Tatra Mt. Math. Publ. 34 (2006), 307–320 tm

Mathematical Publications

ON THE PROBLEM OF RECOVERING THE COEFFICIENTS OF SERIES WITH RESPECT TO CHARACTERS OF ZERO-DIMENSIONAL GROUPS

Valentin A. Skvortsov — Francesco Tulone

ABSTRACT. It is proved that if a series with respect to the characters of abelian compact zero-dimensional group is convergent everywhere except, possibly, a countable number of points, then the coefficients of this series can be recovered from its sum by generalized Fourier formulas in which a Henstock-Kurzweil type integral is used.

1. Introduction

In this paper some results, related to the problem of recovering coefficients of orthogonal series from its sum which were established earlier (see [17]) in the case of the Vilenkin-Price system, are extended to a more general case of series with respect to the characters of abelian compact zero-dimensional groups. It is shown that the coefficients of such a series can be recovered by generalized Fourier formulas in which so called P-adic-path integral is used.

The problem of recovering the coefficients of orthogonal series from their sums is a generalization of the uniqueness problem for the coefficients of orthogonal series. The uniqueness can be related to pointwise convergent series or series which are summable in a certain sense, and the convergence or summability can be supposed everywhere or outside some exceptional set. (For references to literature on the rich theory of uniqueness of Walsh, Haar and Vilenkin series, including subtle theory of sets of uniqueness, see [1], [6], [12], [19], [20]. The classical trigonometric case is treated for example in [21].)

If the uniqueness theorem is proved for a certain system and so the coefficients of an orthogonal series with respect to this system are uniquely determined by

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A39, 42C10.

K e y w o r d s: Henstock-Kurzweil integral, system of P -paths, P -paths derivative, characters of compact group, Fourier formulas.

Supported by RFFI (05-01-00206) and by NSh-1657.2003.1.

its sum, then it is natural to expect that they may be recovered from the sum by Fourier formulas, as it takes place in the simplest cases, for example in the case of the uniform convergence. Indeed, for many known systems (trigonometric, Haar, Walsh, Vilenkin systems) it is true that every series with respect to those systems convergent everywhere to a summable function is the Fourier series of this function. But the point is that the sum of everywhere convergent orthogonal series can fail to be Lebesgue integrable. For example, it is known (see [21]) that the series_∞ ∑ k=2 sin kx ln k

converges everywhere but fails to be Fourier-Lebesgue series. This kind of examples can be given for the other above mentioned systems as well. To integrate such a series, one needs nonabsolutely convergent integrals. In the cases where the sum is integrable in one or another known general sense, a question is whether the coefficients can be determined by Fourier formulas in which the integral is understood in the same particular sense. A complete solution to the problem of recovering the coefficients of a convergent or summable series with respect to some system is found if a general process of integration is developed so that any such a series is the Fourier series of its sum, in the sense of this generalized integral.

In the classical trigonometric case the first solution to the problem of defining an integral so powerful that the sum of any everywhere convergent series is integrable and the coefficients can be computed by the generalized Fourier formulas, is due to D e n j o y . In [4] he introduced a very complicated definition of a second-order integral called a totalization T_{2s} , which recaptures a function from its second Riemann symmetric derivative. The difficulty of a T_{2s}-totalization process which involves a transfinite sequence of operations, led other authors to look for an easier solution to the coefficients problem. J. M a r c i n k i e w i c z and A. Z y g m u n d , J. C. B u r k i l l , R. D. J a m e s and some other authors produced a Perron type integrals reducing the problem to the one of recovering a function from its second order symmetric derivative (see [18] for details). The latest step in this direction was done by D. P r e i s s and B. T h o m s o n in [11] who produced a first-order Henstock-Kurzweil type integral which integrates the approximate symmetric derivatives.

