK, H. : The regularity of the locally integrable and continuous solutions of nonlinear functional equations, Trans. Amer. Math. Soc. 221 (1976), 97–118.

[TH82] TSUTSUMI, A.—HARUKI, SH. : Functional equations and hypoellipticity, Proc.

Japan Acad. Ser. A Math. Sci. 58 (1982), 105–108.

[TH84] TSUTSUMI, A.—HARUKI, SH. : The regularity of solutions of functional equations and hypoellipticity, Functional equations: history, applications and theory, Math. Appl., Reidel, Dordrecht, 1984, pp. 99–112.

[TH91] TSUTSUMI, A.—HARUKI, SH. : On hypoelliptic functional equations, Math.

Japon. 36 (1991), 581–590.

Received November 12, 2004 Institute of Mathematics University of Debrecen H–4010 Debrecen, Pf. 12 HUNGARY E-mail: pales@math.klte.hu