Tatra Mt. Math. Publ. 38 (2007), 131–146 tm Mathematical Publications

BOUNDARY VALUE PROBLEM FOR NONLINEAR ULTRAPARABOLIC EQUATION IN UNBOUNDED WITH RESPECT TO TIME VARIABLE DOMAIN

Serhiy Lavrenyuk — Nataliya Protsakh

Abstract. This article describes the solvability in the generalized Lebesgue spaces of a mixed problem and a problem without initial condition for nonlinear ultraparabolic equation. The result is obtained without restrictions on the behaviour of the solution at infinity. The property of decreasing for the solution as T → ∞ is proved. Some estimates for the solution in the time unbounded variable domain are obtained.

1. Introduction

The equation of ultraparabolic type u_t + xu_y + u_{xx} = f(x, y, t) was firstly introduced in the work of A. N. K o l m o g o r o v in 1934 for description of nonisotropic processes [6]. Later equations of such a type appeared in mechanics, physics, biology and in other branches of science.

In this paper we considered the mixed problem for an ultraparabolic equation in a bounded domain and the problem without initial conditions for this equation. The equation contains power nonlinearities with variable exponents. The solvability is proved in generalized Lebesgue spaces. These spaces were considered in [7]. The property of decreasing of the solution as T → ∞ and estimates for the solution of those problems were founded. The definitions of strong and weak solutions for mixed problem for ultraparabolic equation are introduced. The same definition for hyperbolic operators of the first order was given earlier in [14]. The solvability of the problem without initial conditions is proved without assumption on growth of the initial data and without any restriction on the behaviour of the solution at infinity. These results are similar to those

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : 35K70.

K e y w o r d s : ultraparabolic equation, mixed problem, problem without initial conditions, existence of solution.

one for parabolic equations [1], [3]. Note that problems for ultraparabolic equations were earlier studied in [5]–[6], [10]–[13]and [15]–[17]. The solvability in generalized Lebesgue spaces for equations with first or second derivative on t is considered in [7], [9].

2. Mixed problem in a bounded domain

Let Ω ⊂ R^n and G ⊂ R^l be bounded domains with boundaries ∂Ω and ∂G, respectively, D = Ω×G, T > 0; τ ∈ (0, T ]; Q_{0,τ} = D×(0, τ); D_τ = Q_{0,T} ⋂ {t = τ}, ∂Ω ∈ C^1, ∂D ∈ C^1, Σ_{0,T} = ∂Ω × G × (0, T ), S_{0,τ} = Ω × ∂G × (0, τ), ν be an external normal vector to the surface S_{0,T} , ∂D be a boundary of the domain D.

Consider functions a, g, λ, p that satisfy the following conditions: (A) a_i ∈ L^∞(Q_{0,T} ), a_i(x, y, t) � a_0 > 0

for almost all (x, y, t) ∈ Q_{0,T} , i ∈ {1, . . . , n};

(G) g ∈ L^∞(Q_{0,T} ), g(x, y, t) � g_0 > 0 for almost all (x, y, t) ∈ Q_{0,T} ; (L) λ_i ∈ C(0, T ; C(D)), λ_{iyi} ∈ L^∞(Q_{0,T} )

for almost all (x, y, t) ∈ Q_{0,T} and all i ∈ {1, . . . , l};

(P) p : Ω → (1, ∞), p ∈ L^∞(Ω), 1 < p_1 = ess inf_Ω p(x) � ess sup_Ω p(x) = p_2 < +∞.

In the domain Q_{0,T} we consider the problem

u_t + l∑ i=1 λ_i(x, y, t)u_{yi} − n∑ i=1 ( a_i(x, y, t)|u_{xi} |^{p(x)−2}u_{xi} ) x_i

+ g(x, y, t)|u|^{p(x)−2}u = f(x, y, t), (1) u|_S1_{0,T} = 0; u|_{Σ0,T} = 0, (2) u(x, y, 0) = u_0(x, y). (3) Here S^1_{0,T} denotes those part of the surface S_{0,T} on which l∑ i=1 λ_i(x, y, t) cos(ν, y_i) < 0,

and S^2_{0,T} denotes the part of the surface S_{0,T} on which l∑ i=1 λ_i(x, y, t) cos(ν, y_i) � 0.

Let us assume that condition

(S) There exists Γ_1 ⊂ R^{l−1} such that mes Γ_1 > 0 and the surface S^1_{0,T} can be represented as S^1_{0,T} = Ω × Γ_1 × (0, T ) is fulfilled.

