Tatra Mt. Math. Publ. 35 (2007), 121–129 tm

Mathematical Publications

ON THE STRUCTURE OF SOME SUBSETS IN THE SPACE OF INTERVAL FUNCTIONS OF BOUNDED SC(Λ)-VARIATION

Robert Drozdowski

ABSTRACT. In this paper a generalization of bounded variation of interval functions with respect to local systems is investigated. Some properties and the structure of different subsets of the space of interval functions of bounded SC(Λ)- variation are studied here.

The concept of real valued functions of one variable of bounded Λ-variation was introduced by D. W a t e r m a n [6]. This class of functions was considered by S. P e r l m a n [3] and F. P r u s –W i ś n i o w s k i [4], too. B. T h o m s o n in his book [5] considered functions of bounded variation with respect to local systems. Here we will extend this concept to real valued interval functions, which have bounded SC(Λ)-variation with respect to local systems and covers, generated by this local system.

Definition 1. Let [a, b] be an interval. A class S =^{S(x) : x ∈ [a, b]^}, where

S(x) denotes a family of subsets of [a, b], is called a local system in [a, b] if it satisfies the following conditions: (S1) {x} /∈ S(x); (S2) if V ∈ S(x), then x ∈ V ;

(S3) if V_1 ∈ S(x) and V_1 ⊂ V_2, then V_2 ∈ S(x); (S4) (x − δ, x + δ) ∩ V ∈ S(x) if δ > 0, V ∈ S(x). Definition 2. [5] Let S be a local system in [a, b] and C —a family of closed

subintervals of [a, b]. It will be said that C is an S-cover of [a, b] if the set {x} ∪ {y ∈ [a, b] : y < x ∧ [y, x] ∈ C} ∪ { y : x < y ∧ [x, y] ∈ C } belongs to the class S(x) for all x in [a, b].

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26B30.

K e y w o r d s: normed spaces, interval functions, local systems, S-covers, SC(Λ)-variation, porous sets, strongly porous sets.

ROBERT DROZDOWSKI

Definition 3. [6] A sequence Λ = (λ_i)1_{i=1} of real positive numbers is said

to be λ-sequence if it is nondecreasing and the series 1 ∑ i=1 1 λ_i is divergent.

Additionally, if Λ is unbounded λ-sequence then it is called a proper λ-sequence.

In the next part of this paper, by an interval function on [a, b] we will understand any real valued function, which is defined only for all closed subintervals of [a, b] and we will consider only nonempty S-covers.

Let S be a local system in [a, b], C be an S-cover of [a, b], Λ = (λ_i)1_{i=1} be a λ-sequence and ψ be a real valued interval function, which is defined on all closed subintervals of [a, b]. Then the expression:

V^S_Λ (ψ, C) = sup k∑ i=1 | |ψ(I_i) | | λ_i , where supremum is taken for all finite collections of closed non-overlapping subintervals {I_1, . . . , I_k} of C and all positive integers k , is called an SC(Λ)-variation of the function ψ . Thus, if V^S_Λ (ψ, C) < ∞ then the interval function is said to be of bounded SC(Λ)-variation.

By the symbol Ψ_Λ(S, C) we will denote the set of all interval functions of bounded SC(Λ)-variation. Additionally, if Λ = (1) (i.e., Λ is constant sequence which terms equal 1) then we obtain a special class of functions, namely a class of functions of bounded SC-variation, and it will be denoted by Ψ(S, C). The symbol V^S (ψ, C) will stand for SC-variation of function ψ .

For interval functions ψ , ψ_1 , ψ_2 defined in [a, b] and a real number α, we define functions ψ_1 + ψ_2 and αψ_1 in usual way, i.e.,

(ψ_1 + ψ_2)(I) = ψ_1(I) + ψ_2(I) , (αψ)(I) = α · ( ψ(I) ) for each closed interval I contained within [a, b].

It is easy to prove the following:

Theorem 1. Let S be a local system in [a, b] and C be an S-cover of [a, b].

