Tatra Mt. Math. Publ. 36 (2007), 163–176 tm

Mathematical Publications

COPS, ROBBERS AND GRAPHS

Geňa Hahn

ABSTRACT. Cops-and-robbers games are played on graphs: from their initial positions on some vertices the cops try to capture (occupy the same vertices as) the robbers, initially on some other vertices, by moving along the edges of a given graph. When do the cops have a winning strategy? How many cops are needed to win? There are many versions of the game, but we only briefly survey the basic one, giving references to some other variants.

1. Introduction

We use semi-standard conventions for graphs and digraphs, defining when in doubt. In particular, if G is an undirected graph, it will have a set of edges (denoted by [u, v]), E(G), while if it is a digraph, it will have a set of arcs (denoted by (u, v)), A(G). Multiple edges or arcs are not allowed but loops could be. If there are no loops, the (di)graph is simple, if every vertex has a loop, the (di)graph is reflexive. As usual, we denote by N(u) the neighbourhood of u in the undirected graph G and by N[u] = N(u) ∪ {u} the closed neighbourhood of u. Of course, in a reflexive graph the two coincide.

Cop(s) and robber(s) games have been studied for quite a while as they model some natural real-life problems (this has not prevented people to play on infinite graphs). In all cases, the object of the game is to capture an intruder (robber), or several ones, in an object modeled by a graph. There are two main variants, sweeping, where the players could be anywhere on the graph (at a vertex, somewhere on an edge), and searching, in which case only the vertices are possible locations for the players and the assumption is made that all players move infinitely fast between adjacent vertices. Sweeping, therefore, is concerned with continuous moves, while in searching the moves are discrete. In this survey we are only concerned with searching. For more on sweeping and its roots see [19] and [2]. There is more of them, of course, and the bibliography contains

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C99, 68R10. K e y w o r d s: cop-win, graph, cop and robbers games, k-cop-win, pursuit.

Research partially supported by grants from NSERC and MITACS.

many references that do not appear in the text. Even so, we lay no claim to exhaustiveness of this short survey.

This searching game was first described for undirected reflexive graphs with one cop and one robber by N o w a k o w s k i and W i n k l e r [36], and Q u i l l i o t^1 [39], [40], independently. In both cases the authors characterize finite cop-win graphs in the same manner, very similar to the simplicial decomposition of chordal graphs (and so the cop-winness of triangulated graphs follows). N o w a k o w s k i and W i n k l e r also give a second characterization of cop-win graphs that is also valid for infinite graphs and that can be successfully exploited to get a polynomial time algorithm for recognizing cop-win graphs and digraphs better than the algorithm based on decomposition.

Following these results, the most often considered problem is that of determining the minimum number of cops needed to catch a robber on a given graph, and the complexity of determining this number. Special classes of graphs have been considered as well as some generalization. Further studies, mostly by Nowakowski and his students, deal with some generalizations/restrictions of the game, always on undirected graphs. Indeed, not much is known about cops and robbers on directed graphs.

2. Basics

Let us describe the basic model first. Let G = (V, E) be a reflexive undirected graph. The game played on G is a complete information game for two players, a cop and a robber, who move from vertex to vertex at alternate ticks of a common clock. The object of the game is for the cop to occupy the same vertex as the robber; if this happens, the robber is captured or caught. The robber, of course, tries to avoid the capture. Since one or the other must happen, one of the players has a winning strategy, by von Neumann’s theorem. It is often convenient to think of the game as played in rounds, each of which consists of a cop’s move followed by a robber’s move. At round zero, the cop chooses a vertex, then the robber chooses a vertex; we say, each is at the vertex they chose. At each subsequent round, each player chooses a vertex adjacent to the one at which s/he currently is and goes there; this is her/his move. The robber cannot move if both s/he and the cop are at the same vertex—in this case the game is over and the cop wins. Note that the cop can win in two ways, on her/his move (and then the final round remains incomplete), or on the robber’s move. When the cop wins on a reflexive graph and the robber plays optimally (that is, s/he tries to avoid the capture as long as possible), the cop always

1This survey seems to be the very first paper where the references to Q u i l l i o t ’s work are complete.

wins on her/his move. Graphs on which the cop has a winning strategy (that is, a mapping s : V (G) × V (G) −→ V (G) with the interpretation that if the cop is at u and the robber at v , the cop’s next move is to s(u, v); note that [ u, s(u, v) ] ∈ E(G)) are called cop-win; all other graphs are robber-win. Since a disconnected graph cannot be cop-win, we shall assume throughout the paper that the graphs in question are connected. We shall also assume that all players play the best strategy available to them, that is, the cop(s) will play to end the game as soon as possible, while the robber(s) will try to prolong the game.