The first integral solving the coefficient problem for Haar (and Walsh) series was introduced in [13] in a descriptive form. A constructive definition of Denjoy type, based on transfinite induction, was given in [14] and later, independently, in [8]. The coefficient problem for Vilenkin series was examined in [15].

It is an advantage of application of the Henstock-Kurzweil theory (see [7], [9], [10]) that it provides a unifying approach to the above discussed coefficient problem for many orthogonal systems. The choice of the Henstock-Kurzweil type integral with respect to the particular basis is determined by the system and type of the convergence under consideration. The idea is to reduce the problem of coefficients to the one of recovering a function from its derivative with respect to an appropriate differentiation basis. While the symmetric basis is a natural choice for the classical trigonometric case, a different kind of so called P-adic bases and respective derivatives and integrals appear in a natural way in the theory of the Vilenkin system.

The P-path integral we are using here is also related to a kind of P-adic basis, namely to the basis defined by a system of P-adic paths. An advantage of this integral, in comparison with the one defined by the usual P-adic basis (see [3]), is based on a fact, that it satisfies the Lusin condition (N) and due to this it is compatible with other classical non-absolute integrals of Denjoy type (see [2]).

In Section 2 of this paper we describe a group of characters of an arbitrary zero-dimensional compact abelian group G and introduce the Kurzweil-Henstock integral with respect to the system of P-paths. In Section 3 we apply this integral to solve the coefficient problem for series with respect to characters of the group G.

2. Definitions and preliminary results

Consider a zero-dimensional compact abelian group G which satisfies the second countability axiom. It is known (see [1]) that a topology in such a group can be given by a chain of subgroups G = U_0 ⊃ U_1 ⊃ · · · ⊃ U_n ⊃ · · · , which are therefore clopen sets with respect to this topology. As G is compact, the number of cosets generated by each U_n is finite and so the quotient group U_n/U_{n+1} is finite for each n. Let p_n be its order. We can suppose that all p_n are prime numbers. So the group G defines a sequence P = {p_n}^∞_{n=0} , p_n ¿ 2 . (1) We also define a sequence m_0 = 1 m_s = p_0 · · · p_{s−1} where p_s are elements of the sequence (1). Picking up one element g_n ∈ U_n \ U_{n+1} for each n we can represent any element g ∈ G in the form (see [1]): g = ∞∑ s=0 a_sg_s , a_s = 0, 1, . . . , p_s − 1 . (2)

Let X denote a group of characters of our group G. We can represent the group X as a sum of increasing sequence of subgroups (see [1]): X_0 ⊂ X_1 ⊂ · · · ⊂ X_n ⊂ · · · , where X_n is a subgroup of the order m_n and forms the annulator of the subgroup U_n , i.e., X_n = { χ̃ ∈ X : χ̃(g) = 1 for all g ∈ U_n } . Now, we introduce a numeration of the characters. We denote χ̃_0(g) = 1. Picking up one character χ̃ ∈ X_{n+1}\X_n for each n = 0, 1, 2, . . . we denote it by χ̃_{mn} . Representing each non-negative integer in the form n = s∑ k=0 a_k m_k , 0 6 a_k 6 p_k − 1 ,

we define

χ̃_n(g) = s∏ k=0 ( χ̃_{mk} (g) )_{ak} . (3)

It is shown in [1] that in that way we are getting the numeration of the whole group X .

Now, using representation (2) we can map the group to the unit interval by

λ(g) = x = ∞∑ s=0 a_s m_{s+1} . (4)

This mapping is one-one correspondence between the group G and the interval [0, 1], up to a countable set. Indeed, denoting by Q_P the set of all P-adic rational points on [0, 1], i.e., points of the form^r_{mk} , 0 6 r 6 m_k − 1, we note that each x ∈ Q_P has two P-adic expansions in the form of a sum in (4), a finite one and an infinite one. If we exclude for such x < 1 one type of expansion, for example the infinite one, then the correspondence (4) is one-one.

