Tatra Mt. Math. Publ. 35 (2007), 115–120 tm

Mathematical Publications

ON GENERALIZATION OF THE NOTION OF CONTINUITY IN BITOPOLOGICAL SPACES

Andrzej Rychlewicz

ABSTRACT. In this paper we consider relations between quasi-continuity, semicontinuity and somewhat continuity of a function f : X ! Y , where X is a bitopological space.

A space X , on which two (arbitrary) topologies τ_1 , τ_2 are defined, is called a bitopological space and denoted by (X, τ_1, τ_2). A subset A of a bitopological space X is said to be τ_1 semi-open with respect to τ_2 if A ⊂ cl_{τ2} ( int_{τ1} (A) ) , where cl_τ , int_τ denote the closure and interior operator in topological space (X, τ ), respectively. The notion of semi-open sets was introduced by N. L e v i n e [LE], but the notion of τ_1 semi-open with respect to τ_2 sets was introduced by T. L i p s k i [L11], [L12]. It is easy to observe that a set A is τ_1 semi-open with respect to τ_2 if and only if there exists a set U ∈ τ_1 such that U ⊂ A ⊂ cl_{τ2} (U) and that for any collection {A_α}_{α∈Δ} of τ_1 semi-open with respect to τ_2 sets, the union ⋃ α∈Δ A_α is again τ_1 semi-open set with respect to τ_2 .

Let X be a bitopological space equipped with two topologies τ_1 , τ_2 , and Y be a topological space with topology τ . A function f : X → Y is said to be τ_1-inclusion quasi-continuous with respect to τ_2 (shortly: ⊂ QC^{τ1}_{τ2} ) at x ∈ X if for any open set G ⊂ Y, f(x) ∈ G and for any set V ∈ τ_2, x ∈ V there exists a non-empty set U ∈ τ_1 such that U ⊂ V and f(U) ⊂ G. A function f : X → Y is said to be τ_1-intersection quasi-continuous with respect to τ_2 (∩QC^{τ1}_{τ2} , in short) at x ∈ X if for any open set G ⊂ Y, f(x) ∈ G and for any set V ∈ τ_2, x ∈ V there exists a set U ∈ τ_1 such that U ∩ V ≠ ∅ and f(U) ⊂ G.

A function f is τ_1-inclusion (intersection) quasi-continuous function with respect to τ_2 if it is τ_1-inclusion (intersection) quasi-continuous function with respect to τ_2 at any point of its domain.

Let us observe that if a function f : X → Y is τ_1-inclusion quasi-continuous function with respect to τ_2 then f is τ_1-intersection quasi-continuous function with respect to τ_2 .

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 26A15, 54A10.

K e y w o r d s: quasi-continuous functions, semi-continuous functions, somewhat continuous functions, bitopological spaces.

If τ_1 = τ_2 , then bitopological space is in fact a (usual) topological space, τ_1-inclusion quasi-continuity with respect to τ_2 and τ_1-intersection quasi-con-tinuity with respect to τ_2 are equivalent to quasi-continuity (in the usual sense). Not every τ_1-intersection quasi-continuous function with respect to τ_2 is τ_1-inclusion quasi-continuous function with respect to τ_2 . Let us consider the following example:

Example 1. Let f : R → R be a function defined by formula f(x) = x for any

x ∈ R, and let τ_1 denote a natural topology of the real line R, τ_2 denotes a

discrete topology. It is easy to check, that f is τ_1-intersection quasi-continuous function with respect to τ_2 but it is not τ_1-inclusion quasi-continuous function with respect to τ_2 .

A function f is said to be τ_1 semi-continuous with respect to τ_2 if for any open set G ⊂ Y the set f^{−1}(G) is a τ_1-semi-open set with respect to τ_2 .

Theorem 1. Let (X, τ_1, τ_2) be a bitopological space, and Y be a topological

space. A function f : X → Y is ∩QC^{τ1}_{τ2} function if and only if f is τ_1-semicontinuous function with respect to τ_2 .

P r o o f . Let f be a ∩QC^{τ1}_{τ2} function, G—open subset of Y and x_0 ∈ f^{−1}(G). If V ∈ τ_2 is a τ_2-neighbourhood of x_0 , then there exists a set U ∈ τ_1 such that U ∩ V ≠ ∅ and f(U) ⊂ G. Hence U ⊂ f^{−1}(G) and next U ⊂ int_{τ1} ( f^{−1}(G) ) . Consequently, ∅ ≠ U ∩ V ⊂ int_{τ1} ( f^{−1}(G) ) ∩ V . Since V is an arbitrary neighbourhood of x_0 ,

x_0 ∈ cl_{τ2} ( int_{τ1} ( f^{−1}(G) )) . Due to arbitrary choice of x_0 we infer that f^{−1}(G) ⊂ cl_{τ2} ( int_{τ1} ( f^{−1}(G) )) . Thus for arbitrary open set G the set f^{−1}(G) is τ_1 semi-open with respect to τ_2 and f is τ_1-semi-continuous function with respect to τ_2 .