The result that could be called classic in this context has already been mentioned in the introduction; the reference easiest to find is [36]. Suppose the vertices of a finite graph G are numbered v_1, . . . , v_n . With this fixed order, define for a vertex v ∈ V (G), N_i(v) = N(v)∩{v_j : i 6 j 6 n}, and, similarly, N_i[v].

Theorem 2.1. A finite undirected reflexive graph G is cop-win if and only if

its vertices can be linearly ordered v_1, v_2, . . . , v_n so that for each i, 1 6 i < n, there is a j, i < j 6 n such that N_i[v_i] ⊆ N_i[v_j ].

The proof depends very strongly on the reflexivity of the graph. As it is a nice application of the idea of a retract, we will prove the proposition essential to it. Recall that a homomorphism from a graph G to a graph H is a mapping h : V (G) −→ V (H) such that if [u, v] ∈ E(G) then [ h(u), h(v) ] ∈ E(H). We write h : G → H , or simply G → H , to indicate that h is a homomorphism from G to H (or simply state the existence of such a homomorphism). A retraction is a homomorphism ρ from G onto a subgraph H of G such that ρ restricted to H is the identity on H .

Proposition 2.2. If G is cop win and H is a retract of G, then H is

cop-win.

P r o o f . Consider s, the cop’s winning strategy on G and a retraction ρ. Define s^′ : V (H) × V (H) −→ V (H), the cop’s strategy on H , by s^′(u, v) = ρ ( s(u, v) ) . If s never makes the cop move outside of H , s^′ is simply the restriction of s to H and is, therefore, winning. If s(u, v) ∈ V (G) \ V (H) for some u, v ∈ V (H), then N [ s(u, v) ] ⊆ N [ ρ ( s(u, v) )] since ρ is a homomorphism and so moving to ρ ( s(u, v) ) is a part in a winning strategy in this case.

Note that the converse is not true: the path of length two is a retract of the cycle of length four and the former is cop-win while the latter is robber-win.

To complete the proof of the theorem, we need to observe that at robber’s move of the one-before-last round of a game on G won by the cop, the robber is at v , the cop at u and N[v] ⊆ N[u], lest the robber gets away. The graph G−v is a retract of G, so it is cop win, and the argument can be repeated. This defines the ordering. The other direction also uses induction and the retractions implicitly defined by the ordering (it is much more complicated to actually specify the winning strategy!).

Similar arguments give the following theorem of [36].

Theorem 2.3. Retracts of Cartesian (�) products of reflexive cop-win graphs

are cop-win.

From Theorem 2.1 we obtain that some classes contain only cop-win graphs. We say that each v_i is dominated by the corresponding v_j . Recall that a graph is chordal or triangulated if it has no induced cycles of length greater than three. Relaxing the requirement somewhat, say a graph is bridged if each of its cycles of length four or more has a shortcut, that is, a pair of vertices whose distance in the graph is shorter that their distance on the cycle. It is well known that a chordal graph has a simplicial vertex whose neighbourhood is a clique; this leads to a simplicial ordering of its vertices. Similarly, a bridged graph has an isometric vertex whose removal does not change the distances among the remaining vertices; this leads to an isometric ordering of its vertices (see [7]). With this, one can deduce from the theorem that chordal graphs and bridged graphs are cop-win. In fact, A n s t e e and F a r b e r prove more in [7].

Theorem 2.4. An undirected reflexive graph is bridged if and only if it is

cop-win and contains no induced cycles of length four or five.

From Theorem 2.1 it is also possible to obtain an algorithm for recognizing cop-win graphs: successive contractions of dominated vertices onto those that dominate them lead to a single vertex if and only if the graph is cop-win.

3. Cop number

It is a triviality that if there is a cop at every vertex of a graph G, then a robber has no chance, whether the graph is connected or not. Thus it makes sense to ask for the minimum number k of cops needed so that they can always catch the robber, that is, so that k cops can capture the robber if the cop’s move is redefined to be the cops’ move and they all move simultaneously, alternately with the robber. Define the cop number of a graph G to be this least k . In the literature the cop number is usually denoted by c(G), or cn(G), or sn(G) (for search number, see [2]). A graph on which k cops can always catch the robber is called k-cop-win. So 1 6 sn(G) 6 | |V (G) | | for any graph G, connected or not.

Concentrating on connected components of a graph is sufficient for finite graphs (though not for infinite ones).

