Tatra Mt. Math. Publ. 34 (2006), 321–332 tm

Mathematical Publications

CARATHÉODORY MEASURABILITY REVISITED

Beloslav Riečan

ABSTRACT. Carathéodory measurability is studied starting with outer measures with values in a Dedekind œ-complete Abelian lattice ordered groups: the measurable elements create a œ-algebra and the restriction of the outer measure on them is a measure. On the base the group-valued measure extension theorem is proved, of course, for a special class of groups.

1. Introduction

We shall work with a Dedekind σ-complete Abelian lattice ordered group, i.e., with a structure (G, +, 6) such that (G, +) is an Abelian group, (G, 6) is a Dedekind σ-complete lattice (i.e., any countable upper bounded subset of G has the supremum), and a 6 b implies a + c 6 b + c for any c ∈ G.

It is almost surprised that the whole theory of measurability also works in such a general structure (see Section 2). Of course, the main aim of the Carathéodory theory is the measure extension theorem. The outer measure μ^∗ induced by a measure μ can be defined for the case of any Dedekind complete group (σ-completeness is not sufficient). And again, in the general case μ^∗ is an extension of μ, its restriction to σ-algebra M of measurable elements is additive and σ-superadditive.

The only exception but a crucial one, μ^∗|_M , is σ-additive, if G is weakly σ-distributive and of countable type. Recall that by the Fremlin theorem, weak σ-distributivity is a necessary and sufficient condition for a Riesz space G for every G-valued measure can be extended from a ring of sets to the generated σ-ring of sets.

Moreover, we prove the G-valued Choquet lemma stating that μ^∗ is continuous from bellow not only on measurable sets, what is evident, but moreover on the family of all subsets of the supporting space.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 28B15. K e y w o r d s: measurable sets, outer measure, Choquet lemma.

Supported by grant VEGA 1/9056/02.

The paper is dedicated to the memory of three author’s students. For more information see the Appendix.

2. Measurable sets

Let G be a σ-complete Abelian l-group, 0 ∈ G a neutral element (i.e., a + 0 = a for any a ∈ G), G^+ = {a ∈ G : a ¿ 0}. By ∞ denote an ideal element, G^∗ = G^+ ∪ {∞} , where a + ∞ = ∞ + a = ∞ + ∞ = ∞ for any a ∈ G, and a 6 ∞, ∞ 6 ∞ for any a ∈ G.

Definition 2.1. Let X be a non-empty set, P(X) be the family of all subsets

of X . Under an outer measure we mean a mapping μ^∗ : P(X) → G^∗ satisfying the following conditions:

(i) μ^∗(∅) = 0;

(ii) A ⊂ B implies μ^∗(A) 6 μ^∗(B);

(iii) μ^∗(A ∪ B) 6 μ^∗(A) + μ^∗(B) for any A, B ∈ P(X). An outer measure μ^∗ is called σ-subadditive if μ^∗ (_∞ ⋃ n=1 A_n ) 6^{∞∑}_{n=1} μ^∗(A_n) =^{∞⋁}_{n=1}^{n∑}_{i=1} μ^∗(A_i)

for any A_n ∈ P(X) (n = 1, 2, . . .).

Definition 2.2. Let μ^∗ : P(X) → G^∗ be an outer measure. A set A ⊂ X is

called measurable if μ^∗(E) = μ^∗(E ∩ A) + μ^∗(E ∩ A^′) for any E ⊂ X . By M denote the family of all measurable subsets of X .

Theorem 2.3. The set M of all measurable sets is an algebra and μ^∗|_M is

additive. If μ^∗ is σ-subadditive, then M is a σ-algebra, and μ^∗|_M is a measure.

