Tatra Mt. Math. Publ. 38 (2007), 111–121 tm Mathematical Publications

LINEAR DIFFERENCE OPERATORS IN THE SPACE OF STRICTLY MONOTONIC FUNCTIONS

Jitka Laitochová

Dedicated to my father, Professor Miroslav Laitoch, on his 85th birthday

ABSTRACT. The classical theory of first-order linear functional and difference equations is obtained as a special case of the theory developed here for the functional equation model f ∘ ϕ − Af = B. The setting is a special space S of continuous strictly monotonic functions, where ∘ is a group multiplication defined on S. Iterative solution formulas are given in the two cases when A, B are constant and when A, B depend on x.

Introduction

The difference equation f(x + 1) − 2f(x) = 5 (1) and the functional equation f ( 1 1 + x^2 − 1 2 + x ) − xf(x) = 0 (2)

are instances of equations represented in this article by a unifying abstract model

f ∘ ϕ − Af = B (3)

where ∘ is a group multiplication defined on monotonic functions, defined in a later subsection.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 39B05, 39B12.

K e y w o r d s: first order linear functional equation, first order linear difference equation, space of continuous strictly monotonic functions, group multiplication, difference operator, sum operator.

Supported by the Grant: Developing Project MšMT 2006, n. 286.

Within the abstract framework, we develop solution formulas for (3) and document the structure of solutions. The formulas apply equally to difference equations like (1) and functional equations like (2). For instance, the formulas apply to the equation f(2x + sin x) = 1 + f(x) (4) to produce approximate values for f(x), and for computer-assisted visualization of solutions, as shown in Figure 1.

f(x)

4π x −4π −π π

FIGURE 1. An iterative solution y = f(x) for (4).

The origin x = 0 separates regions of increase and decrease of any solution f, because f must be infinite at fixed points of ϕ(x) = 2x + sin x. Odd symmetry f(−x) = −f(x) is justified by the relation ϕ(−x) = −ϕ(x). The black and grey segments of the function f represent the iterative steps used to produce the graphic.

Some basic references for the topic of the paper are [1], [2], [3], [4], [8] and [9].

Preliminaries

Notation: Let J = (−∞, ∞), N the set of positive integers, Z the integers, R real numbers, N_0 = N∪{0}, R̄ = ⟨−∞, ∞⟩ and C_0(J) the set of continuous functions on the interval J.

Definition 1. Let a, b ∈ R̄, a < b. The set of all functions f which satisfy f ∈ C_0(J) and f maps one-to-one the interval J on the interval (a, b) will be denoted by symbol S and called a space of strictly monotonic functions.

Note 1. Thus only continuous functions which are increasing from a to b or decreasing from b to a on the interval J belong to the set S.

Definition 2. An arbitrarily chosen increasing function X ∈ S will be called a canonical function in S. The inverse to the canonical function X will be denoted by X^∗.

Note 2. The domain of the function X^∗ is the interval (a, b) and its range is (−∞, ∞).

Definition 3. Let α, β ∈ S. Let X^∗ be the inverse to the canonical function X ∈ S. A function γ = γ(x) defined by γ = αX^∗β(x), where the expression on the right side is a composite function α [ X^∗(β(x)) ] defined on J, will be called a product γ of functions α, β ∈ S in the class S and we write γ = α ∘ β.

Note 3. The set S with the operation of multiplication ∘ forms a non-com-mutative group; see [6].

Now we will introduce a definition of functional iteration in S, following [6]. Definition 4. Let X ∈ S be the canonical function. Let ϕ ∈ S. The iterations of a function ϕ in S are defined by ϕ^0(x) = X(x) (5) ϕ^{n+1}(x) = ϕ ∘ ϕ^n(x), x ∈ J, n = 0, 1, 2, . . . (6) ϕ^{n−1}(x) = ϕ^{−1} ∘ ϕ^n(x), x ∈ J, n = 0, −1, −2, . . . , (7) where ϕ^{−1} = Xϕ^∗X is the inverse element to the element ϕ in S according to the multiplication ∘, where ϕ^∗ is the inverse function to the function ϕ. Note 4. All iterations of the function ϕ ∈ S belong to S.

Definition 5. Let ϕ ∈ S. A function p = p(x), p ∈ C_0(J), is called automorphic over ϕ if p ∘ ϕ(x) = p(x) for x ∈ J . (8) By U_ϕ we denote the set of all automorphic functions p over ϕ such that p(x) ≠ 0 for all x.