3.1 Degree bounds

It is easy to see that a cycle of length at least four is 2-cop-win or that any tree is cop-win. In general, bounds on sn(G) are not easy to find, although there are some interesting results. For example, the following is due to A i g n e r and F r o m m [1].

Theorem 3.1. If G is a finite reflexive graph with minimum degree d and if

G has no cycles of length three or four, then sn(G) > d.

It follows from the above and the fact that for any natural number d there is a connected d-regular graph without cycles of length three or four that, for any d, there is a graph that needs at least d cops to catch a lone robber.

Recall that girth(G) is the length of the shortest cycle in G. F r a n k l improves the preceding theorem in [22].

Theorem 3.2. If G has girth(G) > 8t − 3 and minimum degree d + 1 then

sn(G) > d^t .

There seems to be a relationship between the genus of a graph and its cop number. Indeed, S c h r o e d e r [44] gives a bound on sn(G) in terms of g(G), its (orientable) genus, improving the previous work of Q u i l l i o t [41].

Theorem 3.3. For a finite reflexive graph G, sn(G) 6 2g(G) + 3. Theorem 3.4. For a finite reflexive graph G, sn(G) 6 ⌊^3_2 g(G)⌋ + 3. Corollary 3.5. If G is planar, sn(G) 6 3.

See Section 6 for a conjecture on this.

Last, but not least, excluding some minors can guarantee a small cop number, see A n d r e a e [5].

Theorem 3.6. Let H be a graph and u a vertex of H such that H −u has no

isolated vertices. If G is a graph without an H-minor, then sn(G) 6 | E(H −u) | . Let M_1 be the graph on the vertex set a, b, c, d, e, f with edges set { [a, b], [a, c], [a, d], [a, e], [a, f], [b, c], [c, d], [d, e], [e, f], [f, b] } . Let M_2 have vertex set {a, b, c, d, e, f, g, h} and edge set { [a, b], [a, d], [a, e], [a, f], [a, g], [a, h], [b, c], [c, d], [d, e], [e, f], [f, g], [g, h], [h, b], [c, f], [e, h] } . Theorem 3.7. Let G be a graph. If G has no M_1-minor, then sn(G) 6 2. If

G has no M_2-minor, then sn(G) 6 3.

Note that Corollary 3.5 also follows from Theorem 3.7 since both K_5 and K_{3,3} are minors of M_2 .

3.2 Cayley graphs

Recall that a Cayley (di)graph Cay(Γ; S) is defined on a group Γ by specifying a connection set S ⊆ Γ and setting (a, b) to be an edge if a^{−1}b ∈ S . For our purposes we wish S to be a generating set since a Cayley graph is strongly connected if and only if S is a generating set. When S = S^{−1} (i.e., s ∈ S if and only if s^{−1} ∈ S ), we can identify the two arcs (a, b) and (b, a) to obtain an undirected graph, otherwise the construction yields a directed graph. The identity e is usually not in S , but if we want loops, we can put it in. As before, this will depend on the uses and conventions.

A Cayley graph is normal (called full in [22]) if a^{−1}sa ∈ S for all s ∈ S and all a ∈ Γ (see [30] for more on this fruitful idea). F r a n k l [22] has the following.

Theorem 3.8. If Cay(Γ; S) is normal, then sn^(Cay(Γ; S)^) 6 |S ∪ S^{−1}|.

In the same paper it is also shown that sn(G) ∈ o (| V (G) | |), not quite what Meyniel (personal communication to Frankl) conjectured, namely that sn(G) ∈ O (√| |V (G) | | ) (the notation f = O(g) is bad and easy to correct, as we do here;

similarly for the other orders).

More is known about cops and robbers on Cayley graphs but as it involves generalizing the ideas, we will return to the subject in Section 5.

3.3 Complexity.

G o l d s t e i n and R e i n g o l d , [24] looked at the complexity of deciding whether a graph is k-cop-win. As mentioned earlier, it is not difficult (i.e., it is polynomial) to decide if a given graph is cop-win. Indeed, for a fixed k , it is polynomial to determine if a graph is k-cop win, [24]. H a h n and M a c G i l l i v r a y in [26] give a general algorithm that determines in time polynomial in the number of vertices whether k cops can capture l robbers on a given (di)graph. As in [24], k —as well as l —must be fixed as the auxiliary graphs used have n^k and n^l vertices, respectively, where n is the order of the given (di)graph.

If k is a parameter, the situation is different.

Theorem 3.9. The problem of determining if k cops can catch a robber from

given initial positions is EXPTIME-complete.