P r o o f . If A, B ∈ M, then for any E ⊂ X μ^∗(E) = μ^∗(E ∩ A) + μ^∗(E ∩ A^′) = μ^∗(E ∩ A ∩ B) + μ^∗(E ∩ A ∩ B^′) + μ^∗(E ∩ A^′ ∩ B) + μ^∗(E ∩ A^′ ∩ B^′) ¿ μ^{∗(}(E ∩ A ∩ B) ∪ (E ∩ A ∩ B^′) ∪ (E ∩ A^′ ∩ B)^) + μ^∗(E ∩ A^′ ∩ B^′) = μ^∗ ( A ∩ (A ∪ B) ) + μ^∗ ( E ∩ (A ∪ B)^′ ) ¿ μ^∗(E) ,

hence A ∪ B ∈ M. Evidently also A^′ ∈ M, hence M is an algebra.

If A ∩ B = ∅ then μ^∗(A ∪ B) = μ^∗ ( (A ∪ B) ∩ A ) + μ^∗ ( (A ∪ B) ∩ A^′ ) = μ^∗(A) + μ^∗(B) .

Moreover, for any E ⊂ X μ^∗ ( E ∩ (A ∪ B) ) = μ^∗(E ∩ A) + μ^∗(E ∩ B) , and generalizing by induction μ^∗ ( E ∩ n⋃ i=1 A_i ) = n∑ i=1 μ^∗(E ∩ A_i) whenever A_i ∈ M (i = 1, 2, . . .), A_i ∩ A_j = ∅ (i ≠ j).

Let A_i ∈ M (i = 1, 2, . . .), A_i ∩ A_j = ∅ (i ≠ j) and μ^∗ be σ-subadditive now. Then

μ^∗(E) = μ^∗ ( E ∩ n⋃ i=1 A_i ) + μ^∗ ( E ∩ (_n ⋃ i=1 A_i )_′ )

¿^{n∑}_{i=1} μ^∗(E ∩ A_i) + μ^∗ ( E ∩ (_∞ ⋃ i=1 A_i )_′ )

for any n ∈ N, hence

μ^∗(E) ¿ ∞∑ n=1 μ^∗(E ∩ A_n) + μ^∗ ( E ∩ (_∞ ⋃ i=1 A_i )_′ )

¿ μ^∗ (_∞ ⋃ n=1 (E ∩ A_n) ) + μ^∗ ( E ∩ (_∞ ⋃ i=1 A_i )_′ )

= μ^∗ ( E ∩ (_∞ ⋃ n=1 A_i )) + μ^∗ ( E ∩ (_∞ ⋃ i=1 A_i )_′ ) ¿ μ^∗(E) .

We have obtained that^∞ ⋃ n=1 A_i ∈ M, whenever A_n are disjoint. Generally, if B_n ∈ M (n = 1, 2, . . .), put A_1 = B_1 , A_n = B_n \(_{n−1}⋃ i=1 B_i ) (i = 2, 3, . . .). Then A_n ∈ M, A_n are disjoint, hence^∞ ⋃ n=1 B_n =^∞ ⋃ n=1 A_n ∈ M. If A_n ∈ M, A_n are disjoint, we have just proved

μ^∗(E) = ∞∑ i=1 μ^∗(E ∩ A_n) + μ^∗ ( E ∩ (_∞ ⋃ i=1 A_i )_′ ) , hence μ^∗ (_∞ ⋃ i=1 A_i ) = ∞∑ n=1 μ^∗ ((_∞ ⋃ i=1 A_i ) ∩ A_n ) + μ^∗ ((_∞ ⋃ i=1 A_i ) ∩ (_∞ ⋃ i=1 A_i )_′ )

= ∞∑ n=1 μ^∗(A_n) + μ^∗(∅) = ∞∑ n=1 μ^∗(A_n) .

3. Induced outer measure

In the next we shall assume that G is Dedekind complete, i.e., any upper bounded subset of G has the supremum. Recall that a G-valued measure on an algebra R of subsets of X is a function μ : R → G^+ such that μ(A) = ∞∑ i=1 μ(A_n), whenever A_n are disjoint sets from R, and A =^∞ ⋃ n=1 A_n .

