Tatra Mt. Math. Publ. 38 (2007), 71–76 tm Mathematical Publications

SOME NONOSCILLATORY PROPERTIES OF THIRD ORDER DIFFERENTIAL EQUATION OF NEUTRAL TYPE

Božena Dorociaková

ABSTRACT. We study asymptotic properties of nonoscillatory solutions of the third order neutral differential equations. We present new sufficient conditions for all nonoscillatory solutions to be unbounded.

1. Introduction

We consider third order linear neutral functional differential equation of the form d^3 dt^3 [ x(t) − p(t)x(σ(t)) ] + q(t)x ( τ(t) ) = 0, t ≥ t_0, (1)

under the standing hypothesses:

a) p : [t_0, ∞) → (0, ∞) is continuous, b) q, τ : [t_0, ∞) → R are continuous, lim_{t→∞} τ(t) = ∞, q(t) ≢ 0, on any half line [t_0, ∞) and τ is strictly increasing, c) σ : [t_0, ∞) → R is continous and lim_{t→∞} σ(t) = ∞, σ is strictly increasing.

Our aim is to obtain new sufficient conditions for the nonoscillatory solutions of equation (1) to be unbounded. By a solution of equation (1) we mean a continuous function x : [t_x, ∞) → R such that x(t) − p(t)x ( σ(t) ) is three times continuously differentiable and x(t) satisfies Eq. (1) for all sufficiently large t ≥ t_x. The solutions which vanish for all large t will be excluded from our consideration. A solution of (1) is called nonoscillatory if it is eventually of constant sign in [t_x, ∞), otherwise it is oscillatory.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 34K40, 34K25. K e y w o r d s: asymptotic, nonoscillatory solution, neutral equation. Supported by the Grant FPV n. 01–701–03.

2. Asymptotic behaviour

In this section we shall study the asymptotic behaviour of all nonoscillatory solutions of equation (1). τ^{−1}(t), σ^{−1}(t) will denote the inverse functions of τ(t), σ(t) and α : [t_0, ∞) → R is continuous function. We define the function u(t) = x(t) − p(t) x ( σ(t) ) , so Eq. (1) can be written as u^{′′′}(t) = −q(t) x ( τ(t) ) . (1^′) The following lemma will be useful in the proof of the achieved result. Lemma 1. [7] Assume that

g : [t_0, ∞) → [0, ∞), δ : [t_0, ∞) → R are continous, lim_{t→∞} δ(t) = ∞,

lim inf t→∞ δ(t)∫

t g(s) ds > 1 e , where δ(t) > t for t ≥ t_0. Then the functional inequality ẋ(t) − g(t) x ( δ(t) ) ≥ 0, t ≥ t_0, cannot have an eventually positive solution, and ẋ(t) − g(t) x ( δ(t) ) ≤ 0, t ≥ t_0, cannot have an eventually negative solution. Theorem 1. Suppose that

0 < p(t) ≤ p , q(t) ≥ 0 , σ(t) < τ(t) < t, α(t) > t, t ≥ t_0, α : [t_0, ∞) → R is a continuous function and

(i) lim sup_{t→∞} 1 2 τ^{−1}(t)∫

t (ξ − t)^2q(ξ) dξ > 1,

(ii) lim inf_{t→∞}

σ^{−1}(τ(t)) ∫ t α(v)∫

v (ξ − v) q(ξ) p ( σ^{−1}(τ(ξ))

) dξ dv > 1 e . Then every nonoscillatory solution x(t) of (1) has the property lim_{t→∞} x(t) = ±∞.

P r o o f. Assume for the sake of contradiction that x(t) is an eventually positive solution of (1), then u^{′′′}(t) ≤ 0 for all large t. Then for sufficiently large t_0 we can consider two cases

SOME NONOSCILLATORY PROPERTIES OF THIRD ORDER

1. u^{′′}(t) < 0, 2. u^{′′}(t) > 0, t ≥ t_1 ≥ t_0.

Case 1. If u^{′′}(t) < 0, then u^′(t) < 0 and u(t) < 0, t ≥ t_2 ≥ t_1, for sufficiently large t_2. This implies lim_{t→∞} u(t) = −∞. For definition u(t) we have u(t) > −p(t) x(σ(t)) ≥ −p x ( σ(t) ) , this implies lim_{t→∞} x(t) = ∞.

Case 2. If u^{′′}(t) > 0 t ≥ t_1. In this case we have two possibilities:

(A) u^′(t) > 0, t ≥ t_2 ≥ t_1, or (B) u^′(t) < 0, t ≥ t_2 ≥ t_1. (A) If u^′(t) > 0, then u(t) > 0, t ≥ t_3 ≥ t_2, for sufficiently large t_3. Since u(t) < x(t) is lim_{t→∞} x(t) = ∞.

(B) If u^′(t) < 0, we get again two possibilities:

(B_1) u(t) > 0, t ≥ t_3 ≥ t_2, or (B_2) u(t) < 0, t ≥ t_3 ≥ t_2. (B_1) From equality

u(t) = 2∑ i=0 (−1)^i

(s − t)^i i ! u^{(i)}(s) − 1 2 s∫ t (ξ − t)^2 u^{′′′}(ξ) dξ, s > t,

then with regard to 2∑ i=0 (−1)^i

(s − t)^i i ! u^{(i)}(s) > 0,

we get

u(t) ≥ − 1 2 s∫ t (ξ − t)^2 u^{′′′}(ξ) dξ = 1 2 s∫ t (ξ − t)^2 q(ξ) x ( τ(ξ) ) dξ

≥ 1 2 s∫ t (ξ − t)^2 q(ξ) u ( τ(ξ) ) dξ.