Denote by Γ_2 = ∂D\Γ_1, Δ_x =^{∂2}_{∂x21} + · · · +^{∂2}_{∂x2n} ; Δ_y =^{∂2}_{∂y21} + · · · +^{∂2}_{∂y2l} . Let us consider the space L^{p(x)}(D) [7] with the norm

‖v; L^{p(x)}(D)‖ = inf { μ > 0 : ∫ D |v|^{p(x)}/μ^{p(x)} dx dy � 1 }

and introduce spaces

V (Q_{0,T} ) = { v(x, y, t) : v ∈L^2(Q_{0,T} ); v, v_{xi} ∈ L^{p(x)}(Q_{0,T} ), i ∈ {1, . . . , n}, v|_{Σ0,T} = 0 } with the norm

‖v; V (Q_{0,T} )‖=‖v; L^2(Q_{0,T} )‖ + n∑ i=1 ‖v_{xi} ; L^{p(x)}(Q_{0,T} )‖ + ‖v; L^{p(x)}(Q_{0,T} )‖ and W (Q_{0,T} ) = { v(x, y, t) : v ∈ W^{1,2}(Q_{0,T} ), v, v_{xi} ∈ L^{p(x)}(Q_{0,T} ), i ∈ {1, . . . , n}, v|_{Σ0,T} = 0, v|_S1_{0,T} = 0 } with the norm

‖v; W (Q_{0,T} )‖ = |v; L^2(Q_{0,T} )‖ + ‖v_t; L^2(Q_{0,T} )‖ + l∑ i=1 ‖v_{yi} ; L^2(Q_{0,T} )‖

+ n∑ i=1 ‖v_{xi} ; L^{p(x)}(Q_{0,T} )‖ + ‖v; L^{p(x)}(Q_{0,T} )‖;

the space H^2_{Δx} (Ω) [8] with the norm ( ∫ Ω [ u^2 +^n ∑ i=1 u^2_{xi} + (Δ_xu)^2 ] dx )1_2 , H^1_{1,0}(G) = { v : v ∈ H^1(G), v|_{Γ1} = 0 } , H^2_{Δx,0}(Ω) = { v ∈ H^2_{Δx} (Ω), v|_{∂Ω} = 0 } , the space

V^{1,1}(D) = { v : v ∈ W^{1,2}(D), Δ_xv ∈ L^2(D), v_{xiyj} ∈ L^2(D), Δ_xv_{yj} ∈ L^2(D), i ∈ {1, . . . , n}, j ∈ {1, . . . , l}, v|_{∂Ω×G} = 0, v|_{Γ1×Ω} = 0 } with the norm

‖v; V^{1,1}(D)‖ = ‖v; W^{1,2}(D)‖ + ‖Δ_xv; L^2(D)‖

+ ‖Δ_xv_{yj} ; L^2(D)‖ + n∑ i=1 l∑ j=1 ‖v_{xiyj} ; L^2(D)‖.

We also consider spaces V (D), W (D) that correspond to V (Q_{0,T} ), W (Q_{0,T} ) : V (D) = { v(x, y) : v ∈ L^2(D), v, v_{xi} ∈ L^{p(x)}(D), i ∈ {1, . . . , n}, v|_{∂Ω×G} = 0 } W (D) = { v(x, y) : v ∈ W^{1,2}(D), v, v_{xi} ∈ L^{p(x)}(D), i ∈ {1, . . . , n}, v|_{∂Ω×G} = 0, v|_{Γ1×Ω} = 0 } . The space C ( [0, T ]; V (D) ) contains functions u that are defined on [0, T ] with values V (D), such that

‖u(·, ·, t); V (D)‖ ∈ ( [0, T ] ) and the norm ‖ ‖u; C([0, T ]; V (D)) ‖ ‖ = max_{[0,T ]} ‖u; V (D)‖ is finite.

Remark 1.

1) The spaces W (Q_{0,T} ), V (Q_{0,T} ) are Banach spaces. 2) The embedding C ( [0, T ]; V (D) ) in V (Q_{0,T} ) is dense and continuous.

3) If ∂Ω ⊂ C^2, then H^2_{Δx,0}(Ω) is equal to H^2_0 (Ω). Denote by

L(u, v, f) ≡ u_tv + l∑ i=1 λ_i(x, y, t)u_{yi} v + n∑ i=1 a_i(x, y, t)|u_{xi} |^{p(x)−2}u_{xi} v_{xi}

+ g(x, y, t)|u|^{p(x)−2}uv − f(x, y, t)v.

Definition 1. Function u is said to be a generalized solution of the problem (1)–(3) if u ∈ W (Q_{0,T} ) and it satisfies the equality ∫ Q_{0,T}

L(u, v, f) dx dy dt = 0 for

all functions v ∈ V (Q_{0,T} ) and the initial condition (3) holds.

Theorem 1. Under the hypotheses (A), (G), (L), (S), (P) the problem (1)–(3) cannot have more than one generalized solution.

If, besides, {f, f_{yi} } ⊂ L^2(Q_{0,T} ), u_0 ∈ W (D), f|_S1_{0,T} = 0; and 2 < p_2 <^{2(n+l)}_{n+l−2} if n + l > 2, or 2 < p_2 < + ∞ if n = l = 1, then the generalized solution of the problem (1)–(3) exists.

