Tatra Mt. Math. Publ. 38 (2007), 265–271 tm Mathematical Publications

A NOTE ON THE ASYMPTOTIC PROPERTIES OF NEUTRAL DIFFERENTIAL SYSTEMS

Eva Špániková — Helena Šamajová

ABSTRACT. The behaviour of solutions to functional differential systems of neutral type is studied. Sufficient conditions for solutions either to be oscillatory or to decay to zero are found.

1. Introduction

We consider neutral functional differential systems � y_1(t) − a(t)y_1(g(t))

�_′ = p_1(t) y_2(t), y^′_i(t) = p_i(t) y_{i+1}(t), i = 2, 3, . . . , n − 1, y^′_n(t) = p_n(t) f � y_1(h(t)) � , t ≥ t_0,

(1.1)

where n ≥ 3, n is odd and the following conditions are assumed: (a) a: [t_0, ∞) → (0, λ^∗] is a continuous function, where λ^∗ < 1 is a constant; (b) g : [t_0, ∞) → R is a continuous and increasing function, lim_{t→∞} g(t) = ∞, g(t) < t for t ≥ t_0;

(c) p_i : [t_0, ∞) → [0, ∞), i = 1, 2, . . . , n are continuous functions; p_n not iden-

tically equal to zero in any neighbourhood of infinity,^∞ � p_j (t) dt = ∞, j = 1, 2, . . . , n − 1;

(d) h: [t_0, ∞) → R is a continuous and increasing function, lim_{t→∞} h(t) = ∞;

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 34K11, 34K25, 34K40. K e y w o r d s: differential system of neutral type, asymptotic properties of solutions, oscillatory solutions, non-oscillatory solutions.

The authors gratefully acknowledge the Scientific Grant Agency (VEGA) of the Ministry of Education of Slovak Republic and the Slovak Academy of Sciences for supporting this work under Grant No. 2/6169/26.

(e) f : R → R is a continuous function, uf(u) > 0 for u ≠ 0 and |f(u)| ≥ K|u|, where K is a positive constant.

For t_1 ≥ t_0, we define ~t_1 = min � g(t_1), h(t_1) � . A function y = (y_1, . . . , y_n), is a solution of the system (1.1) if there exists a t_1 ≥ t_0 such that y is continuous on [~t_1, ∞), y_1(t)−a(t)y_1 � g(t) � , y_i(t), i = 2, 3, . . . , n are continuously differentiable on [t_1, ∞) and y satisfies (1.1) on [t_1, ∞). Denote by W the set of all solutions y = (y_1, . . . , y_n) of the system (1.1) which exist on some ray [T_y, ∞) ⊂ [t_0, ∞) and satisfy sup �_n� i=1 |y_i(t)| : t ≥ T � > 0 for any T ≥ T_y .

A solution y ∈ W is considered to be non-oscillatory if there exists a T_y ≥ t_0 such that every component is different from zero for t ≥ T_y. Otherwise a solution y ∈ W is said to be oscillatory.

The purpose of this article is to study asymptotic properties of solutions to the n-dimensional functional differential systems of neutral type (1.1). The asymptotic and oscillatory properties of solutions to neutral differential systems has been studied for example in the papers [1], [3], [4], [6], [7].

For a y_1(t), we define

z_1(t) = y_1(t) − a(t)y_1 � g(t) � . (1.2) Let i_k ∈ {1, 2, . . . , n − 1}, k = 1, 2, . . . , n − 1 and t, u ∈ [t_0, ∞) .

We define

I_0(u, t) = 1,

I_k(u, t; p_{i1} , p_{i2} , . . . , p_{ik} ) = u� t p_{i1} (x)I_{k−1}(x, t; p_{i2} , p_{i3} , . . . , p_{ik} ) dx , (1.3)

k = 1, 2, . . . , n − 1.

2. Classification of non-oscillatory solutions

Lemma 2.1 ([3, Lemma 1]). Let y ∈ W be a solution of (1.1) with y_1(t) ≠ 0 on [t_1, ∞), t_1 ≥ t_0. Then y is non-oscillatory and z_1(t), y_2(t), . . . , y_n(t) are monotone on some ray [T, ∞), T ≥ t_1.