The G o l d s t e i n and R e i n g o l d paper [24] provides a good survey of the work on complexity of cop-and-robber games on both undirected and directed graphs and there is no need to reproduce that work here.

4. Infinite graphs

It is perhaps surprising that infinite graphs can be cop-win. Once the trivial ones are out of the way (a K_α or a K_{1,α} for an infinite α), can they be characterized? N o w a k o w s k i and W i n k l e r [36] give a characterization of cop-win graphs that applies equally well to finite and to infinite graphs. It is useful since it gives a nice polynomial algorithm to recognize cop-win graphs (and it forms a basis for the algorithm to decide if k cops can win against l robbers on a directed graph with or without loops in [26]).

Define R by first defining a sequence of relations R_α for ordinals α 6 | |V (G) | | (we take the view that a cardinal is the least of all equipotent ordinals). This is done recursively.

1. R_0 = { (u, u) : u ∈ V (G) } ; 2. for α > 0, (u, v) ∈ R_α if for each x ∈ N[u] there is a β < α and a y ∈ N[v] with (x, y) ∈ R_β .

Since R_α = R_{|V (G)|} for all α > | |V (G) | |, there is a least γ such that R_α = R_γ for α > γ . Observe that R_α ⊆ R_β if α 6 β . Set R = R_γ .

Theorem 4.1. A reflexive graph G is cop-win if and only if the binary relation

R on V (G) defined above is trivial.

The least α such that (u, v) ∈ R_α determines the length of the game when the cop is at u and the robber at v as there are no infinite descending sequences of ordinals and the cop can move to the neighbour defined by the least β over its neighbourhood. This is exploited in the algorithm in [26]. Since finite chordal and bridged graphs are cop-win, it is natural to ask, as A n s t e e and F a r b e r did (privately) whether infinite (or, at least, countably infinite) bridged graphs are cop-win. Surprisingly, this is not the case. Indeed, a result of [25] shows this rather strongly.

Theorem 4.2. There are chordal graphs of diameter two of any infinite car-

dinality which are not cop-win.

The result can be proved either by a direct construction, or by compactness from the following, which is of independent interest.

Theorem 4.3. For any natural number k there is a chordal graph of diameter

two on which a cop cannot catch a robber in fewer than k rounds.

As of this writing, no interesting classes of infinite cop-win graphs have been described. It is known (B o n a t o , H a h n and T a r d i f , work in progress 2007) that for each ordinal α < ω (i.e., each non-negative integer) there are 2^ℵff non- -isomorphic trees of cardinality ℵ_α without rays, that is, cop-win (the construction breaks down at ω .) For related work, see also C h a s t a n d , L a v i o l e t t e ,

P o l a t On constructible graphs, bridged graphs and weakly cop-win graphs, Discrete Math. 224 (2000), 61–78.

One of the fashionable and fascinating current subjects is the structure of web graph (the graph whose vertices are web pages and whose arcs or edges are links of these pages) and its description. Part of the problem is the ever changing nature of the graph, but even if the graph is considered at a fixed point in time, its structure is elusive. Some of the attempts to describe the web graph involve infinite graphs, either directly (the random graph, that is, the Rado graph, the unique countable homogeneous graph), or as limits of sequences of finite graphs constructed according to fixed (usually probabilistic) rules, see [12] and [14]. One suggested use of cops-and-robbers games is looking for intruders on the web (hackers, spamers). While the game approach is too simple actually to find such intruders, it is nevertheless interesting to consider. Unfortunately, all the models of the web graph studied in [14] are robber-win for any finite number of cops and one robber. In all cases, the proofs revolve around the property that for any finite disjoint subsets X and Y of such a graph there is a vertex adjacent to all vertices of X and none of Y . The work is due to R a m a n a m p a n o h a r a n a [42].

Since the models of the web graph are necessarily countable, ℵ_0 cops are necessary and sufficient. Therefore, it makes, sense to ask about the density of the cops in countably infinite graphs when the game is played with one robber. The cop-density of an infinite graph G can be defined using the limit of^{sn(H)}_{|V (H)|} over a chain (under containment) of finite subgraphs whose union is G. The upper density of G is then the lim sup over all chains whose union is G of the cop-densities of the chains. It is shown in [13] that the upper density of a countably infinite graph is either zero or one and is one exactly when G has the property that for any subset S of vertices of G there is a vertex in G − S not adjacent to any vertex of S . It is also proved in the same paper that for any r ∈ [0, 1] there is a countably infinite graph G with sn(G) = 1 and which is the union of a chain C such that the limit of the cop-densities of graphs in C is r .