P r o o f . Firstly, we shall obtain the existence of the generalized solution of the problem (1)–(3). Let {φ^k}^∞_{k=1} be the orthogonal basis of the space H^2_{Δx,0}(Ω), which is orthonormal in the space L^2(Ω), where φ^k are eigenfunctions of the problem Δ_xu = νu, u | |_{∂Ω} = 0, that correspond to eigenvalues ν_k; {ψm}∞_{m=1} be the orthogonal basis of the space H^1_{1,0}(G), orthonormal in the space L^2(G), where ψ^m (m � 1) are eigenfunctions of the problem

Δ_yu = μu, u|_{Γ1} = 0, ∂u ∂v | | Γ_2

= 0, (4)

that correspond to eigenvalues μ_m. Then {φ^{k,m}}^∞_{k,m=1} = { φ^k(x)ψ^m(y)

}_∞

k,m=1

is the basis of V^{1,1}(D), orthonormal in L^2(D). Admit that the space V^{1,1}(D) is compactly embedded into the space W (D) under the condition

p_2 <

2(n + l) n + l − 2 if n + l > 2, and p_2 < ∞ if n = l = 1.

Let us consider functions u^N (x, y, t) =^N ∑ k,s=1

c^N_{ks}(t)φ^{k,s}(x, y), N ∈ {1, 2, . . . }, where c^N_{ks}(t) is the solution of the problem ∫ D_τ L ( u^N , φ^{k,s}, f ) dx dy = 0, (5)

c^N_{ks}(0) = u^N_{0ks} , {k, s} ⊂ {1, . . . , N}. (6)

Here u^N_0 (x, y) =^N ∑ k,s=1

u^N_{0ks}φ^{k,s}(x, y), lim_{N→∞} ‖u_0 −u^N_0 ‖_{W (D)} = 0. Due to Carathéodory theorem [4, p. 54] there exists absolutely continuous solution on [0, τ_0], τ_0 < T of the problem (5)–(6). It is easy to prove that τ_0 = T . Let us use the notation: λ^1 = max_i ess sup_{Q0,T} |λ_{iyi} (x, y, t)|;

a^1 = max_i ess sup_{Q0,T} |a_{iyi} (x, y, t)|,

g^1 = max_i ess sup_{Q0,T} |g_{yi} (x, y, t)|.

Multiplying (5) by c^N_{ks}(t)e^{−αt}, where the constant α = 3lλ^1 + 2, summing up on s and k, integrating in t on the interval [0, τ], we have ∫ Q_{0,τ}

L(u^N , u^N e^{−αt}, f) dx dy dt = 0.

Taking into account the form of α and estimating every term of the previous equality, it is easy to obtain the estimate ∫ D_τ ( u^N

)_2 dx dy + ∫ S^2_{0,τ} l∑ i=1 λ_i(x, y, t) ( u^N

)_2

cos(ν, y_i) dx dt

+ ∫ Q_{0,τ}

[_n ∑ i=1 |u^N_{xi} |^{p(x)} + |u^N |^{p(x)} + |u^N |^2 ] dx dy dt

� M_1 ∫ Q_{0,τ}

|f|^2 dx dy dt + ∫ D_0 ( u_0

)_2

dx dy , τ ∈ (0, T ],

(7)

where the constant M_1 does not depend on N. Multiplying (5) by the eigenvalue of the problem (4) −μ_m and changing term −μ_mu^N on −Δ_yu^N according to (4) we have ∫ Q_{0,τ} [ −L ( u^N , Δ_yu^N , f )] e^{−αt} dx dy dt = 0. (8)

Let us transform and estimate every term of the equality:

I1 ≡ − ∫ Q0,τ

u^N_t Δy u^N e^{−αt} dx dy dt = 1 2 ∫ Dτ l∑ i=1 ( u^N_{yi}

)_2

e^{−ατ} dx dy

− 1 2 ∫ D0 l∑ i=1 ( u^N_{0yi}

)_2

dx dy + α 2 ∫ Q0,τ l∑ i=1 ( u^N_{yi}

)_2 e^{−αt} dx dy dt;

I2 ≡ − ∫ Q0,τ l∑ i=1 λi(x, y, t)u^N_{yi} l∑ j=1 u^N_{yj yj} e^{−αt} dx dy dt = − 1 2 ∫ S0,τ l∑ i,j=1

λi(x, y, t)

× [ 2u^N_{yi} u^N_{yj} cos(ν, yj )−|u^N_{yj} |^2 cos(ν, yi) ] e^{−αt} dS dt + ∫ Q0,τ l∑ i,j=1 [ λiy_j (x, y, t)u^N_{yi} u^N_{yj} − 1 2 λiy_i (x, y, t)|u^N_{yj} |^2 ] e^{−αt} dx dy dt

� I^1_2 − 3 2 lλ^1 ∫ Q0,τ l∑ i=1 |u^N_{yi} |^2e^{−αt} dx dy dt.