Definition 3.1. Let μ be a G-valued measure defined on an algebra R of

subsets of X . Then for any A ⊂ X we define

μ^∗(A) = ⋀ {_∞ ∑ n=1 μ(A_n) : A_n ∈ R, A ⊂ ∞⋃ n=1 A_n }

Theorem 3.2. The function μ^∗ is an outer measure. Any set of R is measur-

able and μ^∗ is an extension of μ. Moreover, μ^∗ is superadditive on the family M of all measurable elements, i.e., μ^∗(A) ¿^∞ ∑ n=1 μ^∗(A_n), whenever A_n are disjoint and A ⊃^∞ ⋃ n=1 A_n .

P r o o f . Evidently 0 6 μ^∗(∅) 6 μ(∅) + μ(∅) + · · · = 0, hence μ^∗(∅) = 0. If A ⊂ B , then {_∞ ∑ i=1 μ(A_i) : ∞⋃ i=1 A_i ⊃ B, A_i ∈ R } ⊂ {_∞ ∑ i=1 μ(A_i) : ∞⋃ i=1 A_i ⊃ A, A_i ∈ R } . We see that μ^∗(A) is an infimum of a larger set, and therefore μ^∗(A) 6 μ^∗(B). Finally, let A, B be arbitrary, A_i, B_i ∈ R (i = 1, 2, . . .), and^∞ ⋃ i=1 A_i ⊃ A, ∞⋃ i=1 B_i ⊃ B . Therefore^∞ ⋃ i=1 A_i ∪^∞ ⋃ i=1 B_i ⊃ A ∪ B , and

μ^∗(A ∪ B) 6 ∞∑ i=1 μ(A_i) + ∞∑ i=1 μ(B_i) .

Fix (B_i)^∞_{i=1} for a moment. Since the preceding inequality holds for any (A_i)^∞_{i=1} , we obtain μ^∗(A ∪ B) 6 μ^∗(A) + ∞∑ i=1 μ(B_i) , and by a similar argument also μ^∗(A ∪ B) 6 μ^∗(A) + μ^∗(B) .

Let now A_n ∈ M be disjoint. Then

μ^∗(A) ¿ μ^∗ (_n ⋃ i=1 A_i ) = n∑ i=1 μ^∗(A_i) .

Since the preceding inequality holds for any n ∈ N, we have

μ^∗(A) ¿ ∞⋁ n=1 n∑ i=1 μ^∗(A_i) = ∞∑ n=1 μ^∗(A_n).

Lemma 3.3. For any A ⊂ X we have

μ^∗(A) = ⋀ {_∞ ⋁ n=1 μ(B_n) : B_n ∈ R, B_n ⊂ B_{n+1} , ∞⋃ n=1 B_n ⊃ A } .

P r o o f . Consider any sequence B_n ∈ R, B_n ⊂ B_{n+1} (n = 1, 2, . . .), ∞⋃ n=1 B_n ⊃ A. Put A_1 = B_1 , A_2 = B_2 \ B_1 , A_3 = B_3 \ B_2, . . . Then^n ∑ i=1 μ(A_i) = μ(B_n), hence

μ^∗(A) 6 ∞∑ i=1 μ(A_i) = ∞⋁ n=1 n∑ i=1 μ(A_i) = ∞⋁ i=1 μ(B_n) .

On the other hand consider any sequence (A_n)^∞_{n=1} , A_n ∈ R, A ⊂^∞ ⋃ n=1 A_n . Put B_n =^n ⋃ i=1 A_i . Then B_n ∈ R, B_n ⊂ B_{n+1},^∞ ⋃ n=1 B_n =^∞ ⋃ n=1 A_n ⊃ A, hence ∞⋁ n=1 μ(B_n) = ∞⋁ n=1 μ (_n ⋁ i=1 A_i ) 6^{∞⋁}_{n=1}^{n∑}_{i=1} μ(A_i) =^{∞∑}_{i=1} μ(A_i)

and therefore ⋀ {_∞ ⋁ n=1 μ(B_n) : B_n ⊂ B_{n+1} , B_n ∈ R, ∞⋃ n=1 B_n ⊃ A } 6^{∞∑}_{i=1} μ(A_i) .