5. Generalizations

There are obvious generalizations to explore: non reflexive graphs, with none or some loops, and directed graphs. Not much has been done in either case, perhaps because analysis becomes less tractable. A few special classes have been considered, notably those of directed graphs obtained from Cayley graphs. In [21] F r a n k l answers a question of H a m i d o u n e [27] for Cayley graphs on commutative groups and in [3] the result is extended to Cayley graphs on dihedral groups. These results involve one further generalization that has been studied for undirected reflexive graphs, namely the restriction of moves of each player to a specific set of edges (or arcs). We begin with the latter.

In [34], N e u f e l d and N o w a k o w s k i consider graphs in which two disjoint (except for loops) sets of edges are specified, the cop’s and the robber’s. They do share the loops (as in many other papers, the game is described on an irreflexive graph with each player allowed to move along an edge, or pass). Each player may only move along edges in her set. The authors first consider the graph G and its complement G, with the robber moving in G, the cop in G , both with all loops. Define c(G) to be the minimum number of cops needed to capture the robber under these conditions. Let γ(G) be the domination number of G, that is, the cardinality of a smallest set S of vertices such that every vertex of the graph is either in S , or has a neighbour in, S .

Theorem 5.1. Let G be a finite undirected graph, γ(G) − 1 6 c(G) 6 γ(G).

Next on the agenda of [34] is a study of strong product of two graphs. To this end the edges of the strong (�) product are divided into those obtained from the Cartesian (�) product and those from the categorical (×)product. Note that the products are formed on loopless graphs, with the loops added to the result (or, again, one can do it like the authors: think of the game on irreflexive graphs with the option not to move for each player). The authors obtain bounds on the number of cops needed in the products in terms of the cop numbers of the components and depending on which of the players move on which set of edges (or its complement in the strong product). For example, if the cops move along the Cartesian edges and the robber along the categorical edges, the following is true (the parameter vs(X) of a graph X is the minimum over all possible linear orderings L_i = (v_{i,1}, . . . , v_{i,n}) of V (X) of max_{1<j<n} {| {(l, k) : l < j < k, v_{i,l}v_{i,k} ∈ E(X)} | |}). Theorem 5.2. If G and H are finite connected graphs, then sn(G � H) 6 min { sn(H)+vs(G), sn(G)+vs(H), sn(G)+ | V (H) | −α(H)−1, sn(H)+ | V (G) | − α(G) − 1 } , where α(X) is the independence number of the graph X .

The only thing the results of [34] share with those of [21] and [3] is the specification of the sets of edges for the players to move along. Indeed, in the Cayley graph results we are about to describe, the sets are not disjoint but rather one set is a subset of the other.

Let X be a directed graph and let Y be a subgraph of X . The cops-and-robber game can be played on X with the robber’s moves limited to using the arcs of Y . We call such a game a restricted (X, Y ) game and define the (X, Y ) cop number to be the minimum number of cops needed to guarantee a win for them in the restricted (X, Y ) game. The corresponding cop number can be denoted by sn_Y (X). If X is a Cayley (di)graph with connection set S = S^{−1} and if T ⊆ S , we can refer to the restricted game and cop number by S and T instead of the edges generated by each and so speak about sn_T ( Cay(Γ; S) ) . The result of [21] is this.

Theorem 5.3. If Γ is a commutative group, S = S^{−1} a generating set for Γ

and T ⊆ S , then

sn_T ( Cay(Γ; S)

) 6^⌈ ( |T | + 1 ) 2 ⌉ . A l s p a c h , H a n s o n and L i extend this in [3] to dihedral groups. The dihedral group D_n, n > 2 is the group generated by two elements ρ and τ such that ρ^n = τ^2 = 1 and τ ρτ = ρ^{−1} . Note that |D_n| = 2n. Write ⟨ρ⟩ for the subgroup generated by ρ and similarly ⟨τ ⟩. Analogously, D_n = ⟨ρ, τ ⟩.

Theorem 5.4. Let D_n be the dihedral group as defined above, S a subset of

D_n and T ⊆ S . Let S_1 = S ∩ ⟨ρ⟩, S_2 = S ∩ ⟨ρ⟩τ , T_2 = T ∩ ⟨ρ⟩τ , and partition T ∩ ⟨ρ⟩ into T_0 ∪ T_1 , where T_0 = T^{−1}_0 and ρ^i ∈ T_1 if and only if ρ^i ∈ T but ρ^{−i} /∈ T . Then

sn_T (D_n; S) 6 { |T_2| if T = T_2 ≠ ∅ , ⌊_{|T0|+2|T1|+1} 2 ⌋ + |T_2| , otherwise ,

provided that if ⟨S⟩ ≠ D_n , then the robber must choose a vertex in the strongly connected component containing the identity.

