Tatra Mt. Math. Publ. 36 (2007), 147–151 tm

Mathematical Publications

ON TOTAL EDGE IRREGULARITY STRENGTH OF THE GRIDS

Jozef Miškuf — Stanislav Jendrol’

ABSTRACT. A total edge irregular labelling ν of a graph G is a labelling of the vertices and edges of G with labels from the set f1, . . . , kg in such a way that for any two different edges e and f their weights φ(f) and φ(e) are distinct, where the weight of an edge g = uv is the sum of the label of g and the labels of vertices u and v . The minimum k for which the graph G has an edge irregular total k -labelling is called the total edge irregularity strength of G. In this note we determine exact values of the total edge irregularity strength of m Θ n grids.

1. Introduction

In [3], C h a r t r a n d et al. proposed the following problem: Assign positive integer labels to the edges of a connected graph of order at least 3 in such a way that the graph becomes irregular, i.e., the weights (label sums) at each vertex are distinct. What is the minimum value of the largest label over all such irregular assignments?

This parameter of a graph G is well known as the irregularity strength of the graph G, s(G). Finding the irregularity strength of a graph seems to be hard even for graphs with simple structure, see [4], [5], [6]. For recent results see the papers by A m a r and T o g n i [1], J a c o b s o n and L e h e l [6], N i e r h o f f [7], F r i e z e at al. [5]. Motivated by these papers and by a book of W a l l i s [9], B a č a et al. [2] started to investigate the total edge irregularity strength of a graph G, an invariant analogous to the irregularity strength for total labellings.

For a graph G = (V, E) we define a labelling ν : V ∪E → {1, 2, . . . , k} to be a total edge irregular k -labelling of the graph G if for every two different edges e and f of G one has φ(e) ≠ φ(e), where the weight of an edge e = {u, v} in the labelling ν is φ(e) = ν(u) + ν(v) + ν(e). The minimum k for which the graph

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C78.

K e y w o r d s: irregular labelling, total labelling, m Θ n grid, irregularity strength.

This work was supported by the Science and Technology Assistance Agency under the contract No. APVT-20-004104. Support of The Slovak VEGA Grant 1/3004/06 is acknowledged as well.

JOZEF MIŠKUF — STANISLAV JENDROL’

G has an edge irregular total k -labelling is called the total edge irregularity strength of G, tes(G). Motivated by the papers [4] of D i n i t z , G a r n i c k and G y á r f á s and [8] of T o g n i we investigate the total edge irregularity strength of the m × n grid. By an m × n grid we understand a graph isomorphic to the Cartesian product P_m × P_n of two paths P_m and P_n . Let us recall the definition of the Cartesian product of two paths P_m × P_n . For integers a and b let [a, b] be an interval of integers x, a 6 x 6 b. Let V (P_m) = {u_1, . . . , u_m}, E(P_m) = { u_iu_{i+1}, i ∈ [1, m − 1] } , V (P_n) = {v_1, . . . , v_n}, E(P_n) = { v_iv_{i+1}, i ∈ [1, n−1] } . Then V (P_m×P_n) = { (u_i, v_j ), i ∈ [1, m], j ∈ [1, n] } and E(P_m×P_n) = { (u_i, v_j )(u_k, v_l), i, k ∈ [1, m], j, l ∈ [1, n], |i − k| + |j − l| = 1 } . Now it is easy to check that the grid P_m × P_n has 2mn − m − n edges.

In [2] it is proved that the total edge irregularity strength of every graph G = (V, E) is at least

⌈jEj+2_3^⌉_{and for a path on n vertices tes(Pn) =}^⌈ n+1_3^⌉_.

This implies that tes(P_m × P_n) ¿

⌈_{2mn}�_m�_{n+2} 3 ⌉ . The main goal of this note is to prove equality. More precisely we prove

Theorem 1. Let m, n be positive integers. Then tes(P_m × P_n) = ⌈ 2mn − m − n + 2 3 ⌉ .