Since the last inequality holds for any sequence (A_i)^∞_{i=1} , we also have ⋀ {_∞ ⋁ n=1 μ(B_n) : B_n ⊂ B_{n+1} , B_n ∈ R, ∞⋃ n=1 B_n ⊃ A } 6 μ^∗(A) .

Remark 3.4. By R^+ denote the set of all unions B =^∞ ⋃ n=1 B_n such that

B_n ∈ R, B_n ⊂ B_{n+1} (n = 1, 2, . . .). It is not difficult to prove that the value ∞⋁ n=1 μ(B_n) does not depends on the sequence (B_n)^∞_{n=1} but on the union B only.

Therefore, one can define μ^+ : R^+ → G^∗ by the formula

μ^+(B) = ∞⋁ n=1 μ(B_n) ,

where B =^∞ ⋃ n=1 B_n , B_n ∈ R, B_n ⊂ B_{n+1} (n = 1, 2, . . .). Using this notation we

can reformulate Lemma 3.3 by the following way

μ^∗(A) = ⋀{ μ^+(B) : B ∈ R^+, B ⊃ A } .

4. Choquet lemma

The Choquet lemma states that A_n ↗ A implies μ^∗(A_n) ↗ μ^∗(A). In the group-valued case we shall assume the two following conditions:

1. Dedekind complete l-group G is called to be of countable type, if to any bounded set A ⊂ G there exists such a countable subset B ⊂ A that ⋀ A = ⋀ B . 2. Dedekind σ-complete l-group G is called to be weakly σ-distributive if for any bounded double sequence (a_{ij} ) such that a_{ij} ↘ 0 (j → ∞, i = 1, 2, . . .) it is ⋀ φ∈N N ∞⋁ i=1 a_{iφ(i)} = 0 .

The second condition is connected with the fact that the usual ε-technique cannot be used in general l-groups. Namely, if G = R then to any ∅ ≠ C ⊂ R and any ε > 0 there exists c ∈ C such that ⋀ C − ε < c .

Instead of this technique one can use the double sequence technique. Namely, if a_{ij} ∈ R, a_{ij}↘ 0 (j → ∞, i = 1, 2, . . .) then to any ε > 0 and any i there exists φ(i) such that a_{ij} < ε for any j ¿ φ(i). Since a_{iφ(i)} < ε for any i = 1, 2, . . . then^∞ ⋁ i=1 a_{iφ(i)} 6 ε for any ε > 0, hence ⋀ φ ∞⋁ i=1 a_{iφ(i)} = 0.

Definition 4.1. An l-group G is called weakly σ-distributive, if it is Dede-

kind σ-complete and if for any bounded double sequence (a_{ij} ) such that a_{ij}↘ 0 if j → ∞ for any i there is ⋀ φ ∞⋁ i=1 a_{iφ(i)} = 0 .

Lemma 4.2. If G is a Dedekind complete l-group of countable type then to any

A ⊂ X there exists a bounded double sequence a_{ij} ↘ 0 (j → ∞, i = 1, 2, . . .) such that for any φ : N → N there exists B ∈ R^+, B ⊃ A, such that

μ^∗(A) + ∞⋁ i=1 a_{iφ(i)} ¿ μ^+(B) .

P r o o f . Since G is of countable type, by Lemma 3.3 there exists a sequence (C_n)^∞_{n=1} of elements of R^+ such that C_n ⊃ A and

μ^∗(A) = ∞⋀ n=1 μ^+(C_n) .

Put B_n =^n ⋂ i=1 C_i . Then evidently B_n ⊃ A, B_n ∈ R^+, B_n ⊃ B_{n+1} and

μ^∗(A) = ∞⋀ n=1 μ^+(B_n) .