When S = T , ⟨S⟩ = D_n , and S = S^{−1} , and with the same definitions of S_1 and S_2 we get the following.

Corollary 5.5. If Cay(D_n; S) is a connected Cayley graph on the dihedral

group D_n , then sn ( Cay(D_n; S) ) 6 { |S_2| if S = S_2 ≠ ∅ , ⌊_{|S1|+1} 2 ⌋ + |S_2| , otherwise .

There are other generalizations. C l a r k and N o w a k o w s k i , [16], [17], [18] study a variant in which two cops catch a robber, but the cops must move in tandem, that is, after each move they remain on adjacent vertices. They almost have a characterization of graphs on which the cops can catch the robber; such graphs are called tandem-win.

Theorem 5.6. Let G be a reflexive graph whose vertices can be linearly

ordered {v_1, . . . , v_n} so that for each i there is a i < j 6 n with N^′_i (v_i) ⊆ N^′_i (v_j ), with N^′(v) = N(v) \ {v}. Then G is tandem-win.

Note that the theorem only gives a sufficient condition for a graph to be tandem-win. As with other generalizations, a complete characterization remains open. On the positive side, there is an algorithmic characterization of many copsand-robbers games. More precisely, consider any such game with k cops and l robbers, k, l fixed, with conditions on the cops’ and robbers’ moves expressible by adjacencies in the auxiliary graph described below. Then there is an algorithm polynomial in | |V (G) | |^k + | |V (G) | |^l to determine if a directed graph is cop-win, or k-cop-win, or (k, l)-cop win (k cops catch l robbers).

Let D be a directed graph. For k cops (and, analogously, for l robbers) to be on at most k vertices, it means that they are at a point in V^k . For a point u ∈ V^k write [u] = {u_1, u_2, . . . , u_k}. Fix integers 0 < l 6 k and a digraph D = (V, A) with minimum outdegree at least 1. Define C_k(D) = (V^k, A_k) by setting A_k = { (u, v) : u, v ∈ V^k, v_i ∈ N^+_D (u_i), i = 1, 2, . . . , k } . Define R_l(D) = (V^l, A_l) similarly. Thus a move by either the cops or the robbers on D corresponds to moves by one cop on C_k(D) or by one robber on R_l(D). It remains to connect the two. The (k, l, D) game graph D is the disjoint union of copies of C_k(D) and R_l(D). Formally, D = ( (V^k ×{c})∪(V^l ×{r}), A(c)∪A(r) ) where A(c) = { (u, v) : u, v ∈ V^k × {c}, (u, v) ∈ A_k } and A(r) = { (u, v) : u, v ∈ V^l × {r}, (u, v) ∈ A_l } . Now the game can be played on D : the cops move from vertex to vertex of V^k × {c}, while the robbers move on V^l × {r} (the cops choose their position first, the robbers second, then they alternate). The cops win if at some stage they are at some (u, c) with the robbers at (v, r) such that [v] ⊆ [u].

The algorithm then uses an analogue of Theorem 4.1 to label the vertices of a second auxiliary graph. This graph is bipartite, with each vertex a triple (c, v, i) such that the cop and the robber are at the vertices c and v , respectively, and i indicates whose move it is from this position. Optimal strategies for both players can be read from the labels when the algorithm finishes. For more on this, see [26].

6. Open problems

Open directions are many. We list just a tip of the iceberg.

1. S c h r o e d e r [44] conjectures that sn(G) 6 g(G) + 3. 2. Find on trivial classes of infinite cop-win graphs. 3. Characterize k-cop-win directed graphs (start with k = 1). 4. Characterize k-cop-win graphs (start with k = 2).

5. Find bounds on the number of moves needed for the cop(s) to win on a (k-)cop-win graph, perhaps in terms of some other graph parameters (but see [25] for many likely candidates that do not work, such as the diameter, the length of a longest path, the length of a longest chordless path).

6. Can the cop number of a directed Cayley graph be bounded in some way similar to Theorem 5.3? What about non-abelian groups other than the dihedral group? What if the Cayley graph is directed?

7. What other graph parameters is the cop number related to in any of the variants? It is known that there is a strong relationship with treewidth and pathwidth, see [10], [45], [43] for more.