Using the converse g = λ^{−1}(x) of mapping (4) we can translate the functions (3) from the group G to the unit interval by putting for each x ∈ [0, 1] χ_n(x) = χ̃_n ( λ^{−1}(x) ) . (5) These functions constitute an orthonormal system on [0, 1] (see [1]). All the results below are formulated for the system (5), although analogous results hold for the system (3) on the group G.

Below we shall use the fact that under mapping (4) the Haar measure on G corresponds to the Lebesgue measure on [0, 1]. We also note that the subgroups U_k are mapped by (4) onto intervals [ 0,^1_{mk} ) and the respective cosets are mapped onto intervals

△^{(k)}_r = [ r m_k , r + 1 m_k ) , 0 6 r 6 m_k − 1 , (6)

which we call P-adic intervals of rank k .

This observation together with the Definition (3) of characters implies that the functions χ_n , for 0 6 n 6 m_k − 1, k ¿ 0, are constant on each interval △^{(k)}_r . The functions χ_n have also the following property.

Lemma 2.1. If n ¿ m_k then^∫_{△(k)r} χ_n(x) dx = 0 for each r , 0 6 r 6 m_k − 1.

P r o o f . Interval (6) under mapping (4) is an image of a certain coset U_{k,r} with respect to the subgroup U_k . According to definition (3) the function χ̃_n , for

n ¿ m_k , does not belong to the annulator of the subgroup U_k , and hence there

exists an element g_0 ∈ U_k such that χ̃_n(g_0) ≠ 1. If g ∈ U_{k,r} then g + g_0 ∈ U_{k,r} . Due to the invariance (with respect to translation) of the Haar measure μ we have the equality ∫ U_{k,r} χ̃_n(g) dμ = ∫ U_{k,r} χ̃_n(g + g_0) dμ = χ̃(g_0) ∫ U_{k,r} χ̃_n(g) dμ

which implies ∫

U_{k,r} χ̃_n(g) dμ = 0 .

Going back to the unit interval, by means of (4), we get the required equality.

With each P-adic irrational point x ∈ [0, 1], i.e., a point x ∈ [0, 1] \ Q_P , we associate a unique nested sequence {△^{(k)}(x)} = {[ a_k(x), b_k (x) )}_∞ k=0 (7)

of P-adic intervals (6) converging to x so that {x} = ∞⋂ k=0 [ a_k(x), b_k (x) ) . If x is a P-adic rational point then there exist two nested sequences (7)—the left one and the right one—for which x, starting with some k , is a common end-point.

Using the notation given by (7), we define for P-adic irrational point x, the sequences P^−_x = { a_k(x) } and P^+_x = { b_k(x) } . If x is a P-adic rational point, we use the same notation P^+_x and P^−_x for sequences with a_k(x) being the left end-point of interval of rank k of the above mentioned left nested sequence associated with x, and b_k(x) being the right end-point of interval of rank k of the right nested sequence.

Definition 2.1. The set P_x = P^+_x ∪P^−_x ∪ {x} is called the P-path leading to

x. The collection { P_x : x ∈ [a, b] } is called the system of P-paths on an interval [a, b].

Definition 2.2. Let F : [0, 1] → R and let P =^{P_x : x ∈ [0, 1]^} be the

system of P-paths. If lim_{y→x} y∈P_x F (y) = F (x)

then we say that F is P-path continuous at x.