Note 5. The product of two automorphic functions over ϕ is an automorphic function over ϕ.

Assume hereafter ϕ ∈ S, X ∈ S is a canonical function, ϕ(x) > X(x), x ∈ J = (−∞, ∞). Let x_μ = X^∗ϕ^μ(x_0), where μ ∈ Z, x_0 ∈ J denotes an arbitrary point of J and X^∗ denotes the inverse to X.

Definition 6. Let us define j_μ = ⟨x_μ, x_{μ+1}), μ ∈ Z .

The set of points x_μ = X^∗ϕ^μ(x_0), μ ∈ Z, will be denoted by O_ϕ(x_0) and called an orbit of the point x_0. The set of points x_μ, μ ∈ N_0, will be denoted by O^+_ϕ (x_0), the set of intervals j_μ, μ ∈ Z, by O_ϕ(j_0), where j_0 = ⟨x_0, x_1) and the set of intervals j_μ, μ ∈ N_0, by O^+_ϕ (j_0).

Difference and functional equations

Equation

f ∘ ϕ^k(x) + P_1(x)f ∘ ϕ^{k−1}(x) + · · · + P_k(x)f ∘ ϕ^0(x) = Q(x) , (9) where f, P_k, Q ∈ C_0(J), P_k(x) ≠ 0, considered for x ∈ O^+_ϕ (x_0) is called a kth order difference equation and for all x ∈ j, j ∈ O^+_ϕ (j_0) a kth order functional equation.

A solution of functional equation (9) is a function f(x) ∈ C_0⟨x_0, ∞) which satisfies equation (9) identically on ⟨x_0, ∞).

A solution of difference equation (9) is a sequence, it is a function defined on the set O^+_ϕ (x_0).

Note 6. If f(x) is a solution of a functional equation (9) on O^+_ϕ (j_0), then f(x) on O^+_ϕ (x_0) is a solution of the difference equation (9).

Note 7. Solutions of functional equation (9) can be defined and constructed on the interval (−∞, ∞), by modifying the construction on the right interval ⟨x_0, ∞) to the left interval (−∞, x_0⟩, to give a two-sided solution; see Figure 1.

Difference operator, sum operator

Definition 7. Let f ∈ C_0(J), ϕ, X ∈ S, ϕ > X, X a canonical function. A difference operator of a function f relative to ϕ is denoted by Δ_ϕf(x) and defined by the equation Δ_ϕf(x) = f ∘ ϕ(x) − f(x) .

If we denote the right side of the equation by g(x) then the sum operator of a function g relative to ϕ is denoted by Δ^{−1}_ϕ g(x) and defined by Δ^{−1}_ϕ g(x) = f(x) if and only if Δ_ϕf(x) = g(x) . (10)

Choosing X = x and ϕ(x) = x+1 reproduces the classical definitions of difference and sum operators. We have Δf(x) = f(x + 1) − f(x). For instance, let f = kx, then Δf(x) = k(x+1)−kx = k. If we define g = k, then Δ^{−1}g(x) equals f = kx.

Lemma 1. Let ϕ, X ∈ S, ϕ > X on J, X be a canonical function, g ∈ C_0(J). Let Δ^{−1}_ϕ g(x) = f_n(x) on j_n, n ∈ N_0. Then

f_n = f̄ ∘ ϕ^{−n} + n∑ i=1 g ∘ ϕ^{−i}

on j_n, where f̄ is a given continuous function on j_0.

If lim_{x→x1} f̄(x) = f̄(x_0) + g(x_0) then the function f = f_n on j_n is continuous on ⟨x_0, ∞).

P r o o f. Equation (10) implies f ∘ ϕ^1(x) − f ∘ ϕ^0(x) = g(x) , thus f ∘ ϕ^1(x) = f(x) + g(x) . (11) Multiplying the equation from the right by ϕ(x) we get

f ∘ ϕ^2(x) = f ∘ ϕ^1(x) + g ∘ ϕ^1(x) = f(x) + g(x) + g ∘ ϕ^1(x) , f ∘ ϕ^3(x) = f ∘ ϕ^1(x) + g ∘ ϕ^1(x) + g ∘ ϕ^2(x) = f(x) + g(x) + g(x) ∘ ϕ^1(x) + g ∘ ϕ^2(x) . . f ∘ ϕ^n(x) = f ∘ ϕ^1(x) + g ∘ ϕ^1(x) + g(x) ∘ ϕ^2(x) + . . . + g ∘ ϕ^{n−1}(x) = f(x) + g(x) + g ∘ ϕ^1(x) + g(x) ∘ ϕ^2(x) + . . . + g ∘ ϕ^{n−1}(x) .