2. Proof of the theorem

In the proof we write ν(u, v) instead of ν ( (u, v) ) for the vertex (u, v) of the grid under a labelling ν . Analogously we write ν(u_1, v_1; u_2, v_2) instead of ν ( (u_1, v_1)(u_2, v_2) ) . The weight of an edge (u_1, v_1)(u_2, v_2) is denoted by φ(u_1, v_1; u_2, v_2).

We distinguish three cases. The first case occurs when m = 3k , k ∈ N and

n ∈ N. The second case concerns m = 3k + 2, k ∈ N and n ∈ N. Because the

graphs P_m × P_n and P_n × P_m are isomorphic, in the third case it is sufficient to complete the proof for m = 3k + 1, k ∈ N and n = 3l + 1, l ∈ N.

Case 1. Let m = 3k . We proceed by induction according to t, where t = ⌈_n�_1 3 ⌉ . Let A(t) denote that (1) tes(P_m × P_n) =

⌈_{2mn}�_m�_{n+2} 3 ⌉ for n = 3t − 1, 3t and 3t + 1 (2) the vertex (u_i, v_{3t+1}) is assigned with the value ν(u_i, v_{3t+1}) = ⌈_i 3 ⌉ + t(6k − 1) (3) the edge { (u_i, v_{3t+1})(u_{i+1}, v_{3t+1}) } of the P_n × P_m receives the value ν(u_i, v_{3t+1}; u_{i+1}, v_{3t+1}) =

⌈_{i+2} 3 ⌉ + t(6k − 1) for every i ∈ [1, 3k − 1] (4) the maximum edge weight in P_m × P_n has value 3t(6k − 1) + 3k + 1.

ON TOTAL EDGE IRREGULARITY STRENGTH OF THE GRIDS

To prove A(1) put ν(u_i, v_1) = ⌈_i 3 ⌉ for every i ∈ [1, 3k] and put

ν(u_i, v_1; u_{i+1}, v_1) =

⌈_{i+2} 3 ⌉ for every i ∈ [1, 3k − 1]. Clearly, for i ≠ j we have

φ(u_i, v_1; u_{i+1}, v_1) ≠ φ(u_j , v_1; u_{j+1}, v_1).

Next, assuming that A(t) is true, we prove A(t + 1). We distinguish three

subcases.

Case 1.1. Let n = 3t + 2 = 3(t + 1) − 1. Assume the subgraph P_m × P_{3t+1}

of P_m × P_{3t+2} to be labelled as mentioned in A(t). The vertices of the path

Q(3t + 2) = ( (u_1, v_{3t+2})(u_2, v_{3t+2}) . . . (u_m, v_{3t+2}) ) are assigned ν(u_i, v_{3t+2}) = ⌈_i 3 ⌉ + t(6k − 1) + 2k for i ∈ [1, 3k] and the edges ( u_i, v_{3t+2}; u_{i+1}, v_{3t+2} ) are assigned with the values ν ( u_i, v_{3t+2}; u_{i+1}, v_{3t+2} ) = ⌈_{i+2} 3 ⌉ + t(6k − 1) + 2k − 1.

The weights of these edges run between 3t(6k − 1) + 6k + 2 and 3t(6k − 1) + 9k .

Clearly, for different edges their weights are distinct. To complete the assign-

ment of the graph P_m × P_{3t+2} , we label the edge ( u_i, v_{3t+1} )( u_i, v_{3t+2} ) with ν ( u_i, v_{3t+1}; u_i, v_{3t+2} ) = t(6k − 1) + k − 1 + ⌈_i 3 ⌉ + (i − 1 − 3

⌊_i�_1 3 ⌋ ) for every

i ∈ [1, 3k]. The weight of this edge is i + 3 (⌈_i 3 ⌉ − ⌊_i�_1 3 ⌋) + 3t(6k − 1) + 3k − 2 =

i + 3 + 3t(6k − 1) + 3k − 2 = 3t(6k − 1) + 3k + i + 1 and so the weights of these

edges form the interval [ 3k(6k − 1) + 3k + 2, 3t(6k − 1) + 6k + 1 ] . Case 1.2. Let n = 3(t + 1) = 3t + 3 and assume the subgraph P_m × P_{3t+2} of

