Tatra Mt. Math. Publ. 38 (2007), 77–88 tm Mathematical Publications

EXISTENCE OF POSITIVE PERIODIC SOLUTIONS OF FUNCTIONAL DIFFERENTIAL EQUATIONS

L’ubica Hanuštiaková — Rudolf Olach — Miriam Švaňová

ABSTRACT. We establish some criteria for existence of positive periodic solutions of nonlinear functional differential equations with parameter. The eigenvalue theory of operators is used.

1. Introduction

In this paper we will study the existence of positive periodic solutions of the first order functional differential equation y^′(t) = −a(t)y(t) + λh(t)f ( y ( t − τ(t) )) , t ∈ R, (1) where a = a(t) and τ = τ(t) are continuous T -periodic functions, h = h(t) is a positive continuous T -periodic function, T > 0, λ > 0 and T∫ 0 a(t) dt > 0 .

Recently Xi-Lan L i n and Wan-Tong L i [6] investigated the existence of positive periodic solutions of Eq. (1) by using the eigenvalue theory of operators under the conditions

0 < f_∞ < ∞, f_∞ = ∞, 0 < f_0 < ∞ or f_0 = ∞ , where f_∞ = lim_{u→∞} f(u) u and f_0 = lim_{u→0+} f(u) u . 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 34K15, 34K25.

K e y w o r d s: functional differential equation, positive periodic solution, delay, cone, eigenvalue.

The research was supported by the grant 1/3238/06 of Scientific Grant Agency of Ministry of Education of Slovak Republic and Slovak Academy of Sciences.

They assume that the function f : [0, ∞) → [0, ∞) is continuous with the property f(0) = 0.

In our article we do not suppose that the function f satisfies the condition f(0) = 0. We will establish several sufficient conditions for the existence of positive T -periodic solutions of Eq. (1) by using the eigenvalue theory of operators. Some authors, e.g., C h e n g and Z h a n g [1] investigated the existence of positive solutions of (1) by using Krasnosel’skii fixed point theorem.

The differential equation y^′(t) = sf ( y(t) ) − ny(t), s, n ∈ (0, ∞) , emerged in the theory of a neoclassical growth economic model [2]. It is fundamental dynamic equation of the model, where y(t) is a capital/labour ratio. In addition the cognate differential equations have recently found a variety of applications in several fields of natural sciences. In mathematical biology and physiology such equations with retarded argument describe systems with delayed response, for example in respiratory control circuits or neural interactions, etc. It is due to influence of the past history of the processes on their evolution. Such equations were also suggested to model processes in radiophysics and optics.

Now we impose condition on the function f, f : [0, ∞) → [0, ∞) is continuous. (2) We also assume that_T ∫ 0 h(s) ds = B > 0 .

We call a continuously differentiable and T -periodic function a periodic solution of (1) associated with λ^∗ if it satisfies (1) when λ = λ^∗.

2. Auxiliary lemmas

From Eq. (1) we get

y^′(t) exp t∫ t_0

a(s) ds

= − a(t)y(t) exp t∫ t_0

a(s) ds

+ λh(t)f ( y ( t − τ(t) )) exp t∫ t_0

a(s) ds

, t_0 ∈ R .

Then we have

y(t) exp t∫ t_0

a(s) ds ′ = λh(t)f ( y ( t − τ(t) )) exp (_t∫

t_0

a(s) ds ) . Integrating from t to t + T we obtain

y(t) = λ t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds , (3)

where

G(t, s) = exp (_s ∫ t a(u) du )

exp (_T∫ 0 a(u) du ) − 1 , s ∈ [t, t + T ], t ∈ R .

We conclude that Eq. (1) has T -periodic solutions if and only if (3) has T -periodic solutions [1], [6]. Further we have

0 < N ≡ min_{t∈[0,T ]} G(t, s) ≤ G(t, s) ≤ max_{t∈[0,T ]} G(t, s) ≡ M, t ≤ s ≤ t + T, and 1 ≥ G(t, s) max_{t∈[0,T ]} G(t, s) ≥ min_{t∈[0,T ]} G(t, s) max_{t∈[0,T ]} G(t, s) = N M = k > 0, s ∈ [t, t + T ].