Define a_{ij} = μ^+(B_j ) − μ^∗(A), j = 1, 2, . . . , i = 1, 2, . . . Then a_{ij}↘ 0 (j → ∞, i = 1, 2, . . .). Let φ : N → N. Then ∞⋁ i=1 a_{iφ(i)} ¿ a_{iφ(i)} = μ^+(B_{φ(i)}) − μ^∗(A) .

Therefore we may put B = B_{φ(i)} to obtain the inequality

μ^∗(A) + ∞⋁ i=1 a_{iφ(i)} ¿ μ^+(B) .

Theorem 4.3. Let G be a Dedekind complete weakly σ-distributive l-group

of countable type. Let A_n ↗ A. Then μ^∗(A_n) ↗ μ^∗(A).

P r o o f . We shall use two properties of μ^+ which are consequences of analogous properties of μ:

(1) μ^+(B_1) + μ^+(B_2) = μ^+(B_1 ∪ B_2) + μ^+(B_1 ∩ B_2) for any B_1, B_2 ∈ R^+ ; (2) if C_n ↗ C , C_n ∈ R^+, then C ∈ R^+, too, and μ^+(C) =^∞ ⋁ n=1 μ^+(C_n).

Evidently μ^∗(A_n) 6 μ^∗(A) and the equality holds if^∞ ⋁ n=1 μ^∗(A_n) = ∞. Therefore we may assume that^∞ ⋁ n=1 μ^∗(A_n) ∈ G. By Lemma 4.2 for any n there exists a bounded sequence (a_{nij} )_{ij} such that for any φ : N → N there exists B_n ∈ R^+, B_n ⊃ A_n such that

μ^∗(A_n) + ∞⋁ i=1 a_{niφ(n+i)} ¿ μ^+(B_n) .

By the Fremlin theorem (see [19], Theorem 3.2.3) there exists a bounded double sequence (a_{ij} )_{i,j}↘ 0 (j → ∞, i = 1, 2, . . .) and such that k∑ n=1 ∞⋁ i=1 a_{niφ(n+i)} 6 ∞⋁ i=1 a_{iφ(i)}

for every k ∈ N. Put C_n =^n ⋃ i=1 B_i . Then C_n ∈ R^+, C_n ⊂ C_{n+1} (n = 1, 2, . . .), ∞⋃ n=1 C_n ⊃^∞ ⋃ n=1 A_n = A. We see that

μ^∗(A_2) + ∞⋀ i=1 a_{2iφ(2+i)} ¿ μ^+(B_2) = μ^+(B_1 ∪ B_2) + μ^+(B_1 ∩ B_2) − μ^+(B_1)

¿ μ^+(C_2) + μ^∗(A_1 ∩ A_2) − μ^∗(A_1) −^{∞⋁}_{i=1} a_{1iφ(1+i)}

= μ^+(C_2) − ∞⋁ i=1 a_{1iφ(1+i)} , hence μ^∗(A_2) ¿ μ^+(C_2) − ∞⋁ i=1 a_{1iφ(1+i)} − ∞⋁ i=1 a_{2iφ(2+i)} .

Similarly,

μ^∗(A_n) ¿ μ^+(C_n) − n∑ k=1 ∞⋁ i=1 a_{kiφ(k+i)} ¿ μ^+(C_n) − ∞⋁ i=1 a_{iφ(i)} . Therefore ∞⋁ n=1 μ^∗(A_n) + ∞⋁ i=1 a_{iφ(i)} ¿ ∞⋁ n=1 μ^+(C_n) = μ^+ (_∞ ⋃ n=1 C_n ) ¿ μ^∗(A) .

Since_∞ ⋁ n=1 a_{iφ(i)} ¿ μ^∗(A) − ∞⋁ n=1 μ^∗(A_n)

holds for any φ : N → N, and G is weakly σ-distributive, we obtain 0 = ⋀ φ ∞⋁ i=1 a_{iφ(i)} ¿ μ^∗(A) − ∞⋁ n=1 μ^∗(A_n) .