P_m × P_{3t+3} to be labelled as mentioned in the Case 1.1. The elements of the

path Q(3t + 3) are assigned with the values ν ( u_i, v_{3t+3} ) = ⌈_i 3 ⌉ + t(6k − 1) + 4k

for i ∈ [1, 3k] and ν ( u_i, v_{3t+3}; u_{i+1}, v_{3t+3} ) = ⌈_{i+2} 3 ⌉ + t(6k − 1) + 4k − 2 for

i ∈ [1, 3k −1]. The edges between the paths Q(3t+2) and Q(3t+3) are labelled

as follows: ν ( u_i, v_{3t+2}; u_i, v_{3t+3} ) = t(6k − 1) + 3k − 2 + ⌈_i 3 ⌉ + ( i − 1 − 3 ⌊_i�_1 3 ⌋) for i ∈ [1, 3k]. It is easy to check again that the labelling ν is irregular and the

largest edge weight is 3t(6k − 1) + 15k − 1.

Case 1.3. Let n = 3(t + 1) + 1 = 3t + 4 and assume the subgraph P_m × P_{3t+3}

of P_m × P_{3t+4} to be labelled as in Case 1.2. We continue with the following

assignment: ν ( u_i, v_{3(t+1)+1} ) = ⌈_i 3 ⌉ + t(6k − 1) + 6k − 1 = ⌈_i 3 ⌉ + (t + 1)(6k − 1)

for i ∈ [1, 3k]. ν ( u_i, v_{3(t+1)+1}; u_{i+1}, v_{3(t+1)+1} ) = ⌈_{i+2} 3 ⌉ + t(6k − 1) + 6k − 1 for

i ∈ [1, 3k−1]. The weight of this edge is ⌈_i 3 ⌉ + ⌈_{i+1} 3 ⌉ + ⌈_{i+2} 3 ⌉ +3(t+1)(6k−1) for i ∈ [1, 3k−1]. ν ( u_i, v_{3t+3}; u_i, v_{3(t+1)+1} ) = t(6k−1)+5k−2+ ⌈_i 3 ⌉ + ( i−1−3 ⌊_i�_1 3 ⌋) for i ∈ [1, 3k]. The weight of this edge is 3t(6k − 1) + 15k + i − 1 for i ∈

[1, 3k]. The largest weight among edge weights has value 3t(6k − 1) + 21k − 2 =

3(t + 1)(6k − 1) + 3k + 1.

In all above cases the total edge irregular d−labelling is constructed with d = ⌈_{2mn}�_m�_{n+2} 3 ⌉ , which is the smallest possible value for which such a labelling

can exist for.

JOZEF MIŠKUF — STANISLAV JENDROL’

Case 2. Let m = 3k − 1. Similarly as in the Case 1 let B(t) denote that

(1) tes(P_m × P_t) =

⌈_{2mt}�_m�_{t+2} 3 ⌉ for t ∈ [1, n].

(2) ν(u_i, v_t) = ⌈_i 3 ⌉ + (t − 1)(2k − 1) for i ∈ [1, 3k − 1].

(3) ν(u_i, v_t; u_{i+1}, v_t) =

⌈_{i+2} 3 ⌉ + (t − 1)(2k − 1) for every i ∈ [1, 3k − 2]

(4) The maximum edge weight in P_m × P_n is φ(e) = 3(t − 1)(2k − 1) + 3k .

