Tatra Mt. Math. Publ. 38 (2007), 229–241 tm Mathematical Publications

PERTURBATION OF DISCRETE QUADRATIC FUNCTIONALS

Viera Růžičková

ABSTRACT. The nonnegativity of a discrete quadratic functional F(x, u), associated with discrete symplectic systems, with zero, separated, and general endpoints, respectively, on admissible pairs (x, u) with corresponding boundary conditions is equivalent to the nonnegativity of certain perturbed functionals, e.g., of the functional F(x, u) + α‖x_0‖^2 + β‖x_{N+1}‖^2 on admissible pairs (x, u) such that

(_{x0x} N+1 ) is restricted to a (larger) subspace. Similar results hold also in case of the positivity.

1. Notation and introduction

Let N ∈ N and let x_k ∈ R^n, u_k ∈ R^n be real n-vectors for k ∈ {0, 1, . . . , N + 1} := [0, N + 1], and S_k =

(_{Ak Bk}

C_k D_k ) be a symplectic 2n × 2n matrix for k ∈ [0, N], i.e.,

A^T_k C_k = C^T_k A_k, B^T_k D_k = D^T_k B_k, A^T_k D_k − C^T_k B_k = I, k ∈ [0, N]. (1)

The system

x_{k+1} = A_kx_k + B_ku_k, u_{k+1} = C_kx_k + D_ku_k, k ∈ [0, N], (S)

is called a discrete symplectic system.

Vector solutions of (S) are pairs of sequences (x, u) := ( {x_k}^{N+1}_{k=0} , {u_k}^{N+1}_{k=0} ) , and matrix solutions of (S) are pairs of n × n matrix sequences (X, U) := ( {X_k}^{N+1}_{k=0} , {U_k}^{N+1}_{k=0} ) . Further, throughout the paper we denote by (X̂, Û) the matrix solution of (S) with (X̂_0, Û_0) = (0, I) (called the principal solution at

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 39A12.

K e y w o r d s: discrete symplectic system, quadratic functional, nonnegativity, positivity. Supported by the Czech Grant Agency under grant 201/04/0580.

These results were obtained during author’s postgraduate study at Department of Mathematical Analysis, Faculty of Science, Masaryk University, Brno, Czech Republic.

k = 0), and by (X̃, Ũ) the solution of (S) with (X̃_0, Ũ_0) = (I, 0) (its associated solution).

Solutions (X̃, Ũ) and (X̂, Û) are normalized conjoined bases, that is,

X̃^T_k Ũ_k = Ũ^T_k X̃_k, X̂^T_k Û_k = Û^T_k X̂_k, X̃^T_k Û_k − Ũ^T_k X̂_k = I, k ∈ [0, N + 1]. (2)

A pair (x, u) satisfying

x_{k+1} = A_kx_k + B_ku_k for k ∈ [0, N], (3)

is called admissible.

The discrete quadratic functional on admissible pair (x, u) is defined by

F_0(x, u) := N∑ k=0 { x^T_k A^T_k C_kx_k + 2 x^T_k C^T_k B_ku_k + u^T_k B^T_k D_ku_k } . (4)

This functional corresponds to the second variation in discrete calculus of variations and control problems, and definiteness of such functionals is studied in [3,4,10] (positivity), [5,7] (nonnegativity), and also in many other publications.

In this work, we complete characterization of the definiteness of discrete quadratic functionals via perturbations. We show that the nonnegativity (or positivity) of the functionals on admissible pairs with given boundary conditions is equivalent to the nonnegativity (or positivity) of certain perturbed functionals on a larger set of admissible pairs, which is again defined by a restriction on endpoints.

Condition of this type appeared for the first time as a part of the proof of [2, Theorem 4], (here (iii’) in Theorem 2). A perturbation condition for the case of nonnegativity is contained in [8], (here (v) in Theorem 1). Time scales versions of conditions corresponding to (v), (vi) in Theorem 1, and (v’), (vi’) in Theorem 2 are proven in [9].

We show that all these previously known conditions are special cases of a more general one, where in addition the final endpoint x_{N+1} appears in the perturbation. Further, in subsections 3.1, 3.2 we derive perturbation conditions for the functional with separated endpoints and the functional with general endpoints.