Because j_n = ⟨ X^∗ϕ^n(x_0), X^∗ϕ^{n+1}(x_0) ) , n = 0, 1, 2, . . ., those intervals form a decomposition of the interval ⟨x_0, ∞). On the interval j_0 we choose for f an arbitrary continuous function f̄ which satisfies lim x→X^∗ϕ(x_0)−

f̄(x) = f̄(x_0) + g(x_0) .

Then the function f on the intervals j_n, n = 1, 2, . . . , is defined by f ∘ ϕ^n(x) = f̄(x) + g(x) + g ∘ ϕ(x) + . . . + g ∘ ϕ^{n−1}(x), x ∈ j_0 . (12)

This function f will be shown to be continuous on the interval ⟨x_0, +∞) and is a solution of equation (10) for the given function g. Let us show now continuity of the function f on ⟨x_0, +∞). Function f is defined on j_1 by f ∘ ϕ^1(x) = f̄(x) + g(x), x ∈ j_0 .

Its value at the point X^∗ϕ^1(x_0) is f ( X^∗ϕ^1(x_0) ) = f̄(x_0) + g(x_0). Because lim x→X^∗ϕ(x_0)

f̄(x) = f̄(x_0) + g(x_0), the function f is continuous at the point X^∗ϕ^1(x_0). A similar proof is used for points X^∗ϕ^n(x_0).

Let us prove that the function f given by (12) is the sum operator of the function g(x). We calculate the difference of the function f defined by (12) relative to ϕ. For x ∈ j_0, Δ_ϕf(x) = f̄(x) + g(x) − f̄(x) = g(x) holds on j_0, Δ_ϕf ∘ ϕ(x) = f̄(x) + g(x) + g ∘ ϕ(x) − (f̄(x) + g(x)) = g ∘ ϕ(x) holds on j_1, etc., and

Δ_ϕf ∘ ϕ^n(x) = f̄(x) + g(x) + g ∘ ϕ(x) + . . . + g ∘ ϕ^n(x) − (f̄(x) + g(x) + g ∘ ϕ(x) + . . . + g ∘ ϕ^{n−1}(x)) = g ∘ ϕ^n(x) holds on j_n. □ Lemma 2. If f is a solution of the equation (10) for a given function g and if p is an automorphic function over ϕ, then f(x) + p(x) is also a solution of equation (10).

P r o o f. We have (f + p) ∘ ϕ = f ∘ ϕ + p ∘ ϕ = (f + g) + p = (f + p) + g .

Thus the sum operator of a function f in S is determined up to additive automorphic functions over ϕ. □

Now we will search for solutions of the first order linear functional equations in the space S. The general theory implies the superposition principle: The general solution of the nonhomogeneous equation is given as a sum of the general solution of the homogeneous equation plus a particular solution of the nonhomogeneous equation; for details see [7].

Note 8. The functional or difference equation Δ_ϕf(x) + P (x)f(x) = Q(x) may be written as f ∘ ϕ = A(x)f(x) + B(x), where A(x) = 1 − P (x), B(x) = Q(x).

1. First order linear equations with constant coefficients and a constant right side

We consider the first order linear functional equation f ∘ ϕ(x) = Af(x) + B , (13) where A, B are constants, A ≠ 0.

First we will deal with the homogeneous equation F ∘ ϕ(x) = AF (x) . (14)

Let A = 1. Then (8) implies that the homogeneous equation F ∘ ϕ(x) = F (x) has a solution F = a(x), where a(x) is an automorphic function over ϕ which satisfies a(x) ≠ 0 for all x.

Let F be any solution of (14). Because C(x) = F (x)/a(x) is automorphic over ϕ, then F (x) = C(x)a(x) is a general solution formula. Let A ≠ 1 and A > 0. Then the homogeneous equation f ∘ ϕ(x) − Af(x) = 0 has characteristic equation λ = A. A solution exists of the form f = A^{X∗α(x)}, where α(x) is a solution of the Abel functional equation α∘ϕ(x) = X(x+1)∘α(x); see Theorem 1 in [5]. Let f ∘ ϕ − Af = 0. Because C(x) = f(x)A^{−X∗α(x)} satisfies C ∘ ϕ = C, then a general solution of the homogeneous equation (14) is f(x) = C(x)A^{X∗α(x)} , (15) where C(x) is automorphic over ϕ.