Added in proof. News on Problem 5 above: Gavenčiak proves that no more than n − 3 moves are needed for the cop to capture the robber on a cop-win graph on n vertices and characterizes cop-win graphs that require this number of moves (Cop-win graphs with maximal capture-time, preprint, 2007).

Acknowledgements. The bibliography of this short survey draws on the work of A l s p a c h , D y e r and Y a n g for the sweeping part.

REFERENCES

[1] AIGNER, M.—FROMME, M. : A game of cops and robbers, Discrete Appl. Math. 8 (1984), 1–12.

[2] ALSPACH, B. : Searching and sweeping graphs: A brief survey, Matematiche 59 (2004), 5–37.

[3] ALSPACH, B.—HANSON, D.—LI, X. : Pursuit-evasion in Cayley graphs on dihedral groups, preprint, 2003.

[4] ALSPACH, B.—LI, X.—YANG, B. : Searching graphs and directed graphs, preprint, 2004. [5] ANDREAE, T. : On a pursuit game played on graphs for which a minor is excluded, J. Combin. Theory Ser. B 41 (1986), 37–47.

[6] ANDREAE, T. : Note on a pursuit game played on graphs, Discrete Appl. Math. 9 (1984), 111–115.

[7] ANSTEE, R.—FARBER, M. : On bridged graphs and cop-win graphs, J. Combin. Theory B 44 (1988), 22–28.

[8] BARÁT, J. : Directed path-width and monotonicity in directed graph searching, Graphs Combin. (to appear).

[9] BARRIÈRE, L.—FRAIGNIAUD, P.—SANTORO, N.—THILIKOS, D. : Searching is not Jumping, in: Proc. 29th Workshop on Graph Theoretic Concepts in Computer Science (WG 2003), Lecture Notes in Comput. Sci., Vol. 2880, Springer-Verlag, New York, 2003, 34–45.

[10] BIENSTOCK, D. : Graph searching, Path-Width, Tree-Width and Related Problems, (a survey), DIMACS Ser., in: Discret. Math. Theor. Comput. Sci., AMS, Providence, RI., Vol. 5, 1991, pp. 33–49.

[11] BIENSTOCK, D.—SEYMOUR, P. : Monotocity in graph searching, J. Algorithms 12 (1991), 239–245.

[12] BONATO, A. : A survey of models of the web graph, Proceedings of Combinatorial and Algorithmic Aspects of Networking, preprint, 2004.

[13] BONATO, A.—HAHN, G.—WANG, C. : The cop density of a graph, preprint, 2006. [14] BONATO, A.—JANSSEN, J. : Infinite limits of copying models of the web graph, Internet Math. 1 (2004), 193–213.

[15] BREISCH, R. L. : An intuitive approach to speleotopology, Southwestern Cavers 6 (1967), 72–78.

[16] CLARKE, N. : Constrained Cops and Robber, Ph.D. Thesis, Dalhousie University, 2002. [17] CLARKE, N.—NOWAKOWSKI, R. J. : Tandem-win graphs, Discrete Math. 299 (2005), 56–64.

[18] CLARKE, N.—NOWAKOWSKI, R. J. : A tandem version of the cops and robber game played on products of graphs, Discuss. Math. Graph Theory 25 (2005), 241–249.

[19] DYER, D. : Sweeping Graphs and Digraphs, Ph.D. Thesis, Simon Fraser University, 2004. [20] FITZPATRICK, S. L.—NOWAKOWSKI, R. J. : Copnumber of graphs with strong isometric dimension two, Ars Combin. 59 (2001), 65–73.

[21] FRANKL, P. : On a pursuit game on Cayley graphs, Combinatorica 7 (1987), 289–295. [22] FRANKL, P. : Cops and robbers in graphs with large girth and Cayley graphs, Discrete Appl. Math. 17 (1987), 301–305.

[23] GAREY, M.—JOHNSON, D. : Computers and Intractability: A Guide to the Theory of NP-Completeness, Freeman, San Francisco, 1979.

[24] GOLDSTEIN, A. S.—REINGOLD, E. M. : The complexity of pursuit on a graph, Theoret.

Comput. Sci. 143 (1995), 93–112.

[25] HAHN, G.—LAVIOLETTE, F.—SAUER, N.—WOODROW, R. E. : On cop-win graphs, Discrete Math. 258 (2002), 27–41.

[26] HAHN, G.—MACGILLIVRAY, G. : A note on k-cop, l-robber games on graphs, Discrete Math. 306 (2006), 2492–2497.

[27] HAMIDOUNE, Y. O. : On a pursuit game on Cayley digraphs, European J. Combin. 8 (1987), 289–285.