Definition 2.3. Let F : [0, 1] → R and let P =^{P_x : x ∈ [0, 1]^} be the

system of P-paths. If lim_{y→x} y∈P_x F (y) − F (x) y − x exists and is finite, then we say that F is P-path differentiable at x and call this limit P-path derivative of F at x denoting it by F^′_P (x). We define also the lower and upper P-path derivative, respectively, by the equality

F^′_P (x) = lim sup_{ρ→0} { F (y) − F (x) y − x : 0 < |y − x| < ρ , y ∈ P_x } , F^′_P (x) = lim inf_{ρ→0} { F (y) − F (x) y − x : 0 < |y − x| < ρ , y ∈ P_x } . Definition 2.4. Let δ be a positive function defined on an interval [a, b] ⊂

[0, 1]. A collection of interval-point pairs {( [u_j, v_j ], x_j )}_k j=1 is called δ-fine

P-partition of [a, b] if the intervals [u_j, v_j ] are non-overlapping, [a, b] =^k ⋃ j=1 [u_j, v_j ]

and for each j we have: u_j , v_j ∈ P_x , u_j 6 x_j 6 v_j and max{v_j −x_j , x_j −u_j} < δ(x_j ).

It is not difficult to check that for any interval [a, b], any system of P-paths on [a, b] and for any positive function δ defined on [a, b] there exists a δ-fine P-partition of [a, b].

Definition 2.5. A function f : [0, 1] → R is said to be Henstock–Kurzweil

integrable with respect to the system of P-paths or, in brief, H_P -integrable on [0, 1], with integral value A, if for every ε > 0, there exists a positive function δ on [0, 1] such that for any δ-fine P-partition of [0, 1] we have | | | | | | k∑ j=1 f(x_j )(v_j − u_j) − A | | | | | | < ε .

We then write (H_P ) 1∫ 0 f = A. Remark 2.1. A definition similar to the above Definition 2.5 is given in [5] for paths satisfying the so called Intersection Condition (I.C.), i.e., for paths

E = {E_x : x ∈ R} with which it is possible to associate a positive function σ on

R so that whenever 0 < y −x < min^(σ(x), σ(y)^) we have E_x ∩E_y ∩ [x, y] ≠ ∅. It

is easy to see that the P-path system does not satisfy this condition. So formally our definition is not a partial case of the definition in [5]. However, all the results in [5] depend in fact only on the existence of δ-partions for any interval. As this is true for our path system, we can state that H_P -integral has all the properties which are established in [5] for the integral defined by a system of paths with I.C. In particular the indefinite H_P -integral is defined and is P-path continuous everywhere and P-path differentiable almost everywhere on [0, 1].

Definition 2.5 can be extended to the case of functions defined only almost everywhere on [0, 1] in the following way.

Definition 2.6. A real-valued function f defined a.e. on [0, 1] is said to be

H_P -integrable to A if the function

f_1(x) = { f(x) , where f is defined , 0 , otherwise

is H_P -integrable in the sense of Definition 2.5. The value of H_P -integral of f is defined then as the one of f_1 .

Remark 2.2. We say that a complex-valued function f is H_P -integrable (in the sense of Definition 2.5 or 2.6) if both Re f and Im f are H_P -integrable with integrals A and B , respectively, and the integral of f is A + iB .

The following theorem was proved in [17].

Theorem 2.1. Let a function F : [0, 1] → R be P-path continuous on Q_P ,

P-path differentiable a.e. on [0, 1] \ Q_P , and let the inequality -∞ < F^′_P (x) 6 F^′_P (x) < +∞ hold everywhere on [0, 1] \ Q_P . Then the function f(x) = { F^′_P (x) if F^′_P exists at x ∈ [0, 1] \ Q_P , 0 otherwise

is H_P -integrable on [0, 1] and F is its indefinite H_P -integral.

3. Main results

Let_∞ ∑ n=0 c_nχ_n (8) be a series in the system {χ_n} with partial sums S_k =^{k−1} ∑ n=0 c_nχ_n . Let F_{mk} (x) = x∫ 0 S_{mk} (t)dt. By F (x) we denote the limit

lim_{k→∞} F_{mk} (x) = lim_{k→∞} x∫ 0 S_{mk} (t) dt . (9) at points where this limit exists.

According to Lemma 2.1, ∫ △^{(k)}_r χ_n(t) dt = 0 for n ¿ m_k and 0 6 r 6 m_k − 1.