Let X be the set of all real T -periodic continuous functions endowed with the usual linear structure and the norm ||y|| = sup_{t∈[0,T ]} |y|.

Then X is a Banach space. Define the cone of X by P = {y ∈ X : y ≥ k||y||} and an operator A: X → X by

(Ay)(t) = t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds, t ∈ R . (4)

Then for any y ∈ P we obtain

(Ay)(t) ≤ M t+T∫ t h(s)f ( y ( s − τ(s) )) ds and (Ay)(t) ≥ N t+T∫ t h(s)f ( y ( s − τ(s) )) ds ≥ k||Ay|| .

Now we conclude our consideration above in the next lemma.

Lemma 2.1. ([1], [6]). Ay ∈ P for any y ∈ P , that is AP ⊂ P .

In order to prove our results the following lemmas are also needed.

Lemma 2.2. ([3], [6]). Suppose D is an open subset of the infinite-dimensional real Banach space E, θ ∈ D and P is a cone of E. If the operator Γ: P ∩D̄ → P is completely continuous with Γθ = θ and inf x∈P ∩∂D

||Γx|| > 0,

then Γ has a proper element on P ∩ ∂D associated with a positive eigenvalue. That is, there exist x_0 ∈ P ∩ ∂D and μ_0 > 0 such that Γx_0 = μ_0x_0.

Lemma 2.3. ([4]) (Schauder’s fixed point theorem). Let Ω be a closed, convex and nonempty subset of a Banach space X. Let A : Ω → Ω be a continuous mapping such that AΩ is a relatively compact subset of X. Then A has at least one fixed point in Ω. That is, there exists an x ∈ Ω such that Sx = x.

3. Existence of positive periodic solutions

In this section we shall establish sufficient conditions for the existence of positive periodic solutions of Eq. (1).

Theorem 3.1. Suppose that (2) holds, 0 < f_∞ < l_2 and Ml_2B ≤ 1. Then there exists a positive number R_0 such that for any r > R_0, (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ ∈ [λ_1, λ_2] and ||y^∗_r (t)|| = r, where λ_1 and λ_2 are two positive finite numbers.

P r o o f. With regard to (3) and (4), Equation (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ > 0 if and only if the operator A has a proper element y^∗_r associated with the eigenvalue 1/λ^∗ > 0. Since 0 < f_∞ < l_2 there exists l_1 > 0 and large enough η > 0 such that

l_1u < f(u) < l_2u for any u ≥ η.

Let R_0 = k^{−1}η and Ω_r = {y ∈ X : ||y|| < r}, where r > R_0. Then Ω_r is a bounded open subset of the Banach space X.

We now show that A : P ∩ Ω̄_r → P is completely continuous. First we will

show that A is continuous. Let y_k ∈ P ∩ Ω̄_r and y_k(t) → y(t) as k → ∞. Since

P ∩ Ω̄_r is closed y(t) ∈ P ∩ Ω̄_r. For t ∈ R we get

|(Ay_k)(t) − (Ay)(t)| = | | | t+T∫ t G(t, s)h(s) [ f ( y_k ( s − τ(s) )) − f ( y ( s − τ(s) ))] ds | | |

≤ t+T∫ t G(t, s)h(s) | f ( y_k ( s − τ(s) )) − f ( y ( s − τ(s) ))| ds .

Since | f ( y_k(s−τ(s)) ) −f ( y(s−τ(s)) )| → 0 as k → ∞, by applying the Lebesgue

dominated convergence theorem we conclude that

lim_{k→∞} ||(Ay_k)(t) − (Ay)(t)|| = 0 .

This means that A is continuous.

Next we show that A(P ∩ Ω̄_r) is relatively compact. By Arzela’s theorem it is

sufficiently to show that the family of functions {Ay : y ∈ P ∩ Ω̄_r} is uniformly

bounded and equicontinuous on R.

For any y(t) ∈ P ∩ Ω̄_r, t ∈ R we have

(Ay)(t) ≤ M t+T∫ t h(s)f ( y ( s − τ(s) )) ds

≤ Ml_2 t+T∫ t h(s)y ( s − τ(s) ) ds ≤ Ml_2B||y|| ≤ Ml_2Br .

This means the uniform boundedness.