Then for s = τ^{−1}(t) we have

u(t) ≥ 1 2 τ^{−1}(t)∫

t (ξ − t)^2 q(ξ) u ( τ(ξ) ) dξ ≥ 1 2 u(t)

τ^{−1}(t)∫

t (ξ − t)^2 q(ξ) dξ,

which is a contradiction with the assumption (i).

(B_2) In this case u^{′′′}(t) < 0, u^{′′}(t) > 0, u^′(t) < 0, u(t) < 0, for t ≥ t_3 ≥ t_2. From equality

u^′(t) = u^′(s) − (s − t) u^{′′}(s) + s∫ t (ξ − t) u^{′′′}(ξ) dξ, t < s

we obtain

u^′(t) ≤ s∫ t (ξ − t) u^{′′′}(ξ) dξ.

Since for u < 0, t ≥ t_3 ≥ t_2 we have

u(t) ≥ −p(t) x ( σ(t) ) , − u ( σ^{−1}(τ(t)) ) p ( σ^{−1}(τ(t))

) ≤ x ( τ(t) ) , and from the equality u^{′′′}(t) = −q(t) x ( τ(t) ) we get

u^′(t) ≤ s∫ t (ξ − t) q(ξ) p ( σ^{−1} ( τ(ξ)) ) u ( σ^{−1}(τ(ξ)) ) dξ. Let s = α(t), then

u^′(t) ≤

α(t)∫

t (ξ − t) q(ξ) p ( σ^{−1}(τ(ξ)) ) u ( σ^{−1}(τ(ξ)) ) dξ. Function u(t) is decreasing, we claim that

u^′(t) ≤ u ( σ^{−1}(τ(t))

)^{α(t)}∫ t (ξ − t) q(ξ) p ( σ^{−1}(τ(ξ))

) dξ,

then

u^′(t) −

( α(t)∫ t (ξ − t) q(ξ) p ( σ^{−1}(τ(ξ))

) dξ ) u ( σ^{−1} ( τ(t) ) ≤ 0.

By Lemma 1 and condition (ii) the last inequality cannot have an eventually negative solution, which is a contradiction. The proof is complete. □

Example 1. Let p(t) = 37 162 , q(t) = 1, σ(t) = 1 2 t, τ(t) = 2 3 t, α(t) = 2t, t ≥ 1.

Then

SOME NONOSCILLATORY PROPERTIES OF THIRD ORDER

τ^{−1}(t) = 3 2 t, σ^{−1}(t) = 2t, and σ^{−1} ( τ(t) ) = σ^{−1} ( 2 3 t ) = 4 3 t. We have

lim_{t→∞} 1 2 3t/2∫

t (ξ − t)^2 dξ = lim_{t→∞} 1 2 t/2∫ 0 s^2 ds = lim_{t→∞} 1 48 t^3 = ∞.

Then

lim sup t→∞ 1 2 3t/2∫

t (ξ − t)^2 dξ = ∞.

For the condition (ii) we get

lim_{t→∞}

4t/3∫

t 2v∫ v (ξ − v) dξ dv = lim_{t→∞} 1 2 4t/3∫

t v^2 dv = lim_{t→∞} t^3 = ∞.

So we have

lim inf t→∞

4t/3∫

t 2v∫ v (ξ − v) dξ dv = ∞.

All conditions of Theorem 1 are satisfied. Then every nonoscillatory solution x(t) of (1) has the property lim_{t→∞} x(t) = ±∞.

REFERENCES

[1] BAČOVÁ, B.: Oscillation of third order linear neutral differential equations, Stud. Univ.

Žilina 13 (2001), 7–15.

[2] DOROCIAKOVÁ, B.: Asymptotic behaviour of third order linear neutral differential equations, Studies of University in Žilina 13 (2001), 57–64.

[3] DŽURINA, J.—MIHALÍKOVÁ, B.: Oscillation criteria for second order neutral differential equations, Math. Bohem. 125 (1998), 145–153.

[4] GYÖRI, I.—LADAS, G.: Oscillation Theory of Delay Differential Equations, Clarendon Press, Oxford, 1991.

[5] JAROŠ, J.—KUSANO, T.: On a class of first order nonlinear functional differential equations of neutral type, Czechoslovak Math. J. 40 (1990), 475–490.

[6] JAROŠ, J.—KUSANO, T.: On oscillation of linear neutral differential equations of higher order, Hiroshima Math. J. 20 (1990), 407–419.

[7] KOPLATADZE, R. G.—CHANTURIYA, T. A.: Oscillatory and monotone solutions of differential equations of first order with deviating argument, Differ. Uravn. 8 (1982), 1463–1465. (In Russian) [8] OLAH, R.: Oscillation of differential equation of neutral type, Hiroshima Math. J. 25 (1995), 1–10.

Received November 30, 2006 Department of Applied Mathematics Faculty of Mechanical Engineering University of Žilina Hurbanova 15 010 01 Žilina SLOVAKIA E-mail: bozena.dorociakova@fstroj.uniza.sk