Then at any P-adic rational point x of rank k (i.e., point of the form^r_{mk} ) we get F_{mk+1} (x) = F_{mk} (x) and so the limit (9) reduces to

F (x) = F_{mk} (x) = x∫ 0 S_{mk} (t) dt . (10) Therefore the function F (x) is defined at least at all P-adic rational points. It is also easy to check that S_{mk} is constant on the intervals △^{(k)}_r with 0 6 r 6 m_k − 1. So, if x ∈ △^{(k)}_r = [_r m_k , r+1 m_k ) then according to (10) we have:

S_{mk} (x) = 1 |△^{(k)}r | ∫ △^{(k)}_r S_{mk} (t) dt = F (_{r+1} m_k ) − F (_r m_k ) | |△^{(k)}_r | | . (11)

Theorem 3.1. The series (8) is the Fourier series, in the sense of the H_P -in-

tegral of some function f , which is H_P -integrable on [0, 1], if and only if the function F associated with this series by means of expression (10) coincides at

all P-adic rational points with the indefinite integral (H_P )^x ∫ 0 f . P r o o f . This theorem can be easily established by an argument similar to that one used in [6, Theorem 3.1.7] for the case of Walsh system and Lebesgue integral (see also [6, Theorem 2.8.1]).

To prove the next theorem, we need several lemmas in which we suppose that the sequence P = {p_i} is bounded.

Lemma 3.1. Suppose that the series (8) converges to a value f(x_0) at some

P-adic-irrational point x_0 . Then the limit (9) exists at this point, the function F , defined by this limit, has P-path derivative at x_0 and F^′_P (x_0) = f(x_0).

P r o o f . This lemma can be obtained by repeating the proof given in [16, Lemma 2] for the case of the Vilenkin-Price system.

Lemma 3.2. Suppose that the series (8) satisfies the condition lim sup_{n→∞}^|S_n(x_0)^|

< +∞ at a P-adic irrational point x_0 . Then the function F is defined at x_0

by the limit (9) and

−∞ < (Re F )^′_P (x_0) 6 (Re F )^′_P (x_0) < +∞ , (12)

−∞ < (Im F )^′_P (x_0) 6 (Im F )^′_P (x_0) < +∞ . (13)

P r o o f . This proof is also based on a technique used in the proof of Lemma 2

in [16] with some appropriate modifications.

According to the assumption, there exists a positive number A such that | |S_n(x_0) | | 6 A , n = 1, 2, . . . (14)

Denoting the sequence (7) of P-adic intervals converging to x_0 by {[ a_k(x_0), b_k (x_0) )} (15)

and using (11) we get from (14) | | | | | F ( b_k(x_0) ) − F ( a_k(x_0) ) b_k(x_0) − a_k(x_0) | | | | | 6 A (16)

for every natural k . We can represent each non-negative integer n in the follow-

ing form: n = sm_k + r , with k = 0, 1, . . . , s = 0, 1, . . . , p_k − 1, r = 0, 1, . . . , m_k − 1. Then ∞∑ n=1 c_nχ_n = c_0χ_0 + ∞∑ k=0 p_k−1∑

s=1 m_k−1∑

r=0 c_{smk+r} χ_{smk+r} . From (14) it follows that for any natural k and for each s = 0, 1, . . . , p_k − 1 we

have | | | | | m_k−1∑

r=0 c_{smk+r} χ_{smk+r}(x_0) | | | | | 6 2A . (17)

We now consider an arbitrary index k and the interval △^k(x_0) = [ a_k(x_0), b_k(x_0) ) . Note that by the Definition (3) we have, for n = sm_k + r , r = 0, 1, . . . , m_k − 1,

χ_{smk+r} = χ_r(χ_{mk} )^s = χ_r(χ_{smk} )

and so_{mk−1} ∑ r=0 c_{smk+r} χ_{smk+r}(x) = (_{mk−1} ∑ r=0 c_{smk+r} χ_r(x) ) χ_{smk} (x) .