Now we will discuss solutions of the nonhomogeneous equation (13).

Theorem 1. Assume A = 1 and B is a constant. The general solution of the nonhomogeneous equation (13) is a sum of the general solution of the homogeneous equation (14) and a particular solution of the nonhomogeneous equation (13). That is, f(x) = C(x)a(x) + Δ^{−1}_ϕ B , (16) where a(x) ∈ U_ϕ, C(x) is automorphic over ϕ and B ∈ R.

P r o o f. Let A = 1. A particular solution f of the equation f ∘ ϕ(x) = f(x) + B is obtained from the equation Δ_ϕf(x) = B or f(x) = Δ^{−1}_ϕ B , where Δ^{−1}_ϕ denotes the sum operator. □ Theorem 2. Assume A ≠ 1, A > 0, B are constants. Then the general solution of the nonhomogeneous equation (13) is a sum of the general solution of homogeneous equation (14) and a particular solution of the nonhomogeneous equation (13). Therefore, f(x) = C(x)A^{X∗α(x)} + B 1 − A

, (17) where C(x) is automorphic over ϕ and α(x) is a solution of the Abel equation α ∘ ϕ(x) = X(x + 1) ∘ α(x) (see [5]) .

P r o o f. Let A ≠ 1. We search for a particular solution of the nonhomogeneous equation (13) of the form ψ(x) = a(x) , where a(x) ∈ U_ϕ.

We substitute ψ(x) = a(x) for f in the given equation and get a ∘ ϕ(x) = Aa(x) + B .

Because a ∘ ϕ(x) = a(x), we have

a(x)(1 − A) = B or a(x) = B 1 − A . Thus ψ(x) = B 1 − A . □

2. First order linear equations with nonconstant coefficients

Consider for continuous functions A, B on ⟨x_0, ∞), A(x) never zero, the equation f ∘ ϕ(x) − A(x)f ∘ ϕ^0(x) = B(x) . (18) Theorem 3. The general solution f of the first order nonhomogeneous equation (18) with continuous nonconstant coefficients A, B is in j_{n+1} is a continuous function f(x) = A ∘ ϕ^{−1}(x)A ∘ ϕ^{−2}(x) . . . A ∘ ϕ^{−n−1}(x) { Δ^{−1}_ϕ

[_{B(x)}

A∘ϕ^0(x)A∘ϕ^{−1}(x)...A∘ϕ^{−n−1}(x) ] + k(x) } , (19)

where k(x) is automorphic over ϕ.

P r o o f. Let x_0 ∈ J = (−∞, ∞) be an arbitrary point, x_n = X^∗ϕ^n(x_0), where ϕ^n denotes the nth iteration of a function ϕ in S, n ∈ N_0. Let j_n = ⟨x_n, x_{n+1}). First we will solve an associated homogeneous equation with an unknown function F F ∘ ϕ(x) − A(x)F ∘ ϕ^0(x) = 0 . (20) We look for a nontrivial solution of the equation on the intervals j_n ∈ O^+_ϕ (j_0), which is given by the initial condition F (x) = F_0(x), x ∈ j_0, lim_{x→x−} 1 F_0(x) = A(x_0)F_0(x_0) , (21)

where F_0 ∈ C_0⟨x_0, x_1). Thus F (x) = F_0(x) on j_0. Equation (20) implies

F ∘ ϕ(x) = A(x)F_0(x) , F ∘ ϕ^2(x) = A ∘ ϕ(x)F ∘ ϕ(x) = A ∘ ϕ(x)A(x)F_0(x) , . . .