Now, let f be τ_1-semi-continuous function with respect to τ_2 , x_0 ∈ X and G be an open subset of Y , such that f(x_0) ∈ G. Let V ∈ τ_2 , x_0 ∈ V . Because f^{−1}(G) is τ_1-semi-open with respect to τ_2 then cl_{τ2} ( int_{τ1} ( f^{−1}(G) )) ⊃ f^{−1}(G) and, consequently, V ∩ int_{τ1} ( f^{−1}(G) ) ≠ ∅. Thus, if U = int_{τ1} ( f^{−1}(G) ) then U ∈ τ_1 and U ∩ V ≠ ∅. Hence f is ∩QC^{τ1}_{τ2} function at x_0 . Since x_0 was arbitrarily chosen, the function f is ∩QC^{τ1}_{τ2} function.

A function f : X → Y is said to be τ_1-semi-continuous with respect to τ_2 at x ∈ X if for any open set G ⊂ Y such that f(x) ∈ G there is a set U which is

ON GENERALIZATION OF THE NOTION OF CONTINUITY IN BITOPOLOGICAL SPACES

τ_1-semi-open with respect to τ_2 and such that x ∈ U and f(U) ⊂ G. It is easy to observe that the function f is τ_1 semi-open with respect to τ_2 if and only if f is τ_1 semi-open function with respect to τ_2 at x for any x ∈ X . For the case when τ_1 = τ_2 the proof of this fact is due to H. Levine [LE]. There arises a question if τ_1-semi-continuity with respect to τ_2 at a point is equivalent to the τ_1-inclusion or intersection quasi-continuity with respect to τ_2 at that point. In the case when τ_1 = τ_2 a positive answer was given by A. Neubrunnová [NA]. If the last equality does not hold, then we have the following theorem.

Theorem 2. Let (X, τ_1, τ_2) be a bitopological space, and Y be a topological

space. A function f : X → Y is ∩QC^{τ1}_{τ2} function at some x ∈ X if and only if f is τ_1-semi-continuous function with respect to τ_2 at that point x.

P r o o f . Let x ∈ X and let f be a ∩QC^{τ1}_{τ2} function at x. Let G be an open subset of Y such that f(x) ∈ G and let β_2(x) denote some base at x for the topology τ_2 . Since f is ∩QC^{τ1}_{τ2} function at x then for any V ∈ β_2(x) there exists U_V ∈ τ_1 such that U_V ∩ V ≠ ∅ and f(U_V ) ⊂ G. Let W = ⋃ V ∈β2(x) U_V .

Hence W ∈ τ_1 and ∅ ≠ W ∩ V . Therefore x ∈ cl_{τ2} (W ). The last condition and the relation W ∈ τ_1 imply inclusion W ∪ {x} ⊂ cl_{τ2} (int_{τ1} ( W ∪ {x}) ) and, consequently, W ∪ {x} is τ_1 semi-open with respect to τ_2 . Moreover, f(W ∪ {x}) = ⋃ V ∈β2(x) f(U_V ) ∪ { f(x) } ⊂ G . It was shown that f is τ_1 semi- continuous function with respect to τ_2 at x.

Let x ∈ X and let f be τ_1-semi-continuous function with respect to τ_2 at x. Let G be an open subset of Y such that f(x) ∈ G and x ∈ U ∈ τ_2 . Hence there exist some set V , x ∈ V satisfying the following condition V ⊂ cl_{τ2} ( int_{τ1} (V ) ) and f(V ) ⊂ G. Denoting W = int_{τ1} (V ) one can infer that x ∈ cl_{τ2} (W ) and W ∈ τ_1 . Consequently, W ∩ U ≠ ∅ and f(W ) = f ( int_{τ1} (V ) ) ⊂ f(V ) ⊂ G. Hence f is ∩QC^{τ1}_{τ2} function at the point x.

