Tatra Mt. Math. Publ. 35 (2007), 41–45 tm

Mathematical Publications

CONNECTED G_ffi FUNCTIONS OF ARBITRARILY HIGH BOREL CLASS

Piotr Szuca

ABSTRACT. The class of real functions with connected G_ffi graph has some nice properties. For example, it is known that Sharkovskiĭ’s ordering of periods holds in this family of functions. We modify the example of function constructed by [J. Jastrze_,bski: An answer to a question of R. G. Gibson and F. Roush, Real Anal. Exchange 15 (1989–1990), 340–341] to show that there are connected G_ffi functions of arbitrary high Borel class.

1. Introduction

Our notation and terminology conforms to that used in the most recent real analysis literature. We use a symbol A to denote the closure of the set A. All considered functions maps the set of reals R to R (or the interval I = [0, 1]

to I). For given functions f and g we use the notation “f ∘ g ” to denote the

composition of g and f . We use symbols C, Conn, D and B_1 to denote the class of all continuous functions, all functions with connected graph (we do not distinguish the function f from the graph of f ), all Darboux functions (i.e., all functions with intermediate value property), and all Baire 1 functions (pointwise limits of continuous functions), respectively. We say that a function f is G_δ if its graph is a G_δ subset of the plane. For properties of these and the other Darboux-like functions see, e.g., [3]. In particular, it is known that

Conn D and C Conn ∩ B_1 = D ∩ B_1 Conn ∩G_δ .

In papers [9] and [10] we have shown that the class of all functions with connected G_δ graph (i.e., functions from the class Conn ∩G_δ ) is similar to the class of continuous functions from the combinatorial dynamics point of view. For example, the following variant of Sharkovskiĭ’s theorem holds (for the class of continuous functions it was proved by S h a r k o v s k iĭ in [8].)

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 26A21; Secondary 26A15. K e y w o r d s: G_ffi functions, connected functions, connectivity functions, Borel measurable functions.

This work was supported by BW grant 5100-5-0095-5.

PIOTR SZUCA

Theorem 1. ([9] and [10]) If f : R → R is a composition of connected G_δ

functions and f has a point of the prime order P then it also has a point of prime order Q for every Q ◁ P , where the symbol “◁” denotes the following Sharkovskiĭ’s ordering:

3 ▷ 5 ▷ 7 ▷ · · · 2 · 3 ▷ 2 · 5 ▷ 2 · 7 ▷ · · · 2^2 · 3 ▷ 2^2 · 5 ▷ 2^2 · 7 ▷ · · · · · · ▷ 2^4 ▷ 2^3 ▷ 2^2 ▷ 2 ▷ 1 .

In [9] we have shown an example of connected G_δ function f such that f ∘ f ∉ G_δ . It is well-known that every G_δ function is Borel, and there are G_δ functions of arbitrarily high Borel class, i.e., for every α < ω_1 there is a G_δ function f : I→ I such that f is not of the Borel class α (for a simple argument see, e.g., [2 p. 581].) It seems interesting to find out if the above statement is true in the narrower class of functions with connected G_δ graph. Our main result is the following

Theorem 2. For every α < ω_1 there is a connected G_δ function f : I → I

such that f does not belong to the Borel class α.

Recall that we do not know any characterization of functions which are of the form f_1 ∘ f_2 ∘ · · · ∘ f_n , where all f_i ’s are connected G_δ (see, e.g., section “Problems” in [9] and the question about a characterization of the composition of two derivatives, or Darboux Baire 1 functions in [4].) An author does not even know whether there exists a connected Baire class 2 function which is not a composition of two connected G_δ functions.

Proof of Theorem 2

The function constructed in Theorem 2 is continuous on the complement of ternary Cantor set. The first example of G_δ function of such type has been found in [1, Example 2] (but see also [6]).

Lemma 3. Let D be a closed nowhere dense subset of I, D = I^{\ ⋃}_{i∈ω}(a_i, b_i),

where all intervals (a_i, b_i) are pairwise disjoint. Let D_0 = I \ ⋃ i∈ω [a_i, b_i]. Suppose that f : I→ I is such that:

(1) f is connected on every interval [a_i, b_i], (2) for every x ∈ D_0 and a subsequence a_pn → x there exists a sequence (x_n)_n such that x_n ∈ [a_pn, b_pn] for each n and ⟨ x_n, f(x_n) ⟩ → ⟨ x, f(x) ⟩ .