For the equicontinuity we need to show that for any given ε > 0 interval

(−∞, ∞) can be decomposed into finite subintervals in such a way that on each

subinterval all functions of the family have a change of amplitude less than ε.

For y(t) ∈ P ∩ Ω̄_r, t_1, t_2 ∈ (−∞, ∞) we have

|(Ay)(t_2) − (Ay)(t_1)| = | | | t_2+T∫

t_2

G(t_2, s)h(s)f ( y ( s − τ(s) )) ds

− t_1+T∫

t_1

G(t_1, s)h(s)f ( y ( s − τ(s) )) ds | | | .

From this if follows that for any ε > 0 we can find δ > 0 such that 0 < |t_2−t_1| < δ

implies |(Ay)(t_2) − (Ay)(t_1)| < ε.

Thus {Ay : y ∈ P ∩Ω̄_r} is uniformly bounded and equicontinuous on (−∞, ∞)

and hence A(P ∩ Ω̄_r) is relatively compact.

Now we shall show that the operator A has a fixed point θ ∈ Ω_r, i.e., Aθ =

θ ∈ Ω_r. So we consider the set

Ω_b = { y(t) ∈ X : y(t) ≥ 0, ||y|| ≤ b < r, b > 0, t ∈ R } . Then Ω_b ⊂ Ω_r. For any y ∈ Ω_b we get

(Ay)(t) = t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds

≤ Ml_2 t+T∫ t h(s)y ( s − τ(s) ) ds

≤ Ml_2 t+T∫ t h(s) sup

s∈[t,t+T ] | y ( s − τ(s) )| ds

≤ Ml_2||y|| t+T∫ t h(s) ds ≤ Ml_2bB .

Since Ml_2B ≤ 1, thus Ml_2bB ≤ b. So we have ||Ay|| ≤ b and AΩ_b ⊂ Ω_b. By

a similar way as in the first part of the proof we can prove that A is continuous

on Ω_b and that AΩ_b is a relatively compact subset of X. With regard to Lemma

2.3 there exists a θ ∈ Ω_b such that Aθ = θ.

Furthermore we get

(Ay)(t) = t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds

≥ Nl_1 t+T∫ t h(s)y ( s − τ(s) ) ds

≥ Nl_1k||y|| T∫ 0 h(s) ds = Nl_1kBr > 0

for any r > R_0 and y ∈ P ∩ ∂Ω_r. Thus we have inf y∈P ∩∂Ω_r

||Ay|| ≥ Nl_1kBr > 0 .

By Lemma 2.2 for any r > R_0 the operator A has a proper element y^∗_r ∈ P ∩∂Ω_r associated with the eigenvalue μ^∗ > 0, i.e., Ay^∗_r = μ^∗y^∗_r and y^∗_r satisfies ||y^∗_r || = r. If λ^∗ = 1/μ^∗, then (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗.

Furthermore, for any r > R_0 there exists a positive T -periodic solution y^∗_r ∈ P ∩ Ω_r associated with λ^∗ > 0 such that

y^∗_r = λ^∗ t+T∫ t G(t, s)h(s)f ( y^∗_r ( s − τ(s) )) ds with ||y^∗_r || = r. We obtain

y^∗_r (t) ≤ λ^∗M t+T∫ t h(s)f ( y^∗_r ( s − τ(s) )) ds

≤ λ^∗Ml_2r T∫ 0 h(s) ds ≤ λ^∗Ml_2Br .

So we have ||y^∗_r || = r ≤ λ^∗l_2MBr ,

which means that

λ^∗ ≥ 1 l_2MB

= λ_1 .

On the other hand we get

y^∗_r (t) ≥ λ^∗N t+T∫ t h(s)f ( y^∗_r ( s − τ(s) )) ds

≥ λ^∗l_1Nk||y^∗_r || T∫ 0 h(s) ds = λ^∗l_1NBkr .

Then

||y^∗_r || = r ≥ λ^∗l_1NBkr ,

which implies that

λ^∗ ≤ 1 l_1NBk

= λ_2 .

Hence we have λ^∗ ∈ [λ_1, λ_2]. The proof is complete. □

Theorem 3.2. Suppose that (2) holds, f_∞ = ∞, an interval [0, b], b > 0, is mapped by f into itself and MB ≤ 1. Then there exists a positive number R_0 such that for any r > R_0, (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ ≤ λ_2, where λ_2 is a positive finite number and ||y^∗_r (t)|| = r.