Some of these new conditions can be immediately extended to time scales. A paper summarizing results about perturbation of time scale quadratic functionals is in preparation.

2. Auxiliary identities

In this section we present identities describing the relation between the value of a functional F_0 on a pair (x, u) and the value of the same functional F_0 on another pair (x̄, ū) with x̄_0 = x̄_{N+1} = 0.

By using the last identity in (1), we can write F_0(x, u) in the equivalent form

F_0(x, u) = N∑ k=0 { (A_kx_k + B_ku_k)^T (C_kx_k + D_ku_k) − x^T_k u_k } . (5)

Lemma 1. If (x, u) is a solution of (S) and (x̄, ū) is admissible, then F_0(x, u) = x^T_{N+1}u_{N+1} − x^T_0 u_0 =: x^T_k u_k |_{N+1} 0 , (6) F_0(x + x̄, u + ū) = x^T_k u_k | |^{N+1}_0 + 2 x̄^T_k u_k | |^{N+1}_0 + F_0(x̄, ū). (7)

P r o o f. Identity (6) can be directly seen from (5). For (7), we have F_0(x + x̄, u + ū) = F_0(x, u) + F_0(x, ū) + F_0(x̄, u) + F_0(x̄, ū).

Now the two middle terms are equal, because

(A_kx̄_k + B_kū_k)^T (C_kx_k + D_ku_k) − x̄^T_k u_k = (A_kx_k + B_ku_k)^T (C_kx̄_k + D_kū_k) − x^T_k ū_k, and together with the first term they can be simplified as in (6). □ Lemma 2. Let (x, u) be admissible with x_{N+1} − X̃_{N+1}x_0 ∈ Im X̂_{N+1}. (8) Then the pair (x̄, ū), defined by x̄_k := x_k − X̃_kx_0 − X̂_kc, ū_k := u_k − Ũ_kx_0 − Û_kc, where c := X̂^†_{N+1}(x_{N+1} − X̃_{N+1}x_0), (9) is admissible and x̄_0 = 0 = x̄_{N+1}.

P r o o f. The admissibility of (x̄, ū) follows from the fact that it is a sum of the admissible pairs (x, u), (−X̃x_0, −Ũx_0), and (−X̂c, −Ûc). Furthermore, x̄_0 = x_0 − X̃_0x_0 − X̂_0c = 0 and x̄_{N+1} = x_{N+1} − X̃_{N+1}x_0 − X̂_{N+1}c = 0, by (8) and properties of Moore-Penrose generalized inverse (see [1]). □

Lemma 3. Let (x, u) be admissible and such that (8) holds. Then

F_0(x, u) = ( x_0 x_{N+1}

)_T

Q^∗ ( x_0 x_{N+1} ) + F_0(x̄, ū), (10)

where (x̄, ū) is defined by (9) and Q^∗ is the symmetric 2n × 2n matrix defined by Q^∗ := (~ X^T_{N+1}QX̃_{N+1} − X̃^T_{N+1}Ũ_{N+1} Ũ^T_{N+1} − X̃^T_{N+1}Q Ũ_{N+1} − QX̃_{N+1} Q ) , (11)

with Q := X̂_{N+1}X̂^†_{N+1}Û_{N+1}X̂^†_{N+1}. (12)

P r o o f. From identity (7) we have

F_0(x, u) =(X̃x_0 + X̂c)^T (Ũ_kx_0 + Û_kc) |_{N+1} 0 + 2 x̄^T_k (Ũ_kx_0 + Û_kc) |_{N+1} 0 + F_0(x̄, ū).