(1) If ψ_1 ∈ Ψ_Λ(S, C) and ψ_2 ∈ Ψ_Λ(S, C), then

V^S_Λ (ψ_1 + ψ_2, C) 6 V^S_Λ (ψ_1, C) + V^S_Λ (ψ_2, C) .

(2) If α ∈ R and ψ ∈ Ψ_Λ(S, C), then V^S_Λ (αψ, C) = |α| · V^S_Λ (ψ, C) .

In the set Ψ_Λ(S, C) we can define the relations

ψ_1 ∼_C ψ_2 ⇐⇒ V^S_Λ (ψ_1 − ψ_2, C) = 0

for any interval functions ψ_1, ψ_2 from Ψ_Λ(S, C). One can prove that the relation “∼_C ” is an equivalence relation in Ψ_Λ(S, C). Then the symbol ~Ψ_Λ(S, C) will stand for the set of all equivalence classes with respect to the relation “∼_C ”. Of course, the space ~Ψ_Λ(S, C) is a linear space with the operations of addition and multiplication by scalars defined in the usual sense, i.e.,

[ψ_1] + [ψ_2] = [ψ_1 + ψ_2] , α[ψ] = [αψ] , where [ψ_1], [ψ_2], [ψ] belong to ~Ψ_Λ(S, C) and α is a real number. In ~Ψ_Λ(S, C) we can define the norm as follows: ‖ ‖[ψ] ‖ ‖^{SC}_Λ = V^S_Λ (ψ, C) (1)

for each [ψ] in ~Ψ_Λ(S, C).

We will write ψ ∈ ~Ψ_Λ(S, C) if the equivalence class [ψ] with respect to the relation “∼_C ” belongs to ~Ψ_Λ(S, C). One can discuss the difference between this relation with the relation “∼=” defined by

ψ_1 ∼= ψ_2 ⇐⇒ ψ_1 − ψ_2 = const .

It follows that those relations are quite different. In fact, the relation ψ_1 ∼_C ψ_2 means that the functions ψ_1 and ψ_2 can be different only for intervals not belonging to the S-cover C .

Theorem 2. For a local system S and an S-cover C of interval [a, b], the

space ~Ψ_Λ(S, C) is a Banach space with the norm (1).

P r o o f . We have to prove that the space ~Ψ_Λ(S, C) is complete. Let (ψ_i)1_{i=1} be an arbitrary Cauchy sequence in ~Ψ_Λ(S, C). Let us take an arbitrary positive number ε. Then there exists a positive integer n_0 such that

V^S_Λ (ψ_n − ψ_m, C) < ε λ_1 , if m ¿ n_0 and n ¿ n_0 . Hence | |(ψ_n − ψ_m)(I) | | < ε if I ∈ C and m ¿ n_0 and n ¿ n_0 .

ROBERT DROZDOWSKI

Since the sequence ( ψ_i(I) )1_{i=1 satisfies Cauchy condition in complete space R,}

then it is convergent to some real number. For example, let us define

ϕ(I) := { lim_i!1 ψ_i(I) if I ∈ C , 0 if I /∈ C . We will show that ϕ ∈ ~Ψ_Λ(S, C).

Let {I_1, . . . , I_{j0} } be a finite collections of non-overlapping intervals from C , where j_0 ∈ N. Then there exists k_0 ∈ N such that | |ψ_n(I_j ) − ϕ(I_j ) | | < λ^1ε j_0 , for every n ¿ k_0 and j ∈ {1, . . . , j_0}. Thus, j0∑ i=1 | |ϕ(I_i) | | λ_i 6 j0∑ i=1 | |ϕ(I_i) − ψ_n(I_i) | | λ_i + j0∑ i=1 | |ψ_n(I_i) | | λ_i < ε + V^S_Λ (ψ_n, C) (2)

if n ¿ k_0 .