P r o o f. Since f_∞ = ∞, there exist l_1 > 0 and sufficiently large η > 0 such that l_1u < f(u) for any u ≥ η. We take R_0 = k^{−1}η and R_0 ≥ b. Let

Ω_r = { y ∈ X : ||y|| < r } , where r > R_0. Then Ω_r is a bounded open subset of the Banach space X. We shall show that the operator A has a fixed point θ ∈ Ω_r. We consider the closed and convex set

Ω_b = { y(t) ∈ X : y(t) ≥ 0, ||y|| ≤ b, t ∈ R } . Then Ω_b ⊂ Ω_r. For any y ∈ Ω_b we obtain

(Ay)(t) = t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds ≤ Mb t+T∫ t h(s) ds = MBb .

Since MB ≤ 1, it follows that MBb ≤ b. Hence we have ||Ay|| ≤ b, i.e., AΩ_b ⊂ Ω_b.

We now show that A is continuous on Ω_b. Let y_k ∈ Ω_b and y_k(t) → y(t) as k → ∞. Since Ω_b is closed, y(t) ∈ Ω_b. For t ∈ R we get

|(Ay_k)(t) − (Ay)(t)| ≤ t+T∫ t G(t, s)h(s) | f ( y_k ( s − τ(s) )) − f ( y ( s − τ(s) ))| ds .

Since | |f(y_k(s−τ(s)))−bl(y(s−τ(s))) | | → 0 as k → ∞, by applying the Lebesgue dominated convergence theorem we have that lim_{k→∞} ||(Ay_k)(t) − (Ay)(t)|| = 0. This means that A is continuous. By a similar way as in the proof of Theorem 1 we can prove that AΩ_b is a relatively compact subset of X. With regard to Lemma 2.3 there exists a θ ∈ Ω_b such that Aθ = θ.

Proceeding similarly as in the proof of Theorem 3.1 we can show that A : P ∩ Ω̄_r → P is completely continuous. Furthermore, we have

(Ay)(t) ≥ Nl_1 t+T∫ t h(s)y ( s − τ(s) ) ds

≥ Nl_1k||y|| T∫ 0 h(s) ds = Nl_1kBr ,

for any r > R_0 and y ∈ P ∩ ∂Ω_r. Then we get inf y∈P ∩∂Ω_r

||Ay|| ≥ Nl_1kBr > 0 .

By Lemma 2.2 for any r > R_0 the operator A has a proper element y^∗_r ∈ P ∩∂Ω_r associated with the eigenvalue μ^∗ > 0. If λ^∗ = 1/μ^∗, then (1) has a positive T -periodic solution y^∗_r ∈ P ∩ ∂Ω_r associated with λ^∗ > 0 such that

y^∗_r (t) = λ^∗ t+T∫ t G(t, s)h(s)f ( y^∗_r ( s − τ(s) )) ds and ||y^∗_r || = r. We have

y^∗_r (t) ≥ λ^∗N t+T∫ t h(s)f ( y^∗_r ( s − τ(s) )) ds

≥ λ^∗Nl_1k||y^∗_r || T∫ 0 h(s) ds = λ^∗Nl_1Bkr .

Then ||y^∗_r || = r ≥ λ^∗NBl_1kr , and we get λ^∗ ≤ 1 NBl_1k

= λ_2 .

The proof of Theorem 3.2 is complete. □

Theorem 3.3. Suppose that (2) holds, 0 < f_0 < d_2 and Md_2B ≤ 1. Then there exists a positive number R_0 such that for any 0 < r < R_0, (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ ∈ [λ̄_1, λ̄_2], ||y^∗_r (t)|| = r and λ̄_1, λ̄_2 are two positive finite numbers.