This is equal to

F_0(x, u) = (X̃_{N+1}x_0 + X̂_{N+1}c)^T (Ũ_{N+1}x_0 + Û_{N+1}c) − x^T_0 c + F_0(x̄, ū)

= x^T_0 X̃^T_{N+1}Ũ_{N+1}x_0 + 2 x^T_0 Ũ^T_{N+1}X̂_{N+1}c + c^T X̂^T_{N+1}Û_{N+1}c + F_0(x̄, ū) = ( c x_0

)_T(^

X^T_{N+1}Û_{N+1} X̂^T_{N+1}Ũ_{N+1} Ũ T_{N+1}X̂_{N+1} X̃T_{N+1}Ũ_{N+1} ) ( c x_0 ) + F_0(x̄, ū). (13)

Now, since ( c x_0 ) = ( −X̂^†_{N+1}X̃_{N+1} X̂^†_{N+1} I 0 ) ( x_0 x_{N+1} ) , we have ( c x_0

)_T(^

X^T_{N+1}Û_{N+1} X̂^T_{N+1}Ũ_{N+1} Ũ T_{N+1}X̂_{N+1} X̃T_{N+1}Ũ_{N+1} ) ( c x_0 ) = ( x_0 x_{N+1}

)_T Q^∗ ( x_0 x_{N+1} ) , where Q^∗ is the 2n × 2n matrix defined in (11). Symmetry of Q^∗ follows from identities in (2). □

Remark 1. There is another proof of this lemma (see [11]), which uses augmented symplectic system (S^∗), defined here in Subsection 3.2. Moreover, it shows that identity (10) holds for any symmetric matrix Q^∗ with X̂^{∗T}_{N+1}Q^∗X̂^∗_{N+1} = X̂∗T_{N+1}Û ∗_{N+1}, where (X̂∗, Û ∗) is a solution of (S∗), defined later in (21).

Lemma 4. Let (x, u) be admissible with x_{N+1} − X̃_{N+1}x_0 = 0. Then

F_0(x, u) = x^T_0 X̃^T_{N+1}Ũ_{N+1}x_0 + F_0(x̄, ū), (14) where (x̄, ū) is defined by x̄_k := x_k − X̃_kx_0, ū_k := u_k − Ũ_kx_0. (15) P r o o f. It follows from (13), because c = 0 in this case. □ Lemma 5. Let (x, u) be admissible and let Ker X̂_{k+1} ⊆ Ker X̂_k for all k ∈ [0, N]. Then identity (10) from Lemma 3 holds.

P r o o f. We use the fact that the condition Ker X̂_{k+1} ⊆ Ker X̂_k for all k ∈ [0, N] implies x_k − X̃_kx_0 ∈ Im X̂_k for all k ∈ [0, N + 1]. (For details, see, e.g., [11, page 37].) □

3. Main results

In this section we present theorems with equivalent conditions for the nonnegativity and for the positivity of discrete quadratic functionals. By F(x, u) ≥ 0 (or > 0) we mean, that the functional F takes nonnegative (or positive) values on all admissible pairs (x, u) satisfying the given boundary conditions. Theorem 1. The following statements are equivalent.

(i) F_0(x, u) ≥ 0 over x_0 = 0 = x_{N+1}. (ii) There exist α > 0 and β > 0 such that F_0(x, u) + α ‖x_0‖^2 + β ‖x_{N+1}‖^2 ≥ 0 over x_{N+1} − X̃_{N+1}x_0 ∈ Im X̂_{N+1}.

(iii) There exists α > 0 such that

F_0(x, u) + α ‖x_0‖^2 ≥ 0 over X̃_{N+1}x_0 ∈ Im X̂_{N+1}, x_{N+1} = 0. (iv) There exists β > 0 such that

F_0(x, u) + β ‖x_{N+1}‖^2 ≥ 0 over x_{N+1} ∈ Im X̂_{N+1}, x_0 = 0. (v) There exists α > 0 such that F_0(x, u) + α ‖x_0‖^2 ≥ 0 over X̃_{N+1}x_0 = x_{N+1}.

(vi) F_0(x, u) ≥ 0 over X̃_{N+1}x_0 = x_{N+1} = 0. Theorem 2. The following statements are equivalent. (i’) F_0(x, u) > 0 over x_0 = 0 = x_{N+1}, x ≢ 0. (ii’) There exist α > 0 and β > 0 such that F_0(x, u) + α ‖x_0‖^2 + β ‖x_{N+1}‖^2 > 0 over x ≢ 0.

(iii’) There exists α > 0 such that

F_0(x, u) + α ‖x_0‖^2 > 0 over x_{N+1} = 0, x ≢ 0.