Now we will see that | |V^S_Λ (ψ_n, C) − V^S_Λ (ψ_m, C) | | < V^S_Λ (ψ_n − ψ_m, C) (3)

if m ¿ m_0 and n ¿ m_0 , where m_0 = max{n_0, k_0}. Indeed, if we take a finite family of intervals {J_1, . . . , J_l} from C , which do not overlap, then l∑ i=1 | ||ψ_n(J_i)| − |ψ_m(J_i)| | | λ_i 6 l∑ i=1 | |ψ_n(J_i) − ψ_m(J_i) | | λ_i 6

V_Λ(ψ_n − ψ_m, C)

whence, l∑ i=1 | ψ_n(J_i) | λ_i 6

V^S_Λ (ψ_n − ψ_m, C) + l∑ i=1 | ψ_m(J_i) | λ_i 6

V^S_Λ (ψ_n − ψ_m, C) + V_Λ(ψ_m, C)

and, consequently,

V^S_Λ (ψ_n, C) − V^S_Λ (ψ_m, C) 6 V^S_Λ (ψ_n − ψ_m, C) , (4)

if n ¿ m_0 and m ¿ m_0 . In the same way we can prove that

V^S_Λ (ψ_n, C) − V^S_Λ (ψ_m, C) ¿ −V^S_Λ (ψ_n − ψ_m, C) , (5)

for each m ¿ m_0 and n ¿ m_0 . Inequalities (4) and (5) imply inequality (3) if

m ¿ n_0 and n ¿ n_0 . Then^|V^S_Λ (ψ_n, C) − V^S_Λ (ψ_m, C)^| <^ε_{λ1} , where m, n are

positive integers not less then m_0 . Hence, the sequence ( V^S_Λ (ψ_i, C)

)1_{i=1 satisfies}

Cauchy condition, which means that the limit lim_i!1 V^S_Λ (ψ_i, C) exists and is finite.

By (2) we get k∑ i=1 | |ϕ(I_i) | | λ_i 6 ε + lim_n!1 V^S_Λ (ψ_n, C)

and finally V^S_Λ (ϕ, C) < ∞. Thus, ϕ ∈ ~Ψ_Λ(S, C).

Moreover, it is easy to prove that lim_n!1 ‖ψ_n −ϕ‖^{SC}_Λ = 0. We have proved that the space ~Ψ_Λ(S, C) is complete and the proof is finished.

Theorem 3. If S is a local system in [a, b], C is an S-cover and Λ = (λ_i)1_{i=1}

is a λ-sequence then ~Ψ(S, C) ⊂ ~Ψ_Λ(S, C) . P r o o f . Let us see V^S_Λ (ψ, C) 6^1_{λ1} · V^S (ψ, C), where ψ ∈ ~Ψ_Λ(S, C). By this we infer that ~Ψ(S, C) ⊂ ~Ψ_Λ(S, C).

In the next part of the article we will make use of the next theorem:

Theorem 4. [3] Let (a_i)1_{i=1} be a sequence of positive numbers converging to

zero. Then there exists a nonincreasing sequence (b_i)1_{i=1} converging to zero such that 1 ∑ i=1 b_i = ∞ and 1 ∑ i=1 a_ib_i < ∞. Theorem 5. Let S be a local system in [a, b] and C be an S-cover of [a, b].

Then ~Ψ(S, C) = ~Ψ_Λ(S, C) (6) iff the sequence Λ = (λ_i)1_{i=1} is bounded.

P r o o f . Let us assume that equality (6) holds and suppose that the sequence Λ = (λ_i)1_{i=1} is unbounded. Since the sequence

(_1

λ_i

)1_{i=1 satisfies assump-}

tions of Theorem 4, there exists a nonincreasing sequence (b_i)1_{i=1} of positive numbers such that 1 ∑ i=1 b_i = ∞ and

1_∑ i=1 b_i λ_i < ∞ . Let i_0 be a positive integer such that a +^1_{i0} < b. Define

c_i := a + 1 i if i > i_0 . Since each S-cover is Vitali cover, we can find for each i > i_0 some closed intervals I_i ∈ C such that c_i ∈ I_i and sup{x : x ∈ I_{i+1}} 6 inf{x : x ∈ I_i} (7)

ROBERT DROZDOWSKI

for every i > i_0 . By this remark we can find a countable family (I_i)1_{i=i0} of non-overlapping intervals of C which satisfy condition (7). Let us put:

ψ(I) := { b_i , if I = I_i , 0 , if I ≠ I_i , i ∈ {i_0, i_0 + 1, . . . } .