Hence, Γ_1 ⊂ C^1, then some part of the surface Γ_1 can be written as Ψ(y) ≡ ψ(y_1, . . . , y_{s−1}, y_{s+1}, . . . , y_l) − y_s = 0.

Then cos(ν, y_i) = ω(y)Ψ_{yi} , ( i ∈ {1, . . . , l} ) , where ω(y) =

(_l ∑ i=1 |Ψ_{yi} (y)|^2

)_−^1_2 . That is why cos(ν, y_j) =^{Ψyj}_{Ψyi} cos(ν, y_i), i, j ∈ {1, . . . , l}.

Hence, u(x, y_1, . . . , y_{s−1}, ψ(y_1, . . . , y_{s−1}, y_{s+1}, . . . , y_l), y_{s+1}, . . . , y_l, t) = 0, then u_{yi} = u_{ys} Ψ_{yi} , i ∈ {1, . . . , l} and u_{yj} cos(ν, y_i) = u_{yi} cos(ν, y_j). Then

I^1_2 |_S1_{0,τ} = − 1 2 ∫ S^1_{0,τ} l∑ i,j=1

λ_i(x, y, t)|u^N_{yj} |^2 cos(ν, y_i)e^{−αt}dS dt ,

and due to^{∂uN}_{∂ν} =^l ∑ j=1 u^N_{yj} cos(ν, y_j) = 0 on S^2_{0,T} ,

the term

I^1_2 |_S2_{0,τ} = − 1 2 ∫ S^2_τ l∑ i,j=1

λ_i(x, y, t) [ 2u^N_{yi}

∂u^N ∂ν − u^N_{yi} u^N_{yj} cos(ν, y_j) ] e^{−αt} dS dt = 0;

I_3 ≡ − ∫ Q_{0,τ} n∑ i=1 a_i(x, y, t)|u^N_{xi} |^{p(x)−2}u^N_{xi} Δ_yu^N_{xi} e^{−αt} dx dy dt

� a_0(p_1 − 1) 2 ∫ Q_{0,τ} l∑ k=1 n∑ i=1 |u^N_{xi} |^{p(x)−2}(u^N_{xiyk} )^2e^{−αt} dx dy dt

− a^1 4a_0(p_1 − 1) ∫ Q_{0,τ} n∑ i=1 |u^N_{xi} |^{p(x)}e^{−αt} dx dy dt;

I_4 ≡ − ∫ Q_{0,τ}

g(x, y, t)|u^N |^{p(x)−2}u^N Δ_yu^N e^{−αt} dx dy dt

� g_0(p_1 − 1) 2 × ∫ Q_{0,τ} l∑ k=1 |u^N |^{p(x)−2}(u^N_{yk} )^2e^{−αt} dx dy dt

− g^1 2g_0(p_1 − 1) ∫ Q_{0,τ}

|u^N |^{p(x)}e^{−αt} dx dy dt;

SERHIY LAVRENYUK — NATALIYA PROTSAKH

I_5 ≡ l∑ i=1 ∫ Q_{0,τ}

f(x, y, t)u^N_{yiyi} e^{−αt} dx dy dt

� − 1 2 ∫ Q_{0,τ} l∑ i=1 ( |u^N_{yi} |^2 + |f_{yi} (x, y, t)|^2 ) e^{−αt} dx dy dt .

According to estimations of integrals I_1 − I_5 and to the form of α from (8) we

obtain inequality l∑ k=1 ∫ D_τ ( u^N_{yk}

)_2

dx dy+ ∫ Q_{0,τ}

(_n ∑ i=1 |u^N_{xi} |^{p(x)−2} ( u^N_{xiyk}

)_2

+|u^N |^{p(x)−2} ( u^N_{yk}

)_2 ) dx dy dt

� M_2 ∫ Q_{0,T}

(_l ∑ k=1 |f_{yk} |^2 + |f|^2 ) dx dy dt + ∫ D

[_l ∑ k=1 (u_{0yk} )^2 + (u_0)^2 ] dx dy , τ ∈ (0, T ], (9)

where the constant M_2 does not depend in N. Multiplying (5) by c^N_{kst}(t) ,

summing up in s and k and integrating on t from 0 to τ we have equality ∫ Q_{0,τ} L ( u^N , u^N_t , f ) dx dy dt = 0. (10)