It is easy to see that B(1) is true, see [2]. Assuming that B(t) is true we prove

the truth of B(t + 1). To see this, let us accept the labelling of the subgraph

P_m × P_t of P_m × P_{t+1} and let us label the rest of the vertices and edges of

P_m × P_{t+1} as follows: ν ( u_i, v_{3t+2} ) = ⌈_i 3 ⌉ + t(2k − 1) − 2k + 1 + 2k − 1 for i ∈ [1, 3k − 1] ν ( u_i, v_{t+1}; u_{i+1}, v_{t+1} ) = ⌈_{i+2} 3 ⌉ + t(2k − 1) − 2k + 1 + 2k − 1 for i ∈ [1, 3k − 2] ν ( u_i, v_t; u_i, v_{t+1} ) = ⌈_i 3 ⌉ + ( i − 1 − 3 ⌊_i�_1 3 ⌋) + t(2k − 1) − 2k + 1 + k − 1 for

i ∈ [1, 3k − 1].

It is a routine matter to check that the largest weight among all edge weights

has value 3t(2k − 1) + 3k and the largest used label is t(2k − 1) + k . Hence

B(t + 1) is proved.

Case 3. Let m = 3k + 1. As the graphs P_m × P_n and P_n × P_m are isomorphic,

it is sufficient to consider the case when n = 3l + 1. Let C(t) denote that the

graph P_{3k+1} × P_{3t+1} has a labelling ν having the following properties:

(1) tes(P_m × P_n) =

⌈_{2mn}�_m�_{n+2} 3 ⌉ for m = 3k + 1 and n = 3t + 1.

(2) ν ( u_i, v_{3t+1} ) = ⌈_i 3 ⌉ + t(6k + 1) for i ∈ [1, 3k + 1].

(3) ν ( u_i, v_{3t+1}; u_{i+1}, v_{3t+1} ) = ⌈_{i+2} 3 ⌉ + t(6k + 1) for every i ∈ [1, 3k].

(4) The maximum edge weight in P_m × P_n has value 3t(6k + 1) + 3k + 2.

It is easy to see that C(1) is true, see [2]. To verify the truth of C(t + 1)

assuming that C(t) is true, let us accept the labelling ν of C(t) for a subgraph

P_{3k+1} × P_{3t}�_2 of P_{3k+1} × P_{3t+1} . The rest of the vertices and edges are labelled

as follows: ν ( u_i, v_{3t+2} ) = ⌈_i 3 ⌉ + t(6k + 1) + 2k + 1 for i ∈ [1, 3k + 1], ν ( u_i, v_{3t+1}; u_i, v_{3t+2} ) = t(6k+1)+k−1+ ⌈_i 3 ⌉ + ( i−1−3 ⌊_i�_1 3 ⌋) for i ∈ [1, 3k+1].

Hence we have φ ( u_i, v_{3t+1}; u_i, v_{3t+2} ) = 3t(6k + 1) + 3k + 3 + i − 1 for i ∈ [1, 3k + 1] and the

the maximum weight among these edges is 3t(6k + 1) + 6k + 3. ν ( u_i, v_{3t+2}; u_{i+1}, v_{3t+2} ) = ⌈_{i+2} 3 ⌉ + t(6k + 1) + 2k − 1 for i ∈ [1, 3k], φ ( u_i, v_{3t+2}; u_{i+1}, v_{3t+2} ) = 3t(6k+1)+6k+1+ ⌈_i 3 ⌉ + ⌈_{i+1} 3 ⌉ + ⌈_{i+2} 3 ⌉ for i ∈ [1, 3k],

and the maximum weight on these edges is 3t(6k + 1) + 9k + 3. ν ( u_i, v_{3t+3} ) = ⌈_i 3 ⌉ + t(6k + 1) + 4k + 1 for i ∈ [1, 3k + 1], ν ( u_i, v_{3t+2}; u_i, v_{3t+3} ) = t(6k+1)+3k−1+ ⌈_i 3 ⌉ + ( i−1−3 ⌊_i�_1 3 ⌋) for i ∈ [1, 3k+1], φ ( u_i, v_{3t+2}; u_i, v_{3t+3} ) = 3t(6k + 1) + 9k + 4 + i − 1 for i ∈ [1, 3k + 1] and the

ON TOTAL EDGE IRREGULARITY STRENGTH OF THE GRIDS

maximum weight is 3t(6k + 1) + 12k + 4. ν ( u_i, v_{3t+3}; u_{i+1}, v_{3t+3} ) = ⌈_{i+2} 3 ⌉ + t(6k + 1) + 4k for i ∈ [1, 3k] and φ ( u_i, v_{3t+2}; u_{i+1}, v_{3t+2} ) = 3t(6k+1)+12k+2+ ⌈_i 3 ⌉ + ⌈_{i+1} 3 ⌉ + ⌈_{i+2} 3 ⌉ for i ∈ [1, 3k].