Let y ∈ W be a non-oscillatory solution of (1.1). By (1.1) and (c) it follows that the function z_1(t) from (1.2) has to be eventually of constant sign, so that either y_1(t)z_1(t) > 0 (2.1) or y_1(t)z_1(t) < 0 (2.2) for sufficiently large t. By [3, Lemma 4] it follows the statement in Lemma 2.2. Lemma 2.2. Let y = (y_1, . . . , y_n) ∈ W be a non-oscillatory solution of (1.1) on [t_1, ∞). Then there exists an integer l ∈ {2, 4, . . . , n − 1, n} and a t_2 ≥ t_1 such that for t ≥ t_2 either

y_i(t)z_1(t) > 0 i = 1, 2, . . . , l , (−1)^iy_i(t)z_1(t) > 0 i = l + 1, . . . , n , (2.3) or y_1(t)z_1(t) < 0, (−1)^iy_i(t)z_1(t) < 0 i = 2, . . . , n . (2.4)

Denote by N^+_l the set of non-oscillatory solutions of (1.1) satisfying (2.3), and by N^−_1 the set of non-oscillatory solutions of (1.1) satisfying (2.4). Denote by N the set of all non-oscillatory solutions of (1.1). Then by Lemma 2.2 we have N = N^+_2 ∪ N^+_4 ∪ · · · ∪ N^+_{n−1} ∪ N^+_n ∪ N^−_1 . (2.5) The next lemma can be proved similarly as Lemma 2 in [3]. Lemma 2.3. Let y = (y_1, y_2, . . . , y_n) ∈ W be a non-oscillatory solution of (1.1) on [t_1, ∞), t_1 ≥ t_0 and let lim_{t→∞} |z_1(t)| = L_1, lim_{t→∞} |y_k(t)| = L_k, k = 2, . . . , n . Then L_1 < ∞ =⇒ L_k = 0, k = 2, . . . , n .

Lemma 2.4. Let y = (y_1, y_2, . . . , y_n) ∈ W be a non-oscillatory solution of (1.1) on [t_1, ∞) with y_1(t) bounded on [t_1, ∞), t_1 > t_0 . Then y ∈ N^+_2 ∪ N^−_1 .

P r o o f. According to (2.5) it is enough to prove that N^+_4 ∪ · · · ∪ N^+_{n−1} ∪ N^+_n is an empty set. We can prove it indirectly. Let y = (y_1, y_2, . . . , y_n) ∈ W be a non-oscillatory solution of (1.1) on [t_1, ∞) with y_1(t) bounded and y ∈ N^+_4 ∪ · · · ∪ N^+_{n−1} ∪ N^+_n .

Without loss of generality we may suppose that y_1(t) > 0 on [t_1, ∞). Because a(t) and y_1(t) are bounded z_1(t) is bounded on [t_2, ∞), where t_2 ≥ t_1 is sufficiently large. If y ∈ N^+_4 ∪ · · · ∪ N^+_{n−1} ∪ N^+_n , then a function y_2(t) is positive and nondecreasing and y_2(t) ≥ M, 0 < M = const. for t ≥ t_2.

Integrating the first equation of (1.1) from s to t we get

z_1(t) − z_1(s) ≥ M t� s p_1(u) du , t > s ≥ t_2 . (2.6)

From (2.6) and (c) we have lim_{t→∞} z_1(t) = ∞. This contradicts the fact that z_1(t) is bounded and N^+_4 ∪ · · · ∪ N^+_{n−1} ∪ N^+_n = ∅ .

The proof is complete. □ Lemma 2.5 ([5, Lemma 4]). Assume that q : [t_0, ∞) → [0, ∞) and δ : [t_0, ∞) → R are continuous functions, lim_{t→∞} δ(t) = ∞, δ(t) > t for t ≥ t_0, and

lim inf t→∞ δ(t)�

t q(s) ds > 1 e . Then the functional inequality x^′(t) − q(t)x � δ(t) � ≥ 0 , t ≥ t_0 has no eventually positive solution, and x^′(t) − q(t)x � δ(t) � ≤ 0 , t ≥ t_0 has no eventually negative solution.

Lemma 2.6 ([2, Lemma 2.1]). In addition to the conditions (a) and (b) suppose that a(t) ≤ 1 for t ≥ t_0 .

Let y_1(t) be a continuous non-oscillatory solution of the functional inequality y_1(t) � y_1(t) − a(t)y_1(g(t)) � < 0 defined in a neighbourhood of infinity.

Suppose that g(t) < t for t ≥ t_0. Then y_1(t) is bounded. If, moreover, a(t) ≤ λ^⋆ < 1, t ≥ t_0 for some positive constant λ^⋆, then lim_{t→∞} y_1(t) = 0.

3. Oscillation theorem

Theorem 3.1. Suppose that t < h(t) for t ≥ t_0 , (3.1)

lim inf t→∞ h(t)�

t Kp_1(v)

α(v)�

v I_{n−2}(u, v; p_{n−1}, p_{n−2}, . . . , p_2) p_n(u) du dv > 1 e , (3.2)

where α: [t_0, ∞) → R is a continuous function, t < α(t).