Applying (7) and (9) to (10) we get ∫ Q_{0,τ} ( u^N_t

)_2

dx dy dt + ∫ D_τ

[_l ∑ i=1 |u^N_{xi} |^{p(x)} + |u^N |^{p(x)} ] dx dy

� M_3 ∫ Q_{0,T}

(_l ∑ i=1 |f_{yi} |^2 + |f|^2 ) dx dy dt

+ ∫ D_τ

[_l ∑ k=1 ( u^N_{0yk}

)_2 + ( u^N_0

)_2 + ( u^N_0

)_{p(x)} + n∑ i=1 ( u^N_{0xi}

)_{p(x)} ] dx dy, , τ ∈ (0, T ], (11)

where the constant M_3 does not depend on N. Then from estimates (7), (9), (11)

we obtain such convergence of some subsequence of sequence {u^N : N � 1} as

N → ∞ (we shall preserve the same notation for it) that:

u^N → u ∗ - weakly in L^∞((0, T ); L^2(D));

u^N_{xi} → u_{xi} weakly in L^{p(x)}(Q_{0,T} ),

u^N → u weakly in L^{p(x)}(Q_{0,T} );

u^N_{yk} → u_{yk} ∗ - weakly in L^∞((0, T ); L^2(D));

u^N_t → u_t weakly in L^2((0, T ); L^2(D)). (12) ( k ∈ {1, . . . , l}, i ∈ {1, . . . , n} ) . Because of ∫ Q_{0,τ}

[(_n ∑ i=1 a_i(x, y, t)|u^N_{xi} |^{p(x)−2}u^N_{xi}

)_p′_{(x)}

+ ( g(x, y, t)|u^N |^{p(x)−2}u^N

)_p′_{(x)}] dx dy dt

� M_4 ∫ Q_{0,τ}

[_n ∑ i=1 |u^N_{xi} |^{p(x)} + |u^N |^{p(x)} ] dx dy dt

� M_5,

the term n∑ i=1 a_i(x, y, t)|u^N_{xi} |^{p(x)−2}u^N_{xi} + g(x, y, t)|u^N |^{p(x)−2}u^N → χ weakly in L^{p′(x)}(Q_{0,T} ),

i ∈ {1, ..., n}.

From (12) it follows that u^N → u weakly in W^{1,2} ( G; L^2((0; T ) × Ω) ) as N → ∞. Then u ∈ C ( G; L^2((0, T ) × Ω) ) , u|_S1_{0,T} ∈ L^2 ( (0, T ) × Ω ) , u|_S1_{0,T} = 0.

By analogous way we prove that u ∈ C ( [0, T ]; L^2(D) ) and u(x, y, 0) = u_0(x, y).

Taking into account convergences (12) and using method of monotonicity from [15, p. 171] we prove that u is the solution to the problem (1)–(3).

Let us prove the uniqueness of solution of the problem (1)–(3). Assume that there exist two solutions u_1, u_2 of the problem (1)–(3). Their difference u = u_1 − u_2 satisfies the equality ∫ Q_{0,T} [ L(u_1, v, f) − L(u_2, v, f) ] dx dy dt = 0 for all functions v ∈ V (Q_{0,T} ) and conditions (2), (3) hold with u_0(x, y) ≡ 0. Choosing v = u in this equality and noting that ∫ Q_{0,τ}

∑_n

i=1 a_i(x, y, t) [ |u_{1xi} |^{p(x)−2}u_{1xi} − |u_{2xi} |^{p(x)−2}u_{2xi} ] (u_{1xi} − u_{2xi} ) dx dy dt � 0, we obtain that ∫ Q_{0,T} u

2 dx dy � 0.

Hence u ≡ 0 almost everywhere in Q_{0,T} , therefore u_1 = u_2. □

Using the method from [2] we prove.

Theorem 2. Assume that Ω is any bounded domain of R^n. Let u be the gene-

ralized solution of the problem (1), (2), (3) with f ≡ 0 and^l ∑ i=1 λ_{iyi} (x, y, t) � 0

for all (x, y, t) ∈ Q_{0,T} . Then for all t > 0 ∫ D |u(x, y, t)|^2 dx dy � max {[ C t ] 2_{p1−2} ; [ C t ] 2_{p2−2} } , where the positive constant C depends only on p, l, n.

P r o o f . Take f ≡ 0, p_1 > 2. We denote by g(t) = ∫ D |u(x, y, t)|^2 dx dy. Taking into account that

∑_l

i=1 λ_{iyi} (x, y, t)u^2 � 0, the proof of Theorem 1 with α = 0 implies the inequality 1 2 g^′(t) + a_0 ∫ D n∑ i=1 |u_{xi} |^{p(x)} dx dy � 0

and, besides, for further use, we can assume that 2 t_2∫

t_1 ∫ D n∑ i=1 |u|^{p(x)} dx dy dt � g(t_1) − g(t_2) � g(t_1) for all t_2 > t_1 � 0.

From the embedding theorem

g(t) = ∫ D |u|^2 dx dy � ‖u; L^{p(x)}(D)‖^2

� max ∫ D |u|^{p(x)} dx dy 2 p 2 ; ∫ D |u|^{p(x)} dx dy 2 p 1 � C_1 [ g^′(t)

] 2_{p ∗} , where p_∗ is founded from the condition ∫ D |u|^{p(x)} dx dy 2 p∗ = max ∫ D |u|^{p(x)} dx dy 2 p2 ; ∫ D |u|^{p(x)} dx dy 2 p1 .