Theorem 4.4. If G is a Dedekind complete weakly σ-distributive l-group of

countable type then μ^∗ is σ-subadditive.

P r o o f . Let A =^∞ ⋃ i=1 A_i . Put B_n =^n ⋃ i=1 A_i . Then B_n ↗ A, hence by Theorem 4.3 and Theorem 3.2

μ^∗(A) = ∞⋁ n=1 μ^∗(B_n) 6 ∞⋁ n=1 n∑ i=1 μ^∗(A_i) = ∞∑ i=1 μ^∗(A_i) .

5. Measure extension theorem

We have started with a measure μ : R → G^+ defined on an algebra R. Then we have defined a function μ^∗ : R → G^∗ by Definition 3.1. We have seen that μ^∗ is an outer measure that is an extension of μ (Theorem 3.2). It follows particularly that μ^∗(X) = μ(X) ∈ G, hence the function μ^∗ : P(X) → G is finite. Moreover, R ⊂ M where M is the family of measurable sets.

If G is a Dedekind complete weakly σ-distributive l-group of countable type then μ^∗ is a σ-subadditive outer measure, hence we may use Theorem 2.3: M is a σ-algebra and μ^∗|_M is a measure.

Theorem 5.1. Let G be a Dedekind complete weakly σ-distributive l-group

of countable type, μ be a measure defined on an algebra R of subsets of a set X . Then there exists exactly one extension μ̄ of μ to the σ-algebra σ(R) generated by R.

P r o o f . 1. Existence.

Since R ⊂ M and M is a σ-algebra, then σ(R) ⊂ M. Put μ̄ = μ^∗|_{σ(R)} . Then μ̄ is a measure on σ(R) extending μ.

2. Uniqueness.

Let ν : σ(R) → G be a measure extending μ. Put K = { A ∈ σ(R) : ν(A) = μ̄(A) } . Then K ⊃ R and K is a q-σ-algebra, hence K ⊃ q-σ(R) = σ(R). Therefore, any set A ∈ σ(R) belongs to K; ν(A) = μ̄(A) for any A ∈ σ(R).

6. Concluding remarks

Of course, the G-valued measure extension theorem is Theorem 3.4.2 in [19]. It was published in [17] for the first time. The theorem has now some important applications in the probability theory on MV-algebras ([18]). As we have already mentioned the weak σ-distributivity is a necessary and sufficient condition for every G-valued measure to be extendable from a ring to a generated σ-ring in the case that G is a Riesz space. In [18] it has been proved that any probability MV-algebra with a positive probability p (i.e., such that p(a) = 0 ⇐⇒ a = 0) is weakly σ-distributive automatically. Moreover, an MValgebra is weakly σ-distributive if and only if the generated l-group G ([16]) is weakly σ-distributive ([18, Proposition 9.4.5]).

On the other hand our approach has a larger area of applications. E.g. it includes not only the Borel measurability but also the Lebesgue measurability.

7. Appendix

The paper is dedicated to the memory of three author’s former students, Eugen F u t á š , Jozef K a l a s and Ervín H r a c h o v i n a .

Eugen F u t á š was born on in Trenčín 8. 8. 1943. In 1965 he obtained his master degree in mathematics, specialization mathematical analysis, from the Faculty of Sciences, Comenius University in Bratislava. In 1971 he obtained the RNDr. and in 1980 his PhD degrees from the same university. In 1987 he obtained a scientific degree equivalent to Associate Professor from the Slovak Academy of

Sciences. He started his research in Measure Theory on lattices. Later he continued his studies in applied mathematics (civil engineering, operational research, data processing). He died on 19. 1. 2003 in Košice.

Jozef K a l a s was born in Bratislava on 8. 9. 1949. In 1972 he obtained his master degree in mathematics, specialization probability and statistics, from the Faculty of Sciences, Comenius University in Bratislava. After earning his RNDr. and PhD. (1978) degrees from the same university, in 1989 he was promoted to the position of Associate Professor at the Faculty of Mathematics and Physics, Comenius University. He started his scientific research in the theory of subadditive measures. Then he became a specialist in the theory of stochastic processes and discrete probability distributions. He died in Bratislava 3. 11. 2000.