(iv’) There exists β > 0 such that

F_0(x, u) + β ‖x_{N+1}‖^2 > 0 over x_0 = 0, x ≢ 0.

(v’) There exists α > 0 such that

F_0(x, u) + α ‖x_0‖^2 > 0 over X̃_{N+1}x_0 = x_{N+1}, x ≢ 0.

(vi’) F_0(x, u) > 0 over X̃_{N+1}x_0 = x_{N+1} = 0, x ≢ X̃x_0.

Remark 2. In Theorem 1, (ii), the restriction for endpoints x_0 and x_{N+1} is defined by the condition x_{N+1} −X̃_{N+1}x_0 ∈ Im X̂_{N+1}. We see that in comparison with the previously known results, where the difference x_{N+1} − X̃_{N+1}x_0 had to be zero, it suffices in fact to be in the image of the matrix X̂_{N+1}.

This restriction, that does not appear in conditions for the positivity, is necessary in case of the nonnegativity. We refer to [8] or [11] for an illustrating example.

P r o o f o f T h e o r e m 1. Conditions (ii)–(vi) imply condition (i) trivially, and condition (ii) implies (iii) and (iv). It remains to prove that (i) implies (ii), (v) and (vi).

(i) ⇒ (ii): Let (x, u) be an admissible pair with x_{N+1} − X̃_{N+1}x_0 ∈ Im X̂_{N+1}. Then, by Lemma 3, we have that identity (10) holds, where (x̄, ū) is an admissible pair with x̄_0 = x̄_{N+1} = 0 and Q^∗ is a symmetric 2n × 2n matrix. Let λ_0 be the smallest eigenvalue of Q^∗. Then from (10) and (i) we get

F_0(x, u) ≥ λ_0 ( ‖x_0‖^2 + ‖x_{N+1}‖^2 ) ≥ −|λ_0| ( ‖x_0‖^2 + ‖x_{N+1}‖^2 ) . Hence, the inequality in (ii) holds for any α, β ≥ |λ_0|.

(i) ⇒ (v): If X̃_{N+1}x_0 = x_{N+1}, then, by Lemma 4, we get

F_0(x, u) ≥ x^T_0 X̃^T_{N+1}Ũ_{N+1}x_0.

The inequality in (v) holds for any α ≥ |λ_1|, where λ_1 is the smallest eigenvalue of X̃^T_{N+1}Ũ_{N+1}.

(i) ⇒ (vi): As in the previous case, we have F_0(x, u) ≥ x^T_0 X̃^T_{N+1}Ũ_{N+1}x_0, and X̃_{N+1}x_0 = 0 further implies F_0(x, u) ≥ 0. □

P r o o f o f T h e o r e m 2. Again, conditions (ii’)–(vi’) imply condition (i’) trivially, and condition (ii’) implies (iii’) and (iv’). It remains to prove that (i’) implies (ii’), (v’) and (vi’). Conditions (i)–(vi) refer in this proof to Theorem 1.

(i’) ⇒ (ii’): From [4, Theorem 1] we have that Ker X̂_{k+1} ⊆ Ker X̂_k for all k ∈ [0, N] and hence, by Lemma 5, identity (10) holds for all admissible (x, u). Thus, similarly as in the proof of Theorem 1, we get that there exist ᾱ > 0 and β̄ > 0 such that F_0(x, u) + ᾱ ‖x_0‖2 + β̄ ‖x_{N+1}‖2 ≥ 0 for all admissible (x, u). Now, for α := ᾱ + 1 and β := β̄ + 1 we have F_0(x, u) + α ‖x_0‖^2 + β ‖x_{N+1}‖^2 ≥ ‖x_0‖^2 + ‖x_{N+1}‖^2, and ‖x_0‖^2 + ‖x_{N+1}‖^2 > 0, except when x_0 = 0 = x_{N+1}. But if x_0 = 0 = x_{N+1}, then, since x ≢ 0, condition (i’) directly implies that the inequality in (ii’) holds for such (x, u) with any α, β.