Let X, Y denote topological spaces and τ denote a topology in X . A mapping f : X → Y is said to be τ -somewhat continuous if for any open set V ⊂ Y such that f^{−1}(V ) ≠ ∅ we have int_τ ( f^{−1}(V ) ) ≠ ∅ (see [GH]). Let A be a non-empty topological subspace of x. It is clear that a restricted function f|_A : A → Y is τ^A-somewhat continuous (where τ^A denotes the induced topology) if for any open set V ⊂ Y such that (f|_A)^{−1}(V ) ≠ ∅ we have int_τA ( (f|_A)^{−1}(V ) ) ≠ ∅. In the case of restricted function f|_A we can also consider somewhat continuity with respect to topology τ . Restricted function f|_A is said to be τ -somewhat continuous if int_τ (f^{−1}(V )∩A) ≠ ∅ for any open set V ⊂ Y such that (f|_A)^{−1}(V ) ≠ ∅. Of course, if f|_A is τ -somewhat continuous function then f|_A is τ^A somewhat continuous function. If A ∈ τ then a converse theorem is also true. It is easy to show the following theorem.

Theorem 3. Let (X, τ_1, τ_2) be a bitopological space, and Y be a topological

space. Let f : X → Y . The following statements are equivalent:

(a) Function f is ⊂ QC^{τ1}_{τ2} function.

(b) Function f|_U is τ_1-somewhat continuous function for any U ∈ τ_2 . (c) There exists a basis β_2 of topology τ_2 such that f|_U is τ_1-somewhat continuous function for any U ∈ β_2 .

P r o o f . (a) ⇒ (b).

Let f be ⊂ QC^{τ1}_{τ2} function and let U ∈ τ_2 . Let V ⊂ Y be an open set such that (f|_U )^{−1}(V ) ≠ ∅. Therefore there exists x_0 ∈ U such that f(x_0) ∈ V . Because f is ⊂ QC^{τ1}_{τ2} function then there exists a non-empty set W ∈ τ_1 , W ⊂ U such that f(W ) ⊂ V . It implies that int_{τ1} ( f^{−1}(V ) ∩ U ) ≠ ∅. Since V was arbitrarily chosen the function f|_U is τ -somewhat continuous function.

(b) ⇒ (c). Implication is obvious.

(c) ⇒ (a). Now, let x_0 ∈ X and let G be an open subset of Y such that f(x_0) ∈ G. Let V ∈ τ_2 , x_0 ∈ V . There exists U ∈ β_2 such that x_0 ∈ U ⊂ V . Because f(x_0) ∈ G and x_0 ∈ U then (f|_U )^{−1}(G) ≠ ∅. Under the assumptions W = int_{τ1} ( f^{−1}(G) ∩ U ) ≠ ∅ and consequently W ∈ τ_1 , W ⊂ U . Of course, f(W ) ⊂ f ( f^{−1}(G) ∩ U ) ⊂ f ( f^{−1}(G) ) = G. Since V , G and x_0 were arbitrary chosen the function f is ⊂ QC^{τ1}_{τ2} function.

Remark. If we replace the symbol τ_1 with the symbol τ^U_1 from Theorem 3 then implication (c) ⇒ (a) does not hold.

We know that a mapping f : X → Y is τ -somewhat continuous if and only if for any dense set S ⊂ X the set f(S) is dense in f(X) (see [GH]).

Theorem 4. Let (X, τ_1, τ_2), where τ_2 ⊂ τ_1 , be a bitopological space, and Y

be a topological space. A function f : X → Y is ⊂ QC^{τ1}_{τ2} function if and only if for any dense set S in topology τ_1 the set f(S ∩ U) is dense in f(U) for any U ∈ τ_2 .

P r o o f . Let us assume that f is ⊂ QC^{τ1}_{τ2} function. Let S be a dense set in topology τ_1 and let U ∈ τ_2 . Since τ_2 ⊂ τ_1 we have

cl_{τ1} (S ∩ U) ⊃ cl_{τ1} (S) ∩ U = U

and, consequently, cl_{τ1} (U) ⊂ cl_{τ1} (S ∩ U). So, S ∩ U is dense in U in topology τ_1 . Since f|_U is a τ_1-somewhat continuous function then the set (f|_U )(S ∩ U) is a dense subset of (f|_U )(U). Therefore f(U ∩ S) is a dense subset of f(U). Now, let us assume that for any set S dense in topology τ_1 the set f(U ∩S) is a dense subset of f(U) for any U ∈ τ_2 . Let U ∈ τ_2 , then U ∈ τ_1 . Let S_U be a dense subset of U in topology τ_1 . Then the set S = S_U ∪ (X \ U) is a dense subset

ON GENERALIZATION OF THE NOTION OF CONTINUITY IN BITOPOLOGICAL SPACES

of X in topology τ_1 and S_U = S ∩ U . Therefore (f|_U )(S) is a dense subset of (f|_U )(U). Since S_U was arbitrarily chosen, f|_U is a τ_1 somewhat continuous and since U ∈ τ_2 was arbitrarily chosen, f is τ_1 quasi-continuous function with respect to τ_2 .