[28] HOLE, I. : Discrete Pursuit-Evasion Algorithms, Honors Thesis, Dalhousie University, 2004. [29] LAPAUGH, A. S. : Recontamination does not help to search a graph, J. ACM 40 (1993), 224–245.

[30] LAROSE, B.—LAVIOLETTE, L.—TARDIF, C. : Normal Cayley graphs and homomorphisms of cartesian powers of graphs, European J. Combin. 19 (1998), 867–881.

[31] MAAMOUN, M.—MEYNIEL, H. : On a game of policemen and robber, Discrete Appl.

Math. 17 (1987), 307–309.

[32] MEGIDDO, N.—HAKIMI, S. L.—GAREY, M.—JOHNSON, D.—PAPADIMITRIOU, C.

H. : The complexity of searching a graph, J. ACM 35 (1988), 18–44.

[33] NEUFELD, S.—NOWAKOWSKI, R. J. : A game of cops and robbers played on products of graphs, Discrete Math. 186 (1998), 253–268.

[34] NEUFELD, S.—NOWAKOWSKI, R. J. : A vertex-to-vertex pursuit game played with disjoint sets of edges, in: Finite and Infinite Combinatorics in Sets and Logic, NATO ASI Ser., Ser. C, Math. Phys. Sci., Vol. 411, Proceedings of the NATO, Advanced study Institute, Banff, Canada, April 21–May 4, 1991, Kluwer Academic Publishers, Dordrecht, 1993 pp. 299–312,.

[35] NOWAKOWSKI, R. J. : Search and sweep numbers of finite directed acyclic graphs, Discrete Appl. Math. 41 (1993), 1–11.

[36] NOWAKOWSKI, R. J.—WINKLER, P. : Vertex-to-vertex pursuit in a graph, Discrete Math. 43 (1983), 235–239.

[37] PARSONS, T. D. : Pursuit-Evasion in a Graph, in: Theory and Appl. Graphs (Y. Alavi and D. R. Lick, eds.), Springer-Verlag, Berlin, 1976, pp. 426–441.

[38] PARSONS, T. D. : The search number of a connected graph, in: Graph Theory and Computing, Ninth Southeastern Conf. Combinatorics, Congress. Num. XXI, Boca Raton, 1978, pp. 549–554.

[39] QUILLIOT, A. : Jeux et Points Fixes sur les graphes, Thèse de 3ème cycle, Université de Paris VI, 1978, pp. 131–145.

[40] QUILLIOT, A. : Problèmes de jeux, de point fixe, de connectivité et de représentation sur des graphes, des ensembles ordonnés et des hypergraphes, Thèse d’Etat, Université de Paris VI, 1983.

[41] QUILLIOT, A. : A short note about pursuit games played on a graph with a given genus, J. Combin. Theory (B) 38 (1985), 89–92.

[42] RAMANAMPANOHARANA, R. : Jeu de poursuite sur des modèles du Web et généralisations, M. Sc. thesis, Université de Montréal.

[43] SEYMOUR, P.—THOMAS, R. : Graph searching, and a minimax theorem for tree-width, J. Combin. Theory (B) 58 (1993), 239–257.

[44] SCHROEDER, B. : The copnumber of a graph is bounded by � 3 2 genus (G) � + 3, Trends Math. (2001), 243–263.

[45] STAMATIOU, Y. C.—THILIKOS, D. M. : Monotonicity and inert fugitive search games, in: 6th Twente Workshop on Graphs and Combinatorial Optimization CTW 1999, University of Twente, Enschede, 1999.

[46] TOŠIĆ, R. : On cops and robber game, Stud. Sci. Mat. Hungar. 23 (1988), 225–229. [47] WEST, D. B. : Introduction to Graph Theory, Prentice-Hall, London, 1996. [48] YANG, B. : Sweeping, visibility, and tree decompositions, preprint. [49] YANG, B.—DYER, D.—ALSPACH, B. : Sweeping graphs with large clique number (extended abstract ), in: Proceedings of 15th International Symposium on Algorithms and Computation (Rudolf Fleischer and Gerhard Trippen, eds.), Lecture Notes in Comput. Sci., Vol. 3341, Springer-Verlag, Berlin, 1978, pp. 880–892.

[50] YANG, B.—DYER, D.—ALSPACH, B. : Sweeping graphs with large clique number, preprint.

Received February 3, 2005 Département d’informatique et de recherche opérationnelle Université de Montréal C. P. 6128, succursale Centre-ville C–Montréal, Québec, H3C 3J7 CANADA E-mail: hahn@iro.umontreal.ca