(i’) ⇒ (v’): We use (i’) ⇒ (i) ⇒ (v) and get that there exists ᾱ > 0 such that F_0(x, u) + ᾱ ‖x_0‖^2 ≥ 0 over X̃_{N+1}x_0 = x_{N+1}. As in the previous case, for α := ᾱ + 1 we get F_0(x, u) + α‖x_0‖^2 ≥ ‖x_0‖^2, and as X̃_{N+1}x_0 = x_{N+1}, ‖x_0‖^2 > 0, except when x_0 = 0 = x_{N+1}. But if x_0 = 0 = x_{N+1}, then, since x ≢ 0, condition (i’) directly implies that the inequality in (ii’) holds for such (x, u) with any α.

(i’) ⇒ (vi’): Define (x̄, ū) as in (15). Then x̄ ≢ 0, because x ≢ X̃x_0, and from (14) we get F_0(x, u) = F_0(x̄, ū) > 0. □

Remark 3. There are other possible proofs of Theorem 2, using a generalized Picone-type identity, or results for the positivity of functional with general endpoints.

3.1. Functional with separated endpoints

In this subsection, we consider the quadratic functional

F(x, u) := x^T_0 Γ_0x_0 + x^T_{N+1}Γ_1x_{N+1} + F_0(x, u),

with the boundary conditions

M_0 x_0 = 0, M_1x_{N+1} = 0, (16)

where M_0, M_1 are real n×n projections and Γ_0, Γ_1 are symmetric n×n matrices satisfying Γ_i = (I − M_i) Γ_i (I − M_i), i = 0, 1.

Let (X, U) be the matrix solution of (S) with X_0 = I −M_0 and U_0 = Γ_0 +M_0, (called the natural conjoined basis) and let (X̄, Ū) be the solution with X̄_0 = M_0 and Ū_0 = M_0 − I.

Theorem 3. The following statements are equivalent.

(i) F(x, u) ≥ 0 over M_0x_0 = 0 = M_1x_{N+1}.

(ii) There exist α > 0 and β > 0 such that

F(x, u) + α ‖M_0x_0‖^2 + β ‖M_1x_{N+1}‖^2 ≥ 0

over M_1x_{N+1} − [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0 ∈ Im [ (Γ_1 + M_1)X_{N+1} + (I − M_1)U_{N+1} ] . (iii) There exists α > 0 such that

F(x, u) + α ‖M_0x_0‖^2 ≥ 0 over [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0 ∈ Im [ (Γ_1 + M_1)X_{N+1} + (I − M_1)U_{N+1} ] , M_1x_{N+1} = 0.

(iv) There exists β > 0 such that

F(x, u) + β ‖M_1x_{N+1}‖^2 ≥ 0

over M_1x_{N+1} ∈ Im [ (Γ_1 + M_1)X_{N+1} + (I − M_1)U_{N+1} ] , M_0x_0 = 0.

(v) There exists α > 0 such that

F(x, u) + α ‖M_0x_0‖^2 ≥ 0 over M_1x_{N+1} = [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0.

(vi) F(x, u) ≥ 0

over M_1x_{N+1} = [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0 = 0.

Theorem 4. The following statements are equivalent. (i’) F(x, u) > 0 over M_0x_0 = 0 = M_1x_{N+1}, x ≢ 0. (ii’) There exist α > 0 and β > 0 such that

F(x, u) + α ‖M_0x_0‖^2 + β ‖M_1x_{N+1}‖^2 > 0 over x ≢ 0. (iii’) There exists α > 0 such that

F(x, u) + α ‖M_0x_0‖^2 > 0 over M_1x_{N+1} = 0, x ≢ 0. (iv’) There exists β > 0 such that

F(x, u) + β ‖M_1x_{N+1}‖^2 > 0 over M_0x_0 = 0, x ≢ 0.

(v’) There exists α > 0 such that

F(x, u) + α ‖M_0x_0‖^2 > 0

over M_1x_{N+1} = [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0,

x ≢ 0.

(vi’) F(x, u) > 0

over M_1x_{N+1} = [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0 = 0,

x ≢ X̄M_0x_0.