Therefore g(t) � C_2|g^′(t)|^{2p} ∗ . Noting that g(t) decreases, we get

C_3 [ g(t)

] p∗_2

� |g^′(t)|, C_3 [ g(t)

] p∗_2

� − g^′(t), g^′(t) � − C_3[g(t)]^{p∗2} .

Solving this differential inequality, we obtain [ g(t)

] 2−p∗_2 � C_4t + [ g(0)

] 2−p∗_2 .

Hence,

g(t) � [ C_4t + [g(0)]^{2−p∗2}

] 2_{2−p∗} � [C_4t]^{22−p}∗ = [ C_5 t ] 2_{p∗−2} . □

3. Problem without initial conditions

Now, let the domain be unbounded with respect to the time variable. Denote it by Q_{−∞,T} = Ω × G × (−∞; T ]. Consider spaces W_{loc}(Q_{−∞,T} ) = {v : v ∈ W (Q_{t1,T} ) for every t_1 < T }, V_{loc}(Q_{−∞,T} ) = { v : v ∈ V (Q_{t1,T} ) for every t_1 < T } . Definition 2. Function u ∈ W_{loc}(Q_{−∞,T} ) ∩ C ( (−∞; T ]; L^2(D) ) is said to be a strong solution of the problem (1)–(2) (the problem without initial conditions) if it satisfies ∫

Q_{t1,t2}

L(u, v, f) dx dy dt = 0

for t_1, t_2 ∈ (−∞, T ], t_1 < t_2 and for all functions v ∈ V_{loc}(Q_{−∞,T} ).

Definition 3. Function u is said to be a weak solution the problem (1), (2), if u is the limit in the space V_{loc}(Q_{−∞,T} ) ∩ C ( (−∞; T ]; L^2(D) ) of the sequence of functions {u^k}^∞_{k=1} such that for all k ∈ N function u^k is the strong solution of the equation

u_t + l∑ i=1 λ_i(x, y, t)u_{yi}

− n∑ i=1 ( a_i(x, y, t)|u_{xi} |^{p(x)−2}u_{xi} ) x_i

+ g(x, y, t)|u|^{p(x)−2}u

=f^k(x, y, t),

with conditions (2), where the sequence {f^k}^∞_{k=1} is convergent to the function f in the space L^{p′(x)}_{loc} ( (−∞, T ]; L^{p′(x)}(D) ) . Theorem 3. Let the assumptions of Theorem 1 fulfilled for every bounded subdomain of the domain Q_{−∞,T} , conditions (A), (G), (P), (L) be true in the entire domain Q_{−∞,T} . Then the problem (1), (2) has at least one weak solution.

P r o o f . Let us examine the sequence of functions {f^k}^∞_{k=1} that is convergent to f in the space L^{p′(x)}_{loc} ( (−∞, T ]; L^{p′(x)}(D) ) and such that f^k, f^k_{yi} , f^k_t ∈ L^2_{loc} ( (−∞, T ]; L^2(D) ) and f^k|_S1_T = 0 for all natural k. Let us introduce functions

F^k(x, y, t) = { f^k(x, y, t)ξ(t), (x, y, t) ∈ Q_{T −k,T} , 0, (x, y, t) ∈ Q_{T −k} ,

where ξ ∈ C^1(R), 0 � ξ(t) � 1, ξ(t) = 1 as t � T − k + 1, ξ(t) = 0 as t � T − k. Remark that F^k → f in the space L^{p′(x)}_{loc} ( (−∞, T ]; L^{p′(x)}(D) ) as k → ∞.

Consider in the domain Q_{T −k,T} the problem for the equation (1) with the boundary conditions (2) and with the initial condition u(x, y, T − k) = 0. Theorem 1 gives us conditions of existence and uniqueness of the strong solution u^k of this problem. Extend every function u^k by zero in the entire domain Q_{−∞,T −k} and use the same denotation for it. Obviously, the function u^k satisfies the equal- ity ∫ Q_{t1,t2} L ( u^k, v, F^k ) dx dy dt = 0

for all v ∈ V_{loc}(Q_{−∞,T} ), t_1 < t_2 � T . Consider the function θ_1(t), t ∈ R [3, p. 24] such that

θ_1 ∈ C^1(R), θ^′_1(t) � 0 on R, 0 � θ_1(t) � 1;

θ_1(t) = 0 if t ∈ (−∞; −1],

θ_1(t) = exp { −1 (t + 1) } if t ∈ ( −1; −1 2 ] , θ_1(t) � exp{−2} if t ∈ ( −1 2 ; 0 ) , θ_1(t) = 1 if t ∈ [0; +∞).

Note that sup_R θ^′_1(t)θ^{−κ}_1 (t) � C, where 0 < κ < 1, C is a constant which depends only on κ.

Denote by θ(t) = θ_1

(_{t−t1} δ ) , δ > 0, u^{k,m} = u^k − u^m. Let us prove that the sequence {u^k}^∞_{k=1} is fundamental in the spaces C ( (−∞, T ]; L^2(D) ) , V_{loc}(Q_T ).