Ervín H r a c h o v i n a was born in Bratislava on 1. 8. 1958. In 1982 he obtained his master degree in mathematics, specialization probability and mathematical statistics, from the Faculty of Mathematics and Physics, Comenius University. In 1982 he obtained the RNDr. degree and 1986 his PhD degree. He started to work in the theory of Riesz spaces valued measures. He planned to work in statistical information theory. He died in Bratislava 20. 2. 1990.

REFERENCES

[1] CARATHÉODORY, C. : Vorelsungen über Reele Funktionen, Leipzig, Berlin 1927. [2] FREMLIN, D. H. : A direct proof of the Matthes–Wright integral extension theorem, J. London Math. Soc. 11 (1975), 276–284.

[3] FREMLIN, D. H. : Topological Riesz Spaces and Measure Theory, Cambridge Univ. Press, Cambridge, 1974.

[4] FUTÁŠ, E. : Outer measures on topological spaces, Mat. Čas. 19 (1969), 264–269. [5] FUTÁŠ, E. : Extension of continuous functionals, Mat. Čas. 21 (1971), 191–198. [6] FUTÁŠ, E. : Extension of linear operators, Mat. Čas. 22 (1972), 264–269. [7] FUTÁŠ, E.—RIEČAN, B. : A modification of the Carathéodory method for upper integrals, Acta Fac. Rerum Nat. Univ. Comenianae, Math. 36 (1980), 125–135.

[8] HRACHOVINA, E. : On regular vector measures, Acta Math. Univ. Comenenian. 44–45 (1984), 195–201.

[9] HRACHOVINA, E. : Individual ergodic theorem in a regular space, Math. Slovaca 37 (1987), 195–201.

[10] HRACHOVINA, E. : The construction of a vector measure from a content, Acta Math.

Univ. Comenian. 54–55 (1988), 133–139.

[11] HRACHOVINA, E. : A generalization of the Kolmogorov consistency theorem for vector measures, Acta Math. Univ. Comenian. 54–55 (1988), 141–145.

[12] HRACHOVINA, E. : An ergodic property of Bochner integrable functions, Acta Math.

Univ. Comenian. 58–59 (1990), 7–10.

[13] KALAS, J. : Construction of subadditive measure by a set function defined on a semiring, Mat. Čas. 24 (1974), 263–273. (In Russian) [14] KALAS, J. : On a construction of a measure from a content, Acta Fac. Rerum Nat. Univ.

Comenianae, Math. 34 (1979), 7–19. (In Russian)

[15] KALAS, J. : Limit theorems concerning integrals with respect to a subadditive measure, Acta Fac. Rerum Nat. Univ. Comenianae, Math 37 (1980), 135–146. (In Russian) [16] MUNDICI, D. : Interpretation of AFC�-algebras in Lukasiewicz sentential calculus, J. Funct. Anal. 65 (1986), 15–63.

[17] RIEČAN, B. : On measures and integrals with values in ordered groups, Math. Slovaca 33 (1983), 153–163.

[18] RIEČAN, B.—MUNDICI, D. : Probability on MV-algebras, in: Handbook of Measure Theory (E. Pap, ed.), Elsevier, North-Holland, Amsterdam, 2002, pp. 869–909.

[19] RIEČAN, B.—NEUBRUNN, T. : Integral, Measure, and Ordering, Math. Appl., Dordrecht:

Kluwer Academic Publishers, Bratislava: Ister Science, 1997.

[20] WRIGHT, J. D. M. : Stone-algebra-valued measures and integrals, Ann. Inst. Fourier 21 (1971), 65–85.

Received November 12, 2004 Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: riecan@mat.savba.sk

Department of Natural Sciences Matej Bel University Tajovského 40 SK–974 01 Banská Bystrica SLOVAKA E-mail: riecan@fpv.umb.sk