We prove both theorems with the use of a transformed symplectic system

X_{k+1} = Ã_kX_k + B̃_kU_k, U_{k+1} = C̃_kX_k + D̃_kU_k, k ∈ [−1, N + 1], (S̃)

with n × n matrices Ã_k, B̃_k, C̃_k, D̃_k defined on [−1, N + 1] by

Ã_k :=

M_0, for k = −1, A_k, for k ∈ [0, N], I, for k = N + 1,

B̃_k :=

I − M_0, for k = −1, B_k, for k ∈ [0, N], I − M_1, for k = N + 1,

C̃_k :=

M_0 − I, for k = −1, C_k, for k ∈ [0, N − 1], C_N + [ Γ_1 − (I − M_1) ] A_N , for k = N, 0, for k = N + 1,

D̃_k :=

Γ_0 + M_0, for k = −1, D_k, for k ∈ [0, N − 1], D_N + [ Γ_1 − (I − M_1) ] B_N , for k = N, I, for k = N + 1.

(17)

In this transformed system, boundary conditions (16) at k = 0, k = N + 1 are converted to zero boundary conditions at k = −1, k = N + 2, and the corresponding functionals have equivalent definiteness. This is the contents of the following lemmas, stated here without proofs. The transformation is used for discrete Hamiltonian system in [6] and for discrete symplectic system in [10], only with different coefficients Ã_{−1} and C̃_{−1}. (In symplectic case we do not need Ã_{−1} to be invertible.) Proofs for transformation with coefficients defined in (17) are included in [11].

Lemma 6. Let (x, u) be an admissible pair w.r.t. (A, B) on [0, N + 1]. Then the pair (x̃, ũ) defined by

(x̃, ũ) :=

(M_0x_0, x_0), for k = −1, (x_k, u_k), for k ∈ [0, N], (x_{N+1}, −x_{N+1}), for k = N + 1, (M_1x_{N+1}, γ), for k = N + 2,

(18)

where γ ∈ R^n is arbitrary, is admissible w.r.t. (Ã, B̃) on [−1, N + 2] and

F(x, u) = F̃_0(x̃, ũ) :=

N+1∑

k=−1 { x̃^T_k Ã^T_k C̃_kx̃_k + 2 x̃^T_k C̃^T_k B̃_kũ_k + ũ^T_k B̃^T_k D̃_kũ_k } . (19)

Lemma 7. The functional F is nonnegative over M_0x_0 = 0 = M_1x_{N+1} if and only if the functional F̃_0 defined in equation (19) is nonnegative over x̃_{−1} = 0 = x̃_{N+2}.

Lemma 8. The functional F is positive over M_0x_0 = 0 = M_1x_{N+1} and x ≢ 0 if and only if the functional F̃_0 defined in equation (19) is positive over x̃_{−1} = 0 = x̃_{N+2} and x̃ ≢ 0.

P r o o f o f T h e o r e m 3. Conditions (ii)–(vi) imply condition (i) trivially.

Note that if (X, U) and (X̄, Ū) are the matrix solutions of (S̃) with X_{−1} = 0, U_{−1} = I, and X̄_{−1} = I, Ū_{−1} = 0 then X_0 = I − M_0, U_0 = Γ_0 + M_0, X̄_0 = M_0, Ū_0 = M_0 − I, X_{N+2} = (Γ_1 + M_1)X_{N+1} + (I − M_1)U_{N+1}, and X̄_{N+2} = (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1}.

Let condition (i) hold. Then, by Lemma 7, F̃_0(x̃, ũ) ≥ 0 over x̃_{−1} = 0 = x̃_{N+2}, and hence conditions (ii)–(vi) from Theorem 1 are satisfied, where we replace the interval [0, N + 1] by [−1, N + 2], the pair (x, u) by (x̃, ũ), the functional F_0(x, u) by F̃_0(x̃, ũ), and the solutions (X̂, Û) and (X̃, Ũ) by (X, U) and (X̄, Ū). Now we will show that (i) implies (ii) in details. The other implications (i) ⇒ (iii)–(vi) are proven in a similar way.

