Tatra Mt. Math. Publ. 34 (2006), 229–235 tm

Mathematical Publications

ON A PROBLEM OF TH. DAVISON

Zygfryd Kominek

ABSTRACT. A general solution h: [0, 1) → R of the functional equation of the form h(x) = 1 a [ h ( x a ) + h ( x + 1 a )] , x ∈ [ 0, min{a − 1, 1} ) , where a > 1 is a given constant, depends on an arbitrary function. Some theorems on continuous solutions for this equation are also given.

Answering a problem of Th. Davison: [Problem 3, Aequationes Math. 64, (2002), 186] we determine all functions h: [0, 1) → R satisfying the following functional equation h(x) = 1 a [ h ( x a ) + h ( x + 1 a )] , x ∈ [ 0, min{1, a − 1} ) , where a ∈ (1, ∞) \ {2} is a given constant. In the case a = 2 this equation was considered by many authors (T. Hilberding [A functional equation for the cotangent on the open unit interval, Aequationes Math. 61, (2001), 179– –189], Z. Kominek, J. Matkowski [On the functional equation φ(x) = αφ(αx) + (1 − α)φ ( 1 − (1 − α)x ) , Bull. Math. Soc. Sci. Math. Répub. Soc. Roum. 30(78), (1986), 327–334], W. Walter [Old and new approaches to Euler’s trigonometric expansions, Amer. Math. Monthly, 89, 1982, 225–230], for example). Generally, our equation has a large class of solutions, however, in the case a > 2 the zero function is a unique continuous solution for our equation.

General solutions

Theorem 1. Let a ¿ 2 be a given constant. The functional equation of the

form h(x) = 1 a [ h ( x a ) + h ( x + 1 a )] , x ∈ [0, 1) , (1)

has solutions depending on arbitrary function. More precisely, for arbitrary function h_0 :

[_1 a , 1 ) → R there exists a unique function H : [0, 1) → R satisfying

equation (1) such that H(x) = h_0(x), for every x ∈

[_1 a , 1 ) . 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 39B22. K e y w o r d s: functional equations, general solutions, continuous solutions.

ZYGFRYD KOMINEK

P r o o f . Take an arbitrary function h_0 :

[_1 a , 1 ) → R. Let us put I_n :=

[_1 an+1 , 1 an ) , n ∈ N ∪ {0}, where N denotes the set of all positive integers. For each n ∈ N we define h_n(x) := ah_{n−1}(ax) − h_0 ( x + 1 a ) , x ∈ I_n . We will show that the function H given by the formula

H(x) :=

{_1 a−1 h_0 (_1 a ) if x = 0 , h_n(x) if x ∈ I_n , n ∈ N ∪ {0} fulfils our requirements. If x = 0 then^x_a = 0 and x +^1_a ∈ I_0 , whence

H(0) = 1 a − 1 h_0(0) = 1 a [ 1 a − 1 h_0 ( 1 a ) + h_0 ( 1 a )]

= 1 a [ H ( 0 a ) + H ( 1 a )] . If x ∈ I_0 then^x_a ∈ I_1 and^{x+1}_a ∈ I_0 . Thus

H(x) = h_0(x) = 1 a [ ah_0(x) − h_0 ( x + 1 a ) + h_0 ( x + 1 a )]

= 1 a [ h_1 ( x a ) + h_0 ( x + 1 a )] = 1 a [ H ( x a ) + H ( x + 1 a )] . Assume that H satisfies (1) for each x ∈^{n−1} ⋃ k=0 I_k , n ¿ 1. Take z ∈ I_n . Then z a ∈ I_{n+1} and^{z+1}_a ∈ I_0 . Therefore H(z) − 1 a H ( z a ) − 1 a H ( z + 1 a ) = h_n(z) − 1 a h_{n+1} ( z a ) − 1 a h_0 ( z + 1 a )

= h_n(z) − 1 a [ ah_n(z) − h_0 ( z + 1 a )] − 1 a h_0 ( z + 1 a ) = 0 .

Since^∞ ⋃ k=0 I_k = (0, 1), the proof of Theorem 1 is complete.

Theorem 2. Let a ∈ (1, 2) be a fixed real number. Every function H : [0, 1) → R satisfying the functional equation h(x) = 1 a [ h ( x a ) + h ( x + 1 a )] , x ∈ [0, a − 1) , (2)

is uniquely determined by a function h_0 : [_{a−1} a , 1 ) → R. More precisely, for

every function h_0 : [_{a−1} a , 1 ) → R there exists a unique function H : [0, 1) → R

satisfying equation (2), such that H(x) = h_0(x), for every x ∈ [_{a−1} a , 1 ) . P r o o f . Let us put I_0 := [_{a−1} a , 1 ) and I_n := [_{a−1} an+1 ,^a −1_a n ) , n ∈ N. Now, we can repeat the argumentation used in the proof of Theorem 1.