F ∘ ϕ^n(x) = A ∘ ϕ^{n−1}(x)F ∘ ϕ^{n−1}(x) = A ∘ ϕ^{n−1}(x)A ∘ ϕ^{n−2}(x) . . . A ∘ ϕ(x)A(x)F_0(x) , F ∘ ϕ^{n+1}(x) = A ∘ ϕ^n(x)F ∘ ϕ^n(x) = A ∘ ϕ^n(x)A ∘ ϕ^{n−1}(x) . . . A ∘ ϕ(x)A(x)F_0(x) , for x ∈ j_0, where all factors A ∘ ϕ^i(x), i = 0, 1, . . . , n, have no zeros. The last equation above implies that the general solution of the homogeneous equation (20) on j_{n+1} is a function

F (x) = A ∘ ϕ^{−1}(x)A ∘ ϕ^{−2}(x) · · · A ∘ ϕ^{−n−1}(x)F_0 ∘ ϕ^{−n−1}(x) . (22)

The nonhomogeneous equation (18) will be solved by the method of variation of parameters. We suppose that a solution f(x) of equation (18) has the same form as F (x), but the initial function F_0(x) is replaced by a suitable function C(x), thus we define f(x) = f_n(x), x ∈ j_{n+1}, f_n(x) = A ∘ ϕ^{−1}(x)A ∘ ϕ^{−2}(x) · · · A ∘ ϕ^{−n−1}(x)C(x) . (23) Let x ∈ j_{n+1}. Substitute (23) for f into (18). Because f ∘ ϕ(x) is computed from (23) using f_{n+1} (not f_n), we get

A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) · · · A ∘ ϕ^{−n−1}(x)C ∘ ϕ(x) − A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) · · · A ∘ ϕ^{−n−1}(x)C(x) = B(x) .

Factoring gives

A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) · · · A ∘ ϕ^{−n−1}(x) [ C ∘ ϕ(x) − C(x) ] = B(x) .

Using difference notation Δ_ϕ implies A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) · · · A ∘ ϕ^{−n−1}(x)Δ_ϕC(x) = B(x) .

Then, for x ∈ j_{n+1} and n ∈ N, Δ_ϕC(x) =

B(x) A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) · · · A ∘ ϕ^{−n−1}(x) . Thus

C(x) = Δ^{−1}_ϕ [ B(x) A ∘ ϕ^0(x)A ∘ ϕ^{−1}(x) . . . A ∘ ϕ^{−n}(x)A ∘ ϕ^{−n−1}(x) ] + k(x) , where k(x) is automorphic over ϕ. This verifies (19). We verify continuity of f. Equation (20) implies F (x_1) = A(x_0)F (x_0) .

According to (21), the solution F is continuous at x_1. Then

lim_{x→x2} F (x) = lim_{x→x1} F ∘ ϕ(x) = lim_{x→x1} A(x)F (x) = A(x_1)F (x_1) , because F is continuous in x_1. We show that the assumption of continuity at x_1, x_2, . . . , x_n yields the continuity also at x_{n+1}. We have lim x→x_{n+1} F (x) = limx→x_n F ∘ ϕ(x) = limx→x_n A(x)F (x) = A(x

n)F (x_n) , because the functions A and F are continuous at x_n according to the assumption. Therefore f is continuous on ⟨x_0, ∞). □

REFERENCES

[1] ELAYDI, S. N.: An Introduction to Difference Equations, (2nd ed.), Springer-Verlag, Berlin, 1999.

[2] GELFOND, A. O.: Differenzenrechnung. VEB Deutscher Verlag der Wissenschaften, Berlin, 1958.

[3] KUCZMA, M.: Functional Equations in a Single Variable. PWN, Warszawa, 1968. [4] KUCZMA, M.—CHOCZEWSKI, B.—GER, R.: Iterative Functional Equations. Encyclopedia Math. App., Vol. 32, Cambridge University Press, Cambridge, 1990.

[5] LAITOCHOVÁ, J.: A Remark on kth Order Linear Functional Equations with Constant Coefficients, Adv. Differencial Equations, 2006, New York, 2006.

[6] LAITOCHOVÁ, J.: Group iteration for Abel’s functional equation, Nonlinear Anal. Hybrid systems 1 (2006), 95–102.

[7] LAITOCHOVÁ, J.: Solution structure for functional equations in S. In: Folia FSN Universitatis Masarykianae Brunensis, Mathematica, Vol. 16 (O. Došlý, P. Řehák, eds.), Colloquium on Differential and Difference Equations – CDDE ’06, Proceedings, Brno, 2007, pp. 123–129.

[8] NEUMAN, F.: Funkcionání rovnice, SNTL, Praha, 1986. [9] PRÁGEROVÁ, A.: Diferenční rovnice, SNTL Práce, Praha, 1971.

Received October 30, 2006 Department of Mathematics Faculty of Education Palacký University Žižkovo nám. 5 Olomouc CZECH REPUBLIC E-mail: jitka.laitochova@upol.cz