Let (x, u) be an admissible pair w.r.t. (A, B) with

M_1x_{N+1} − [ (Γ_1 + M_1)X̄_{N+1} + (I − M_1)Ū_{N+1} ] M_0x_0

∈ Im [ (Γ_1 + M_1)X_{N+1} + (I − M_1)U_{N+1} ] . (20)

Then the pair (x̃, ũ) defined by (18) is admissible w.r.t. (Ã, B̃) on [−1, N + 2], x̃_{−1} = M_0x_0, x̃_{N+2} = M_1x_{N+1}, and x̃_{N+2} − X̄_{N+2}x̃_{−1} ∈ Im X_{N+2}. Furthermore, by Lemma 6, F(x, u) = F̃_0(x̃, ũ). Hence, by condition (ii) from Theorem 1, we have 0 ≤ F̃_0(x̃, ũ) + α ‖x̃_{−1}‖^2 + β ‖x̃_{N+2}‖^2 = F(x, u) + α ‖M_0x_0‖^2 + β ‖M_1x_{N+1}‖^2, where α and β are the positive numbers that exist by condition (ii) from Theorem 1. □

P r o o f o f T h e o r e m 4. The proof is same as the proof of Theorem 3, only we use Lemma 8 and Theorem 2 instead of Lemma 7 and Theorem 1. □

3.2. Functional with general endpoints

In this subsection, we consider the quadratic functional

F(x, u) := ( x_0 x_{N+1}

)_T Γ ( x_0 x_{N+1} ) + F_0(x, u)

with boundary conditions M ( x_0 x_{N+1} ) = 0,

where M is real 2n×2n projection and Γ is symmetric 2n×2n matrix satisfying Γ = (I − M) Γ (I − M).

Define the 2n × 2n matrices

X̂^∗_k := ( 0 I X̂_k X̃_k ) , Û^∗_k := ( −I 0 Û_k Ũ_k ) , k ∈ [0, N + 1]. (21)

Theorem 5. The following statements are equivalent.

(i) F(x, u) ≥ 0 over M (^{x0}x_{N+1} ) = 0. (ii) There exists α > 0 such that

F(x, u) + α ‖M (^{x0}x_{N+1} ) ‖^2 ≥ 0 over M (^{x0}x_{N+1} ) ∈ Im [ (Γ + M)X̂^∗_{N+1} + (I − M)Û^∗_{N+1} ] . (22) Theorem 6. The following statements are equivalent. (i’) F(x, u) > 0 over M (^{x0}x_{N+1} ) = 0, x ≢ 0. (ii’) There exists α > 0 such that F(x, u) + α ‖M (^{x0}x_{N+1} ) ‖^2 > 0 over x ≢ 0.

The proofs of Theorems 5, 6 are based on transforming system (S) and the quadratic functional F into augmented symplectic system (S^∗) with 2n × 2n matrices defined on [0, N] by A^∗_k :=

(_{I 0}

0 A_k ) , B^∗_k :=

(_{0 0}

0 B_k ) , C^∗_k :=

(_{0 0}

0 C_k ) , D^∗_k := (_{I 0}

0 D_k ) , and the corresponding functional F^∗_0 . This transformation is commonly used to prove theorems for functional with general endpoints via theorems for functional with separated endpoints, e.g., in [6, 10]. The following holds. Lemma 9. Let (x, u) be an admissible pair defined on [0, N + 1], β_k ∈ R^n and

x^∗_k := ( x_0 x_k ) , k ∈ [0, N + 1], u^∗_k := ( β_k u_k ) , k ∈ [0, N].

Then

F(x, u) = F^∗(x^∗, u^∗) := x^{∗T}_0 Γ^∗_0 x^∗_0 + x^{∗T}_{N+1}Γ^∗_1 x^∗_{N+1} + F^∗_0 (x^∗, u^∗). (23) Further, (a) ⇔ (b) and (c) ⇔ (d), where (a) F(x, u) ≥ 0 over M (^{x0}x_{N+1} ) = 0, (b) F^∗(x^∗, u^∗) ≥ 0 over M^∗_0x^∗_0 = 0 = M^∗_1x^∗_{N+1}, (c) F(x, u) > 0 over M (^{x0}x_{N+1} ) = 0, x ≢ 0, (d) F^∗(x^∗, u^∗) > 0 over M^∗_0x^∗_0 = 0 = M^∗_1x^∗_{N+1}, x^∗ ≢ 0, where M^∗_0 :=^1_2

(_{I −I}

−I I ) , M^∗_1 := M, Γ^∗_0 := 0, Γ^∗_1 := Γ.