The assumption τ_2 ⊂ τ_1 in Theorem 4 seems to be very strong. It seems that under this assumption any ⊂ QC^{τ1}_{τ2} function should be a quasi-continuous function with respect to topology τ_1 or topology τ_2 . However, it is not true. We can see the following example.

Example 2. Let f : X → R, where X = {1, 2, 3, 4} and R denotes the space of reals with natural topology, be a function defined by the following formula f(x) = { 0 if x ∈ {2, 4} , 2 if x ∈ {1, 3} . Let τ_1 , τ_2 be topologies in X defined as follows.

τ_1 = { ∅, {1}, {3}, {4}, {2, 3}, {1, 4}, {1, 3}, {3, 4}, {2, 3, 4}, {1, 2, 3}, {1, 3, 4}, {1, 2, 3, 4} } , τ_2 = {∅, {1}, {2, 3, 4}, {1, 2, 3, 4}} . It is easy to show, that f is ⊂ QC^{τ1}_{τ2} function. But f is not a quasi-continuous function with respect to topology τ_1 . Indeed, let x_0 = 2. Then f(x_0) = 0. Let V = (−1, 1) be an open neighbourhood of the point 0 in topology τ_1 , and let U = {1, 2, 3} be an open neighbourhood of the point x_0 in topology τ_1 . Then there exists no set W ∈ τ_1 such that f(W ) ⊂ V . We can also show that the function f is not a quasi-continuous function with respect to topology τ_2 .

We know that for any quasi-continuous mapping (which is also semi-continu-ous) f : X → Y , where Y is a second countable, the set of discontinuity points is of the first category (see [LE]). In case when f is ⊂ QC^{τ1}_{τ2} function or ∩QC^{τ1}_{τ2} function, we can ask about the characterization of the set of discontinuity points with respect to topology τ_1 and topology τ_2 . The characterization of these sets is given by Theorem 5. Of course, we know that if f is ⊂ QC^{τ1}_{τ2} function then it is ∩QC^{τ1}_{τ2} function and, consequently, f is τ_1 semi-continuous function with respect to τ_2 (see Theorem 1).

Let D^τ_f be the set of all discontinuity points of the function f : X → Y with respect to topology τ of the space X .

Theorem 5. Let (X, τ_1, τ_2), where τ_1 ⊂ τ_2 , be a bitopological space, and

Y be a second countable topological space. If f : X → Y is τ_1-semi-continuous function with respect to τ_2 then the sets D^{τ1}_f and D^{τ2}_f are of the first category with respect to each topologies τ_1 and τ_2 .

P r o o f . Since f is τ_1-semi-continuous function with respect to τ_2 then f is ∩QC^{τ1}_{τ2} function (see Theorem 1). Hence, on the assumptions that τ_1 ⊂ τ_2 , the function f is quasi-continuous function with respect to topology τ_1 and topology τ_2 simultaneously and the relation D^{τ2}_f ⊂ D^{τ1}_f holds. So, D^{τ2}_f is of the first category with respect to topology τ_1 and topology τ_2 , and D^{τ1}_f is of the first category with respect to topology τ_1 . We shall show that D^{τ1}_f is of the first category with respect to topology τ_2 . Let { V_n : n ∈ N } be a countable base for topology Y . Then under the assumptions that f is τ_1 semi-continuous function with respect to τ_2 we have

D^{τ1}_f = +∞⋃ n=1 ( f^{−1}(V_n) \ int_{τ1} ( f^{−1}(V_n) ))

⊂ +∞⋃ n=1 ( cl_{τ2} ( int_{τ1} ( f^{−1}(V_n) )) \ int_{τ1} ( f^{−1}(V_n) )) . Hence, the set D^{τ1}_f is of the first category set.

REFERENCES

[GH] GENTRY, K. R.—HOYLE, H. B. : Somewhat continuous functions, Czech. Math. J. 21 (1971), 5–12.

[LE] LEVINE, N. : Semi-open sets and semi-continuity in topological spaces, Amer. Math.

Monthly 70 (1963), 36–43.

[L11] LIPSKI, T. : Quasi-cia̧głe odwzorowania wielowartościowe określone w przestrzeniach bitopologicznych, doctoral thesis, Słupsk 1985.

[L12] LIPSKI, T. : Quasi continuous multivalued maps on bitopological spaces, Słupskie Prace Matematyczno-Przyrodnicze, Vol. 7, Słupsk, 1988.

[NA] NEUBRUNNOVÁ, A. : On certain generalizations of the notion of continuity, Mat. Čas.

23 (1973), 374–380.

Received June 7, 2005 Faculty of Mathematics and Computer Science of Łódź University ul. Stefana Banacha 22 PL–90-238 Łódź POLAND E-mail: anrychle@math.uni.lodz.pl