We write the previous equality for the function u^m, u^k, subtract these equalities and choose v = u^{k,m}θ(t)e^{−αt} in the obtained equality, t_1 − δ and ζ instead of t_1, t_2 respectively, where ζ is arbitrary number from the interval [t_1, t_2]. We get ∫ Q_{t1−δ,ζ} [ L ( u^k, u^{k,m}θ(t), F^k(x, y, t) − F^m(x, y, t) )

−L ( u^m, u^{k,m}θ(t), F^k(x, y, t) − F^m(x, y, t) )] dx dy dt = 0. (13)

Choose T − k < t_1 − δ, T − m < t_1 − δ. Then F^k − F^m ≡ 0 as t ∈ [t_1 − δ, t_2]. Transforming and estimating every term of the equality (13), similarly to the estimates I_1 − I_5 and using estimate 1 2 ∫ Q_{t1−δ,ζ} ( u^{k,m}

)_2

θ^′(t)e^{−αt} dx dy dt

� δ_1 p_1 ∫ Q_{t1−δ,ζ}

|u^{k,m}|^{p(x)}θ(t)e^{−αt} dx dy dt + C_1[δ_1δ]^{−2p}1^{−2} ,

where δ_1 > 0, we obtain inequality 1 2 ∫ D_ζ ( u^{k,m}

)_2

dx dy

+ ∫ S^2_τ l∑ i=1 λ_i(x, y, t) cos(ν, y_i) ( u^{k,m}

)_2

e^{−αt}θ(t) dS dt

+ ∫ Q_{t1−δ,ζ}

[( α 2 − λ^1l 2 ) ( u^{k,m}

)_2 + ( −δ_1 p_1

+ g_0 ) |u^{k,m}|^{p(x)}

+ a_0 n∑ i=1 |u^{k,m}_{xi} |^{p(x)} ] θ(t)e^{−αt} dx dy dt

� C_1[δδ_1]^{−2/(p1−2)}. (14)

Choose δ_1 = (g_0 − 1)p_1. Fix ε > 0. Let us choose δ in such way that the righthand side of inequality (14) is less than ε. Then for fixed t_1, t_1 < T the sequence {u^k}^∞_{k=1} is fundamental in the spaces C ( [t_1, T ]; L^2(D) ) and V (Q_{t1,T} ). From here we get convergence (using estimates between functionals and norms of functions in the generalized Lebesgue spaces) u^k → u in C ( (−∞, T ]; L^2(D) ) ∩ V_{loc}(Q_T ) as k → ∞. Since F^k converges to f in L^{p′(x)}_{loc} ( (−∞; T ]; L^{p′(x)}(D) ) , according to Definition 3 function u is a weak solution of the problem (1)–(2). □

Theorem 4. Let the conditions (A), (G), (L), (P) be fulfilled in the domain Q_{−∞,T} . Then the problem (1)–(2) can not have more than one weak solution.

P r o o f . Let there exist two weak solutions u_1 and u_2 of the problem (1)–(2). According to Definition 3 there exist sequences {u^k_l }^∞_{k=1}, l = 1, 2, that converge to u_l in the space V_{loc}(Q_{−∞,T} ) ∩ C ( (−∞, T ]; L^2(D) ) as k → ∞. Then their difference u^k = u^k_1 − u^k_2 satisfies equality ∫ Q_{t1−δ,ζ} [ L ( u^k_1 , u^k, F^k_1 (x, y, t) ) − L ( u^k_2, u^k, F^k_2 (x, y, t) )] θ(t)e^{−αt} dx dy dt = 0.

Similarly as from (13) we obtain equality ∫ D_ζ

(u^k)^2e^{−ζα} dx dy + ∫ Q_{t1−δ,ζ}

[ (u^k)^2 + |u^k|^{p(x)} + n∑ i=1 |u^k|^{p(x)} ] θ(t)e^{−αt} dx dy dt

� C_1[δδ_1]^{−2(p}1^{−2)} + C_1 ∫ Q_{t1−δ,ζ}

|f^k_1 − f^k_2 |^{p(x)}θ(t)e^{−αt} dx dy dt.

Fix t_0 ∈ (−∞, T ) and t_1 < t_0. From the triangle inequality we get

‖f^k_2 − f^k_1 ‖_Lp′(x)_{(Qt1−δ,ζ )} � ‖f^k_2 − f‖_Lp′(x)_{(Qt1−δ,ζ )} + ‖f^k_1 − f‖_Lp′(x)_{(Qt1−δ,ζ )}.

Fix ε > 0 and choose δ from the condition:

C_1[δδ_1]^{−2(p}1^{−2)} < ε^2 8 . Since sequences {f^k_l }^∞_{k=l}, l ∈ {1, 2} are convergent to function f in the space

L^{p′(x)}_{loc} ( (−∞, T ); L^{p′(x)}(D) ) , there exists such a natural number k_0(ε) that for all

k > k_0 ‖f^k_l − f‖_Lp′(x)_{(Qt1−δ,ζ )} < 1 2 ( ε 8 ) 2_{p′1}

, l = 1, 2.