Solutions which are continuous in the interval (0; 1)

Remark 1. Let a > 2 be a fixed real number. If H : [0, 1) → R is a solution for equation (1) continuous in the interval (0, 1) then there exists a left-hand side limit lim x→1−0 H(x) . P r o o f . Observe that^2_a < 1. It follows from the continuity of H at the points^1_a and^2_a and by (1) that lim x→1−0 H(x) = 1 a [ H ( 1 a ) + H ( 2 a )] . Theorem 3. Let a > 2 be a given constant and let h_0 :^{[ 1}_a , 1^) → R be an

arbitrary continuous function satisfying the following conditions:

there exists a finite limit c := lim_{x→1−} h_0(x) (3) and ac = h_0 ( 1 a ) + h_0 ( 2 a ) . (4)

Then there exists a unique solution H : [0, 1) → R of equation (1) continuous in the interval (0, 1) such that H(x) = h_0(x) for every x ∈

[_1 a , 1 ) . P r o o f . Let H , h_n and I_n , n ∈ N, have the same meaning as in the proof of Theorem 1. It is enough to prove that H is continuous in (0, 1). If x ∈ I_1 then H(x) = h_1(x) = ah_0(ax) − h_0 ( x +^1_a ) . Hence and by (3) we obtain lim x→^1a − H(x) = ac − h_0 ( 2 a ) = H ( 1 a ) . Therefore H is continuous at the point^1_a . Assume the continuity of H in the interval

[_1 an ,^1_{an}�_1 ) , for some n ¿ 1. Then lim x→^1an − H(x) = lim_{x→ 1} an − [ aH(ax) − H ( x + 1 a )]

= aH ( 1 a^{n−1} ) − H ( 1 a^n + 1 a ) = H ( 1 a^n ) , which proves the continuity of H at the point^1_{an} . On account of induction principle we infer that H is continuous in the interval (0, 1). This finishes the proof.

ZYGFRYD KOMINEK

Immediately from the Theorem 3 and Remark 1 it follows

Remark 2. Let a > 2 be a fixed real number. Every solution H : [0, 1) → R of equation (1) continuous in the interval (0, 1) is determined by a continuous function h_0 :

[_1 a , 1 ) → R fulfilling conditions (3) and (4).

In a similar way we can prove the following

Remark 3. Let a ∈ (1, 2) be a fixed real number. If H : [0, 1) → R is a solution for the equation (2) continuous in the interval (0, 1) then there exists a left-hand side limit c := lim_{x→1−0} H(x) , (5)

and, moreover, c = aH(a − 1) − H ( a − 1 a ) . (6)

Theorem 4. Let a ∈ (1, 2) be a fixed real number. Every solution H : [0, 1) → R to equation (2) continuous in the interval (0, 1) is uniquely determined by a

continuous function h_0 : [_{a−1} a , 1 ) → R satisfying the conditions (5) and (6) (with

h_0 instead of H ).

Continuous solutions

Lemma. Let a > 1 be a fixed number. If H : [0, 1) → R is locally bounded in

a neighbourhood of zero and it fulfils equation (1) (or (2), if a ∈ (0, 1)) then H(x) = ∞∑ k=1 1 a^k H ( 1 a + x a^k ) , x ∈ [ 0, min{a − 1, 1} ) . (7)

P r o o f . Let us fix x ∈ [ 0, min{a − 1, 1} ) . It follows from (1) (or (2)) that the equality H(x) = 1 a^n H ( x a^n ) + n∑ k=1 1 a^k H ( 1 a + x a^k ) (8) holds for n = 1. Assume (8) for a positive integer n. Setting in (1) (or (2))^x_{an} instead of x we obtain H ( x a^n ) = 1 a H ( x a^{n+1} ) + 1 a H ( 1 a + x a^{n+1} ) which on account of induction hypotheses (8) implies H(x) = 1 a^{n+1} H ( x a^{n+1} ) + 1 a^{n+1} H ( 1 a + x a^{n+1} ) + n∑ k=1 1 a^k H ( 1 a + x a^k )

= 1 a^{n+1} H ( x a^{n+1} ) + n+1∑ k=1 1 a^k H ( 1 a + x a^k ) . This finishes the proof of (8) from which our assertion easily follows.