However, the functions χ_r , r = 0, 1, . . . , m_k − 1, are constant on △^{(k)}(x_0) and

|χ_{smj} (x)| = 1 for all x. Therefore, by this and by the inequality (17) we get, for

all x ∈ △^{(j)}(x_0), | | | | m_j −1∑

r=0 c_{smj +r} χ_{smj +r}(x) | | | | = | | | | m_j −1∑

r=0 c_{smj+r} χ_{smj +r}(x_0) | | | | 6 2A . Using this, we compute | | | | | x0∫ 0 S_{mk+1} (t) dt − x0∫ 0 S_{mk} (t) dt | | | | | 6 x0∫ 0 p_k−1∑

s=1 | | | | m_k−1∑

r=0 c_{smk+r} χ_{smk+r}(t) | | | | dt

= p_k−1∑

s=1 x0∫ a_k(x0)

| | | | m_k−1∑

r=0 c_{smk+r} χ_{smk+r}(t) | | | | dt (18)

6 2Ap_k^(x_0 − a_k(x_0)^) 6 2AC^1_{mk} ,

where C = lim sup_{j→∞} p_j . This estimate shows, that {_{x0} ∫ 0 S_{mk} (t) dt } k is a Cauchy

sequence and therefore F is defined by (9) at x_0 .

Now, we fix some k and choose the minimal index i > k , such that a_i(x_0) ≠

a_k(x_0) (such i exists, since x_0 is a P-adic irrational point). Then | |x_0 − a_k(x_0) | | > | |a_i(x_0) − a_k(x_0) | | ¿^1_{mi} . (19)

By the choice of an index i we get a_k(x_0) = · · · = a_{i−1}(x_0) ≠ a_i(x_0). By (10), F ( a_k(x_0) ) = F ( a_{i−1}(x_0) ) = F_{mi}�_1 ( a_{i−1}(x_0) ) , and so | | | | | F (x_0) − F ( a_k(x_0) ) x_0 − a_k(x_0) | | | | | 6 | | | | | F (x_0) − F_{mi}�_1 (x_0)

x_0 − a_k(x_0) | | | | | + | | | | F_{mi}�_1 (x_0) − F_{mi}�_1 ( a_{i−1}(x_0) ) x_0 − a_k(x_0) | | | | . (20)

As S_{mi}�_1 is constant on [ a_{i−1}(x_0), b_{i−1}(x_0) ) , the inequality (14) then implies: | | | | | F_{mi}�_1 (x_0) − F_{mi}�_1 ( a_{i−1}(x_0) ) x_0 − a_k(x_0) | | | | | = | | | | | 1 x_0 − a_k(x_0) x0∫ a_i�1(x0)

S_{mi}�_1 (t)dt | | | | | = | |S_{mi}�_1 (x_0) | | 6 A . (21)

Moreover, using (18) and (19) we estimate | | | | F (x_0) − F_{mi}�_1 (x_0)

x_0 − a_k(x_0) | | | | 6^1_{x0 − ak(x0)}^{∞∑}_{j=i−1} | | | | | x0∫ 0 S_{mj+1} (t) dt − x0∫ 0 S_{mj} (t) dt | | | | | 6 2AC^{∞∑}_{j=i−1}^{mi}_{mj} 6 2AC ( p_{i−1} + ∞∑ j=0 2^{−j} ) 6 2AC(C + 2) . (22)

Combining (20), (21) and (22) we get | | | | F (x_0) − F ( a_k(x_0) ) x_0 − a_k(x_0) | | | | 6 A + 2AC(C + 2) . (23)

In a similar way we can get the estimate | | | | F ( b_k(x_0) ) − F (x_0)

a_k(x_0) − x_0 | | | | 6 A + 2AC(C + 2) . (24)

It is clear that the inequalities (23) and (24) give the same estimates for

Re F and Im F . As those estimates are obtained for arbitrary k , they imply

(12) and (13).