Then every solution y ∈ W of (1.1) with y_1(t) bounded is oscillatory or lim_{t→∞} y_i(t) = 0, i = 1, 2, . . . , n.

P r o o f. Let y ∈ W be a non-oscillatory solution of (1.1) with y_1(t) bounded. By Lemma 2.4 we have y ∈ N^+_2 ∪ N^−_1 on [t_2, ∞). Without loss of generality we may suppose that y_1(t) is positive for t ≥ t_2. (I) Let y ∈ N^+_2 on [t_2, ∞). In this case

y_1(t) > 0, z_1(t) > 0, y_2(t) > 0, y_3(t) < 0, y_4(t) > 0, . . . , y_n(t) < 0 for t ≥ t_2 . (3.3)

Integrating s� t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)y^′_n(u) du by parts we derive the integral identity

y_2(t) = y_2(s) − I_1(s, t; p_2)y_3(s) + I_2(s, t; p_3, p_2)y_4(s) − . . . · · · − I_{n−2}(s, t; p_{n−1}, p_{n−2}, . . . , p_2)y_n(s) (3.4) + s� t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)y^′_n(u) du , s > t ≥ t_2 .

By (3.4) with regard to (3.3) and the last equation of (1.1) we get

y_2(t) ≥ s� t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)p_n(u)f � y_1(h(u)) � du , s > t ≥ t_2 .

(3.5) Because z_1(t) ≤ y_1(t) for t ≥ t_2 it follows z_1 � h(t) � ≤ y_1 � h(t) � for t ≥ t_2. (3.6) Multiplying (3.5) by p_1(t) and then using (e) and (3.6) we have p_1(t)y_2(t) ≥ Kp_1(t) s� t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)p_n(u)z_1 � h(u) � du ,

s > t ≥ t_2 .

Using the first equation of (1.1) and the monotonicity of z_1 � h(t) � by the last inequality we get

z^′_1(t) ≥ � Kp_1(t) s� t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)p_n(u) du � z_1 � h(t) � , s > t ≥ t_2 .

Let s = α(t) and so

z^′_1(t) − � Kp_1(t)

α(t)�

t I_{n−2}(u, t; p_{n−1}, p_{n−2}, . . . , p_2)p_n(u) du � z_1 � h(t) � ≥ 0 ,

t ≥ t_2 . (3.7) By Lemma 2.5 and the condition (3.2) the last inequality has no eventually positive solution, which is a contradiction and N^+_2 = ∅. (II) Let y ∈ N^−_1 on [t_2, ∞). In this case

y_1(t) > 0, z_1(t) < 0, y_2(t) > 0, y_3(t) < 0, y_4(t) > 0, . . . , y_n(t) < 0 for t ≥ t_2 . (3.8)

By Lemma 2.6 and Lemma 2.3 it follows that lim_{t→∞} y_i(t) = 0, i = 1, 2, . . . , n . The proof is complete. □

REFERENCES

[1] IVANOV, A. F.—MARUŠIAK, P.: Oscillatory properties of systems of neutral differential equations, Hiroshima Math. J. 24 (1994), 423–434.

[2] JAROŠ, J.—KUSANO, T.: On a class of first order nonlinear functional differential equations of neutral type, Czechoslovak Math. J. 40 (1990), 475–490.

[3] MARUŠIAK, P.: Oscillatory properties of functional differential systems of neutral type, Czechoslovak Math. J. 43 (1993), 649–662.

[4] MIHALÍKOVÁ, B.: Asymptotic behaviour of solutions of two-dimensional neutral differential systems, Czechoslovak Math. J. 53 (2003), 735–741.

[5] OLÁH, R.: Oscillation of differential equation of neutral type, Hirosh. Math. J. 25 (1995), 1–10.

[6] ŠPÁNIKOVÁ, E.—ŠAMAJOVÁ, H.: Asymptoric behaviour of non-oscillatory solutions of neutral differential systems, Studies of the University of Žilina, Math. Series 17 (2003), 147–152.

[7] ŠPÁNIKOVÁ, E.: Oscillation of differential systems of neutral type, Czechoslovak Math. J. 55 (2005), 263–271.

Received October 23, 2006 Department of Appl. Mathematics Faculty of Mechanical Engineering University of Žilina J. M. Hurbana 15 010 26 Žilina SLOVAKIA E-mail: eva.spanikova@fstroj.utc.sk helena.samajova@fstroj.utc.sk