Theorem 5. Let a ¿ 2 be a fixed number. If H : [0, 1) → R is a continuous

solution to equation (1) then H is constant. If a > 2 then H ≡ 0.

P r o o f . Assume H is a continuous solution to equation (1). According to our Lemma we have H(x) = ∞∑ k=1 1 a^k H ( 1 a + x a^k ) , x ∈ [0, 1) . Let us fix a b ∈ (0, 1). Then^{1+b}_a < 1 and H is uniformly continuous in [ 0,^{1+b}_a ] . Take an arbitrary ε > 0 and choose a δ > 0 such that x, y ∈ [ 0, 1 + b a ] and |x − y| < δ =⇒ |H(x) − H(y)| < ε . For all x, y ∈ [0, b] such that |x − y| < aδ we have | |H(x) − H(y) | | = | | | | | ∞∑ k=1 ( H ( 1 a + x a^k ) − H ( 1 a + y a^k ))| | | | < ∞∑ k=1 1 a^k ε = 1 a − 1 ε 6 ε . Repeating this procedure r-times, where r ∈ N is chosen such that (r − 1)δ 6 b < rδ we infer that | |H(x) − H(y) | | 6 ε , for all x, y ∈ [0, b], which implies that H is a constant function in [0, b]. Due to arbitrariness b ∈ [0, 1) we get H = const in the interval [0, 1). Clearly, H ≡ 0 if a > 2.

Remark 4. Let a > 1 be a fixed real number. Every continuous function H : [0, 1) → R fulfilling equation (2) satisfies the condition lim x→^1a −0 H(x) = (a − 1)H(0) . (9)

ZYGFRYD KOMINEK

Theorem 6. Let a ∈ (1, 2) be a fixed real number. Every continuous solution

H : [0, 1) → R to equation (2) is uniquely determined by a continuous function h_0 : [ 0,^1_a ) → R satisfying condition (9) (with h_0 instead of H ).

P r o o f . Let h_0 : [ 0,^1_a ) → R be a continuous function satisfying condition

(9) (with h_0 instead of H ). Let n_0 ∈ N be chosen such that n0∑ k=1 1 a^k < 1 6^{n0+1∑}_{k=1}^1_{ak} .

Put I_0 := [ 0,^1_a ) , I_n := [_n ∑ k=1 1 ak ,^{n+1} ∑ k=1 1 ak ) , n = 1, . . . , n_0 − 1, I_{n0} := [_{n0} ∑ k=1 1 ak , 1 )

and define the functions h_n and H in the following manner:

h_n(u) := ah_{n−1}(au − 1) − h_0 ( u − 1 a ) , u ∈ I_n , n = 1, . . . , n_0 , and H(u) := h_n(u) , u ∈ I_n , n = 0, 1, . . . , n_0 . It is easy to check that H fulfils equation (2). We will prove that H is continuous in [0, 1). It suffices to prove the continuity of H at each point of the form^n ∑ k=1 1 ak , n = 1, . . . , n_0 . If u ∈ I_1 , u →^1_a + 0 then au − 1, u −^1_a ∈ I_0 , whence by (9) we obtain lim u→^1a +0

H(u) = lim_{u→ 1}

a +0 [ ah_0(au − 1) − h_0 ( u − 1 a )] = (a − 1)h_0(0) .

Moreover, H(^1_a ) = (a − 1)h_0(0). Therefore H is continuous at the point^1_a . If we assume the continuity of H at the point^m ∑ k=1 1 ak , m < n_0 , then in a similar way one can prove the continuity of H at the point^{m+1} ∑ k=1 1 ak . Theorem 6 and Lemma imply the following corollary.

Corollary. Let a ∈ (1, 2) be a fixed number. Functional equation (7) has

continuous solutions depending on arbitrary functions.

REFERENCES

[1] DAVISON, TH. : Problem 3, Aequationes Math. 64 (2002), 186.

[2] HILBERDING, T. : A functional equation for the cotangent on the open unit interval, Aequationes Math. 61 (2001), 179–189.

[3] KOMINEK, Z.—MATKOWSKI, J. : On the functional equation φ(x) = αφ(αx) + (1 − α)φ ( 1 − (1 − α)x ) , Bull. Math. Soc. Sci. Math. Répub. Soc. Roum., Nouv. Sér.

30(78) (1986), 327–334.

[4] WALTER, W. : Old and new approaches to Euler’s trigonometric expansions, Amer. Math.

Monthly, 89 (1982), 225–230.

Received September 10, 2004 Institute of Mathematics Silesian University Bankowa 14 PL{40-007 Katowice POLAND E-mail: zkominek@ux2.math.us.edu.pl