P r o o f o f T h e o r e m 5. Condition (ii) implies condition (i) trivially.

Let condition (i) hold. Then F^∗(x^∗, u^∗) ≥ 0 over M^∗_0x^∗_0 = 0 = M^∗_1x^∗_{N+1}, where F^∗ is the functional with separated endpoints defined in (23). Hence, condition (iv) from Theorem 3 holds for (x^∗, u^∗) and F^∗(x^∗, u^∗) in place of (x, u) and F(x, u), and with the natural conjoined basis (X^∗, U^∗) of (S^∗) in place of the natural conjoined basis (X, U) of (S). This is equivalent to condition (ii), because M^∗_0x^∗_0 = 0 implies that (x^∗, u^∗) has the form from Lemma 9. Hence, M^∗_1x^∗_{N+1} = M (^{x0}x_{N+1} ) , F^∗(x^∗, u^∗) = F(x, u), and (X̂^∗, Û^∗) = (X^∗, U^∗)

(_{−I I} I I ) , and Im [ (Γ + M)X^∗_{N+1} + (I − M)U^∗_{N+1} ] = Im { [(Γ + M)X^∗_{N+1} + (I − M)U^∗_{N+1}]

(_{−I I} I I )} . □ P r o o f o f T h e o r e m 6. The proof is the similar as the proof of Theorem 5, we only use Theorem 4 instead of Theorem 3. □

REFERENCES

[1] BEN-ISRAEL, A.—GREVILLE, T. N. E.: Generalized Inverses: Theory and Applications, (2nd ed.), Springer-Verlag, New York, NY, 2003.

[2] BOHNER, M.: Riccati matrix difference equations and linear Hamiltonian difference systems, Dyn. Contin. Discrete Impuls. Syst. 2 (1996), 147–159.

[3] BOHNER, M.: Symplectic systems and related discrete quadratic functionals, Facta Univ.

Ser. Math. Inform. 12 (1997), 143–156.

[4] BOHNER, M.—DOŠLÝ, O.: Disconjugacy and transformations for symplectic systems, Rocky Mountain J. Math. 27 (1997), 707–743.

[5] BOHNER, M.—DOŠLÝ, O.—HILSCHER, R.—KRATZ, W.: Diagonalization approach to discrete quadratic functionals, Arch. Inequal. Appl. 1 (2003), 261–274.

[6] BOHNER, M.—DOŠLÝ, O.—KRATZ, W.: Discrete Reid roundabout theorems, Dynam.

Systems Appl. 8 (1999), 345–352.

[7] BOHNER, M.—DOŠLÝ, O.—KRATZ, W.: Positive semidefiniteness of discrete quadratic functionals, Proc. Edinb. Math. Soc. 46 (2003), 627–636.

[8] HILSCHER, R.—RŮŽIČKOVÁ, V.: Riccati inequality and other results for discrete symplectic systems, J. Math. Anal. Appl. 322 (2006), 1083–1098.

[9] HILSCHER, R.—RŮŽIČKOVÁ, V.: Perturbation of nonnegative time scale quadratic functionals. In: Proceedings of ICDESFA ’05 (S. Elaydi, ed.), Munich, 2007, pp. 266–275.

[10] HILSCHER, R.—ZEIDAN, V.: Symplectic difference systems: Variable stepsize discretization and discrete quadratic functionals, Linear Algebra Appl. 367 (2003), 67–104.

[11] RŮŽIČKOVÁ, V.: Discrete symplectic systems and definiteness of quadratic functionals, PhD Dissertation, Masaryk University, Brno, 2006.

Received October 31, 2006 Institute of Mathematics Faculty of Mechanical Engineering Brno University of Technology Technická 2 CZ-61669 Brno CZECH REPUBLIC E-mail: ruzickova@fme.vutbr.cz