Hence the maximum weight on these edges is 3t(6k + 1) + 15k + 4. ν ( u_i, v_{3(t+1)+1} ) = ⌈_i 3 ⌉ +t(6k+1)+6k+1 = ⌈_i 3 ⌉ +(t+1)(6k+1) for i ∈ [1, 3k+1], ν ( u_i, v_{3t+3}; u_i, v_{3(t+1)+1} ) = t(6k+1)+5k+ ⌈_i 3 ⌉ + ( i−1−3 ⌊_i�_1 3 ⌋) for i ∈ [1, 3k+1], and φ ( u_i, v_{3t+3}; u_i, v_{3(t+1)+1} ) = 3t(6k + 1) + 15k + 2 + 3 + i − 1 for i ∈ [1, 3k + 1].

Hence the maximum weight among these edges is 3t(6k + 1) + 18k + 5. ν ( u_i, v_{3(t+1)+1}; u_{i+1}, v_{3(t+1)+1} ) = ⌈_{i+2} 3 ⌉ + t(6k + 1) + 6k + 1 for i ∈ [1, 3k], φ ( u_i, v_{3(t+1)+1}; u_{i+1}, v_{3(t+1)+1} ) = 3t(6k + 1) + 18k + 3 + ⌈_i 3 ⌉ + ⌈_{i+1} 3 ⌉ + ⌈_{i+2} 3 ⌉ for i ∈ [1, 3k], and the largest weight on these edges is 3t(6k + 1) + 21k + 5. It is a routine matter to verify that for distinct edges e and f there is φ(e) ≠ φ(f). Hence the labelling ν is irregular. The largest weight among edge weights is 3t(6k + 1) + 21k + 5. Because the largest used label is exactly the possible minimum which a total edge irregular labelling can exist for, we have proved C(t + 1).

REFERENCES

[1] AMAR, D.—TOGNI, O. : Irregularity strength of trees, Discrete Math. 190 (1998), 15–38. [2] BAČA, M.—JENDROL’, S.—MILLER, M.—RYAN, J. : On irregular labellings, Discrete Math. (2006).

[3] CHARTRAND, G.—JACOBSON, M. S.—LEHEL, J.—OELLERMANN, O. R.— RUIZ, S.—SABA, F. : Irregular networks, Congr. Numer. 64 (1988), 355–374.

[4] DINITZ, J. H.—GARNICK, D. H.—GYÁRFÁS, A. : On the irregularity strength of the

m Θ n grid, J. Graph Theory 16 (1992), 355–374.

[5] FRIEZE, A.—GOULD, R. J.—KARONSKI, M.—PFENDER, F. : On graph irregularity strength, J. Graph Theory 41 (2004), 120–137.

[6] JACOBSON, M. S.—LEHEL, J. : Degree irregularity, Available online at

http://athens.louisville.edu/msjaco01/irregbib.htm.

[7] NIERHOFF, T. : A tight bound on the irregularity strength of graphs, SIAM J. Discrete Math. 13 (2000), 313–323.

[8] TOGNI, O. : Irregularity strength of the toroidal grid, Discrete Math. 165/166 (1997), 609–620.

[9] WALLIS, W. D. : Magic Graphs, Birkhäuser, Boston, 2001.

Received October 6, 2004 University of Pavol Jozef Šafárik Faculty of Science Institute of Mathematics Jesenná 5 SK–041 54 Košice SLOVAKIA