From (15) we shall get

‖u^k_2 − u^k_1‖_C(_{[t0,T ];L2(D)}) < ε.

From

‖u_2 − u_1‖_C(_{[t0,T ];L2(D)})

� ‖u^k_2 − u_2‖_C(_{[t0,T ];L2(D)})

+ ‖u^k_2 − u^k_1 ‖_C(_{[t0,T ];L2(D)})

+ ‖u^k_1 − u_1‖_C(_{[t0,T ];L2(D)}) and ‖u^k_l − u_l‖_C(_{[t0,T ];L2(D)}) → 0, l = 1, 2,

as k → ∞, we deduce existence of such natural k_1 � k_0 that for all k > k_1 norm

‖u_2 − u_1‖_C(_{[t0,T ];L2(D)}) � 3ε.

Since t_0 and ε are arbitrary numbers, u_2 = u_1 almost everywhere in Q_{−∞,T} . □

REFERENCES

[1] BERNIS, F.: Elliptic and parabolic semilinear problems without conditions at infinity, Arch. Ration Mech. Anal. 106 (1989), 217–241.

[2] BERNIS, F.: Qualitative properties for some nonlinear higher order degenerate parabolic equations, Houston J. Math. 14 (1988), 319–352.

[3] BOKALO, N. M.: On a problem without initial conditions for some classes of nonlinear parabolic equations, Tr. Semin. im. I. G. Petrovskogo 14 (1989), 3–44. (In Russian) [4] CODDINGTON, E. A.—LEVINSON, N.: Theory of Ordinary Differential Equations [Russian translation], Izd. inostr. lit., Moskva, 1958.

[5] EIDELMAN, S. D.—IVASYSHEN, S. D.—KOCHUBEI, A. N.: Analytic Methods in the Theory of Differential and Pseudo-differential Equations of Parabolic Type, Birkhäuser, Basel, 2004.

[6] KOLMOGOROV, A.N.: Zufällige Bewegungen (Zur Theorie der Brownschen Bewegung), Ann. Math. 35 (1934), 116–117.

[7] KOVÁČIK O.—RÁKOSNIK J.: On spaces L^{p(x)} and W^{l,p(x)}, Czechoslovak Math. J. 41 (1991), 592–618.

[8] LADYZHENSKAYA, O. A.: Boundary Value Problems of Mathematical Physics, Nauka, Moskva, 1973. (In Russian) [9] LAVRENYUK, S. P.—PROTSAKH, N. P.: Mixed problem for a nonlinear parabolic equation, Mat. Metody Fiz.-Mekh. Polya 43, No. 3 (2000), 56–63. (In Ukrainian) [10] LAVRENYUK, S. P.—PROTSAKH, N. P.: Mixed problem for an ultraparabolic equation in an unbounded domain, Ukr. Math. J. 54 (2002), 1053–1066.

[11] LAVRENYUK, S. P.—PROTSAKH, N. P.: Ultraparabolic variational inequalities in a domain unrestricted in spatial variables, Dopov. Nats. Akad. Nauk Ukr., Mat. Pryr. Tekh. Nauky 10 (2005), 11–18.

[12] LAVRENYUK, S. P.—PROTSAKH, N. P.: Variational ultraparabolic inequalities analysis, Ukr. Mat. Zh. 56 (2004), 1915–1931.

[13] LAVRENYUK, S. P.—PROTSAKH, N. P.: Variational ultra-parabolic inequalities without initial data, Mat. Stud. 23, No. 1 (2005), 57–67.

[14] LAX, P. D.—PHILLIPS, R. S.: Local boundary conditions for dissipative symmetric linear differential operators, Comm. Pure and Appl. Math. 13 (1960), 427–455.

[15] LIONS, J. L.: Quelques méthodes de résolution des problémes aux limites non linéaires, Paris, Dunod Gauthier-Villars, 1969. (Mir, Moskva, 1972). (In Russian) [16] POLIDORO, S.: On the regularity of solutions to a nonlinear ultraparabolic equation arising in mathematical finance, Nonlinear Anal. 47 (2001), 491–502.

[17] SUVOROV, S. G.: Nonlinear ultraparabolic equations in general domains, Nonlinear Bound. Value Probl. 7 (1997), 180–188.

Received October 18, 2006 Serhiy Lavrenyuk Ivan Franko National University of Lviv Universytets’ka str.1 Lviv UKRAINE, 79602 E-mail: sp_lavreniuk@franko.lviv.ua

Faculty of Mathematics and Natural Scieces Rzeszów University Alejtana 16A 35-959 Rzeszów POLAND

Nataliya Protsakh Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NAS of Ukraine Naukova 3b str., dep. 26 Lviv UKRAINE, 79060 E-mail: protsakh@lms.lviv.ua