Then V^S (ψ, C) ¿ 1 ∑ i=i0 b_i , so V^S(ψ, C) = ∞. On the other hand, V^S_Λ (ψ, C) 6

1_∑ i=i0 b_i λ_i , and by this, V S Λ (ψ, C) < ∞. Then we conclude that the set ~Ψ_Λ(S, C) \

~Ψ(S, C) is nonempty and it contradicts to assumption.

Now, let us assume that the sequence Λ = (λ_i)1_{i=1} is bounded. Let ψ be a function of bounded SC(Λ)-variation. By assumption there exists a positive number M such that λ_i 6 M for all i ∈ N. Then V^S (ψ, C) 6 MV^S_Λ (ψ, C) and from this we get that ψ ∈ ~Ψ(S, C). Thus ~Ψ_Λ(S, C) ⊂ ~Ψ(S, C). By Theorem 3 the inclusion ~Ψ(S, C) ⊂ ~Ψ_Λ(S, C) holds and, consequently, we get the required equality.

Definition 4. [2] Let (Y, d) be a metric space. A set M is said to be porous

at x ∈ Y if there exists a positive number α such that for each ε > 0 there exists a point y in an open ball K^0(x, ε) with the center x and radius ε such that K^0 ( x, α · d(x, y) ) ∩ M = ∅ . If α from the above condition can be chosen arbitrarily close to 1, then the set M is said to be strongly porous at x.

A set which is porous (strongly porous) at every point x from Y is called porous (strongly porous).

Definition 5. [2] A set which is a countable union of porous (strongly

porous) sets is said to be σ-porous (σ-strongly porous).

Theorem 6. [1] Let (X, τ ) be a linear topological space. If G is a subgroup

of X and G contains a set A, which is of second category of Baire in (X, τ ), then G = E . Hence, if G is any proper subgroup of X , then it is of the first category of Baire or fails to satisfy Baire condition in (X, τ ).

Theorem 7. [2] Any nowhere dense and convex set in a Banach space is

strongly porous.

Theorem 8. Let S be a local system in [a, b], C be an S-cover of [a, b] and

(ψ_i)1_{i=1} be a converging sequence of interval functions. If

ψ(I) = lim_i!1 ψ_i(I) for all closed subintervals I ∈ C , then V^S_Λ (ψ, C) 6 lim inf_i!1 V^S_Λ (ψ_i, C) . (8)

P r o o f . Let us denote L = lim inf_i!1 V^S_Λ (ψ_i, C). If L = ∞ then inequality (8) is obvious, so we consider the case when L < ∞. Choose any ε > 0. Then sup_i inf_k V^S_Λ (ψ_{i+k}, C) < L + ε .

By this condition we can find a subsequence (ψ_{ni} )1_{i=1} of the sequence (ψ_i)1_{i=1} such that V^S_Λ (ψ_{ni} , C) < L + ε holds for every positive integer i. Let {I_1, . . . , I_k} be a finite family of nonoverlapping intervals of C . Then:

1_∑ k=1 | |ψ_{ni} (I_k) | | λ_i < L + ε ,

lim_i!1

1_∑ k=1 | |ψ_{ni} (I_k) | | λ_i 6 L + ε and at last 1 ∑ k=1 | ψ(I_k) | λ_i 6 L + ε . Since the family {I_1, . . . , I_k} was chosen in an arbitrary way, V^S_Λ (ψ, C) 6 L + ε for each positive ε.

Now, we can state that V^S_Λ (ψ, C) ≤ L, which completes the proof. For a subset A of ~Ψ_Λ(S, C) the symbol cl_Λ(A) will denote the closure of set A in ~Ψ_Λ(S, C).