Lemma 3.3. Suppose that the sequence {c_n} of coefficients of the series (8)

is converging to zero. Then the function F defined by (9) is P-path continuous

everywhere on Q_P .

P r o o f . Fix a point x_0 ∈ Q_P . Let {[ a_k(x_0), b_k (x_0) )} be one of the two

nested sequences (7) for which x_0 , starting with some k , is a common end-

point. Fix ε > 0. Since lim_{n→∞} c_n = 0 then there exists k such that for any

n ¿ m_k we get |c_n| < ε. By (10) we have for i > k : F ( b_i(x_0) ) − F ( a_i(x_0) ) = F_{mi} ( b_i(x_0) ) − F_{mi} ( a_i(x_0) )

= m_i −1∑

n=0 b_i(x0)∫

a_i(x0)

c_n χ_n(t) dt (25)

= b_i(x0)∫

a_i(x0) S_{mk} (t) dt + i−1∑ l=k b_i(x0)∫

a_i(x0) m_l+1−1 ∑ n=m_l c_n χ_n(t) dt . Since S_{mk} is constant on △^{(k)}(x_0), we can choose i_0 > k so that for each i ¿ i_{0 |} | | | | b_i(x0)∫

a_i(x0) S_{mk} (t) dt | | | | | | < ε . (26)

For l ¿ k we also have the estimate

m_l+1−1 ∑ n=m_l | |c_nχ_n(t) | | < m_{l+1} · ε , which implies i−1∑ l=k b_i(x0)∫

a_i(x0) m_l+1−1 ∑ n=m_l | |c_nχ_n(t) | | dt < i−1∑ l=k m_{l+1} · ε m_i (27)

= ε ( 1 + 1 p_{i−1} + 1 p_{i−2} p_{i−1} + · · · + 1 p_{k+1} . . . p_{i−1} ) 6 ε^(1 +^1_2 +^1_{22} + · · · +^1_{2i−k−1}^) 6 2ε .

Combining (25), (26) and (27) we obtain that | |F (b_i(x_0)) − F (a_i(x_0)) | | < 3ε if i ¿ i_0 .

Theorem 3.2. Suppose that the sequence p_i is bounded, the series (8) con-

verges a.e. to a function f and everywhere on [0, 1] \ Q_P we have lim sup n→∞ | |S_n(x) | | < +∞ . (28)

Then f is H_P -integrable on [0, 1] (in the sense of Definition 2.6) and (8) is H_P -Fourier series of f .

P r o o f . If x is a P-adic irrational point at which the series (8) converges to f(x) then, according to Lemma 3.1, the series (9) converges to F (x) at this point and the function F is P-path differentiable at x with F^′_P (x) = f(x). So, F is P-path differentiable a.e. on [0, 1].

By assumption (28) and by Lemma 3.2, the inequalities (12) and (13) hold everywhere on the set of P-adic irrational points. Since |χ(x_n)| = 1 everywhere on [0, 1], and since the series (8) converges at least at one P-adic irrational point, it follows that lim_{n→∞} c_n = 0. Then by Lemma 3.3 F is P-path continuous everywhere on Q_P . This implies that Re F and Im F are also P-path continuous on Q_P . Thus by Theorem 2.1, Re F and Im F are H_P -integrable and Re F and Im F are their indefinite H_P -integrals. Hence f is H_P -integrable (see Remark 2.2) with F being its indefinite H_P -integral. Now application of Theorem 3.1 completes the proof.

REFERENCES

[1] AGAEV, G. N.—VILENKIN, N. YA.—DZHAFARLI, G. M.—RUBINSHTEIN, A. I. :

Multiplicative Systems of Functions and Harmonic Analysis on Zero-Dimensional Groups, Baku, 1981. (In Russian)

[2] BONGIORNO, B.—DI PIAZZA, L.—SKVORTSOV, V. A. : On dyadic integrals and some other integrals associated with local systems, J. Math. Anal. Appl. 271 (2002), 506–524.