P r o o f. Since 0 < f_0 < d_2, there exist R_0 > 0 and constant d_1 > 0 such that d_1u < f(u) < d_2u for any 0 < u < R_0. Let U_r = { y ∈ X : ||y|| < r } , where 0 < r < R_0. Proceeding now as in the proof of Theorem 3.1 and using the Lemma 2.3 we can show that there exists a θ ∈ U_r such that Aθ = θ and that the operator A : P ∩ Ū_r → P is completely continuous. Further we have

(Ay)(t) = t+T∫ t G(t, s)h(s)f ( y ( s − τ(s) )) ds

≥ Nd_1 t+T∫ t h(s)y ( s − τ(s) ) ds ≥ Nd_1k||y|| T∫ 0 h(s) ds

= Nd_1kBr > 0 for any 0 < r < R_0 and y ∈ P ∩ ∂U_r. Then we get inf y∈P ∩∂U_r

||Ay|| ≥ Nd_1kBr > 0 .

According to Lemma 2.2 for any 0 < r < R_0 the operator A has a proper element y^∗_r ∈ P ∩ ∂U_r associated with the eigenvalue μ^∗ = 1/λ^∗ and ||y^∗_r || = r. Then (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ ∈ [λ̄_1, λ̄_2]. The proof of the Theorem 3.3 is complete. □

The proof of the next theorem is similar to that of previous theorems, so we only outline it.

Theorem 3.4. Suppose that (2) holds, f_0 = ∞, an interval [0, b], b > 0, is mapped by f into itself and MB ≤ 1. Then there exists a positive number R_0 such that for any r, b < r < R_0, (1) has a positive T -periodic solution y^∗_r (t) associated with λ^∗ ≤ λ̄_2, where λ̄_2 is a positive finite number and ||y^∗_r (t)|| = r.

P r o o f. Since f_0 = ∞, there exist R_0 > 0 and constant d_1 > 0 such that

d_1u < f(u) for any 0 < u < R_0. Let U_r = { y ∈ X : ||y|| < r } , where 0 < r < R_0.

We also consider a closed and convex set

U_b = { y(t) ∈ X : y(t) ≥ 0, ||y|| ≤ b, t ∈ R } , where 0 < b < r. Proceeding as in the proof of previous theorems and using Lemma 2.2 we get that for any b < r < R_0, (1) has a positive T -periodic solution y^∗_r ∈ P ∩ ∂U_r associated with λ^∗ > 0 such that

y^∗_r (t) = λ^∗ t+T∫ t G(t, s)h(s)f ( y^∗_r ( s − τ(s) )) ds and ||y^∗_r || = r. We obtain

y^∗_r (t) ≥ λ^∗N t+T∫ t h(s)f ( y^∗_r ( s − τ(s) )) ds

≥ λ^∗Nd_1 t+T∫ t h(s)y^∗_r ( s − τ(s) ) ds

≥ λ^∗Nd_1k||y^∗_r || T∫ 0 h(s) ds = λ^∗Nd_1kBr .

Then ||y^∗_r || = r ≥ λ^∗Nd_1kBr , and we have λ^∗ ≤ 1 NBd_1k

= λ̄_2 .

The proof is complete. □

REFERENCES

[1] CHENG, S. S.—ZHANG, G.: Existence of positive periodic solutions for non-autonomous functional differential equations, Electron. J. Differential Equations 59 (2001), 1–8.

[2] GANDOLFO, G.: Economic Dynamics, Springer-Verlag, Berlin, 1997. [3] GUO, D. J.—LAKSHMIKANTHAM, V.: Nonlinear Problems in Abstract Cones, Notes Rep. Math. Sci. Engrg. 5, Academic Press, Boston, MA, 1988.

[4] GYÖRI, I.—LADAS, G.: Oscillation Theory of Delay Differential Equations, Clarendon Press, Oxford, 1991.

[5] WAŻEWSKA-CZYZEWSKA, M—LASOTA, A.: Mathematical problems of the dynamics of the red blood cells system, Rocz. Pol. Tow. Mat., Ser. III, Mat. Stos. 6 (1976), 23-40. (In Polish) [6] LIN, X. L.—LI, W. T.: Existence and uniqueness of positive periodic solutions of functional differential equations, J. Math. Anal. Appl. 293 (2004), 28–39.

Received October 18, 2006 Faculty of Science University of Žilina J. M. Hurbana Str. 15 010 26 Žilina SLOVAKIA E-mail: lubica.hanustiakova@fpv.uniza.sk rudolf.olach@fpv.uniza.sk svanova@jsdzilina.sk