Theorem 9. Let S be a local system, C —an S-cover of [a, b]. If

~Ψ_Γ(S, C) ⊊ ~Ψ_Λ(S, C) ,

then ~Ψ_Γ(S, C) is σ-strongly porous in the space ~Ψ_Λ(S, C).

P r o o f . Let us put

A_n := { ψ ∈ ~Ψ_Γ(S, C) : V^S_Γ (ψ, C) 6 n } , n ∈ N . (i) First, we prove that A_n is a closed subset of ~Ψ(S, C). If we take ψ ∈ cl_Λ(A_n), then there exists a sequence of interval function (ψ_i)1_{i=1} such

ROBERT DROZDOWSKI

that ψ_i ∈ A_n for all positive integers i and ψ(I) = lim_i!1 ψ_i(I) for each I ∈ C . By Theorem 8 we have: V^S_Γ (ψ, C) 6 n, whence ψ ∈ A_n .

(ii) Now we will show that A_n is a nowhere dense set.

From assumptions the set ~Ψ_Γ(S, C) forms a proper subgroup of ~Ψ_Λ(S, C) and ~Ψ_Γ(S, C) =

1_⋃ n=1 A_n . (9)

By this and (i) we infer that ~Ψ_Γ(S, C) is an F_σ set. By Theorem 6 the set ~Ψ_Γ(S, C) is of the first category of Baire in a complete space ~Ψ_Λ(S, C) and consequently it is a boundary set. From that it follows that A_n is nowhere dense as a boundary and a closed set.

(iii) It is not difficult to see that each of the sets A_n is convex in ~Ψ_Λ(S, C). From the previous theorem and Theorem 7 we infer that each of the sets A_n is strongly porous. By this and equality (9) we infer that ~Ψ_Γ(S, C) is σ-strongly porous.

Immediately from Theorem 5 and Theorem 9 we get

Corollary 1. For every proper λ-sequence Λ the set of all SC-bounded in-

terval functions is σ-strongly porous in the space of all SC(Λ)-bounded interval functions.

We will see that if Λ = (λ_i)1_{i=1} and Γ = (γ_i)1_{i=1} are two λ-sequences then the sequence Σ, where Σ = (_{λiγi} λ_i+γ_i

)1_{i=1 , is a λ-sequence, too. It is easy to prove}

that ~Ψ_Σ(S, C) = ~Ψ_Λ(S, C) ∩ ~Ψ_Γ(S, C) for each local system S and S-cover C of [a, b].

Corollary 2. Let S be a local system and C be an S-cover of [a, b]. If Λ

and Γ are λ-sequences such that ~Ψ_Λ(S, C) ∩ ~Ψ_Γ(S, C) ⊊ ~Ψ_Λ(S, C)

then ~Ψ_Λ(S, C) ∩ ~Ψ_Γ(S, C) is σ-strongly porous set in the space ~Ψ_Λ(S, C).

REFERENCES

[1] KELLEY, J. L.—NAMIOKA, J. : Linear Topological Spaces, D. van Nostrand Company Inc. Princeton, New Jersey, 1963.

[2] OLEVSKII, V. : A note on the Banach-Stainhaus Theorem, Real Anal. Exchange 17 (1991–1992), 399–401.

[3] PERLMAN, S. : Functions of generalized variation, Fund. Math. CV (1980), 199–211. [4] PRUS-WIŚNIOWSKI, F. : Λ variation and Baire category, Real Anal. Exchange 20 (1994–995), 134–139.

[5] THOMSON, B. : Real Functions, Lecture Notes in Math., Vol. 1170, Springer Verlag, Berlin, 1985.

[6] WATERMAN, D. : On Λ-bounded variation, Studia Math. 44 (1972), 107–117.

Received January 20, 2006 Institute of Mathematics Academia Pomeraniensis Arciszewsiego 22b PL–76-200 Słupsk POLAND E-mail: rdrozdowski@o2.pl