[3] BONGIORNO, B.—DI PIAZZA, L.—SKVORTSOV, V. A. : The Ward property for a

P-adic basis and the P-adic integral, J. Math. Anal. Appl. 285 (2003), 578–592.

[4] DENJOY, A. : Lecons sur le calcul des coefficients d’une serie trigonometrique, Gauthier-Villars, Paris, 1941–1949.

[5] FU, SH. : Path integral: An inversion of path derivatives, Real Anal. Exchange 20 (1994–1995), 340–346.

[6] GOLUBOV, B.—EFIMOV, A.—SKVORTSOV, V. A. : Walsh Series and Transforms: Theory and Applications, Nauka, Moscow, 1987.

[7] HENSTOCK, R. : The General Theory of Integration, Clarendon Press, Oxford, 1991.

[8] KAHANE, J. P. : Une théorie de Denjoy des martingales dyadiques, Enseign. Math. 34 (1988), 255–268.

[9] LEE, P. J.—VÝBORNÝ, R. : The Integral: An Easy Approach after Kurzweil and Henstock, Cambridge University Press, Cambridge, 2000.

[10] OSTASZEWSKI, K. M. : Henstock Integration in the Plane, Mem. Amer. Math. Soc., Vol. 253, Providence, 1986.

[11] PREISS, D.—THOMSON, B. S. : The approximate symmetric integral, Canad. J. Math.

41 (1989), 508–555.

[12] SCHIPP, F.—WADE, W. R.—SIMON, P.—PAL, J. : Walsh Series: An Introduction to Dyadic Harmonic Analysis, Adam Hilger, Ltd., Bristol and New York, 1990.

[13] SKVORTSOV, V. A. : Calculation of the coefficients of an everywhere convergent Haar series, Mat. Sb. 75 (1968), 349–360; (English transl., Math. USSR Sb. 4 (1968), 317–327).

[14] SKVORTSOV, V. A. : Constructive version of the definition of the HD-integral, Mosc.

Univ. Math. Bull. 37 (1982), 46–50; Vestn. Mosk. Univ., Ser. I, 6 (1982), 41–45. (In Russian)

[15] SKVORTSOV, V. A. : A Perron-type integral in abstract space, Real Anal. Exchange 13 (1987–1988), 76–79.

[16] SKVORTSOV, V. A.—KOROLEVA, M. P. : Series in multiplicative systems convergent to Denjoy-integrable functions, Mat. Sb. 186 (1995), 129–150; (Engl. Transl., Math. USSR Sb. 186 (1995), 1821–1842).

[17] SKVORTSOV, V. A.—TULONE, F. : Generalized Henstock integrals in the theory of series with respect to multiplicative system, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 2 (2004), 7–11. (In Russian)

[18] THOMSON, B. S. : Symmetric Properties of Real Functions, in: Monographs and Textbook in Pure and Appl. Math. 183, Marcel Dekker, Inc., New York, 1994.

[19] WADE, W. R. : Recent developments in the theory of Haar series, Colloq. Math. 52 (1987), 213–238.

[20] WADE, W. R. : Dyadic harmonic analysis, Contemp. Math. 208 (1997), 313–350.

[21] ZYGMUND, A. : Trigonometric Series, Cambridge Univ. Press, London, 1968.

Received November 10, 2004 Valentin A. Skvortsov Instytut Matematyki Universytet Kazimierza Wielkiego PL–85-065 Bydgoszcz POLAND

Department of Mathematics Moscow State University 119992 Moscow RUSSIA E-mail: vaskvor2000@yahoo.com

Francesco Tulone Department of Mathematics University of Palermo via Archirafi 34 I–90123 Palermo ITALY E-mail: tulone@math.unipa.it