CONNECTED G_ffi FUNCTIONS OF ARBITRARILY HIGH BOREL CLASS

Then f is connected.

P r o o f . The proof presented here is a modification of that from the paper [5].

Suppose that f is not connected. Then there exist non-empty sets A, B ⊂ f such that A ∪ B = f and there is no ⟨ x, f(x) ⟩ ∈ (A ∩ B) ∪ (A ∩ B). Let A^′ = { x ∈ I:^⟨x, f^(x^{) ⟩} ∈ A^} and B^′ =^{x ∈ I:^⟨x, f(x)^⟩ ∈ B^} .

Without lost of generality we can assume that 1 ∈ B^′ . Let s = sup A^′ . Since f ↾ [a_i, b_i] is connected for each i ∈ ω , then either [a_i, b_i] ⊂ A^′ or [a_i, b_i] ⊂ B^′ . Thus s ∈ D . There are three possible cases:

(1) s ∈ A^′ ∩ D ; (2) s ∈ B^′ ∩ ( D_0 ∪ {a_n : n ∈ ω} ) ; (3) s ∈ B^′ ∩ {b_n : n ∈ ω}. In the first case s < 1 and s ≠ a_i for each i. By assertion (2) there exists a subsequence (a_pn, b_pn)_n of intervals such that a_pn ↘ s, and f(s) is a limit point of f ( [a_pn, b_pn] ) . Since (a_pn, b_pn) ⊂ B^′ for every a_pn > s, ⟨ s, f(s) ⟩ ∈ A ∩ B —a contradiction.

In the second case there exists a sequence (x_n)_n ⊂ A^′ such that x_n ↗ s. We may assume that (x_n)_n ⊂ ⋃ i∈ω [a_i, b_i]. Indeed, for every x ∈ A^′ ∩ D_0 there

exists a sequence of intervals [a_pn, b_pn] with lim_{n→∞} a_pn = lim_{n→∞} b_pn = x. By assertion (2) there exists a sequence (y_n) such that y_n ∈ [a_pn, b_pn] for each n and ⟨ y_n, f(y_n) ⟩ → ⟨ x, f(x) ⟩ . Since almost all elements of (y_n)_n belong to A^′ (in the other case ⟨ x, f(x) ⟩ ∈ A ∩ B ), for each n and every open neighbourhood of x_n there is x^′_n ∈ A^′ ∩ ⋃ i∈ω [a_i, b_i].

Let q_n be a unique integer such that x_n ∈ [a_qn, b_qn ]. Then [a_qn, b_qn ] ⊂ A^′ , and from assertion (2) it follows that ⟨ s, f(s) ⟩ ∈ A. This is a contradiction with ⟨ s, f(s) ⟩ ∈ B . In the last case s = b_N for an N ∈ ω . By the assertion (1) [a_N , b_N ] ⊂ B^′ , which contradicts with s = sup A^′ .

P r o o f o f T h e o r e m 2. Fix α < ω_1 . In the sequel we will assume that α ⩾ 2. Let C = I\ ⋃ i∈ω (a_i, b_i), where C is a ternary Cantor set and all intervals

(a_i, b_i) are pairwise disjoint. Let C_0 = I \ ⋃ i∈ω [a_i, b_i].

First, we define a G_δ function f_1 : ⋃ i∈ω [a_i, b_i] → I such that if we extend it

to any function f : I→ I then f fulfills the assumption of Lemma 3.

PIOTR SZUCA

1 3 4

1 4 0_1 3 2 3 1 Figure 1. Illustration of the function f1 constructed in the proof of Theorem 2.

Let f_1 be such that f_1(a_i) =^1_{i+4} , f_1(b_i) = 1 −^1_{i+4} and f_1 is linear on every interval [a_i, b_i] (see Fig. 1). We claim that the graph of f_1 is a G_δ subset of the plane. Following the argument from [2, Example 2.1], f_1 = P ∪ Q where

P = f_1 ↾ ⋃ i∈ω {a_i, b_i} = ⋃ i∈ω {⟨ a_i, 1 i + 4 ⟩ , ⟨ b_i, 1 − 1 i + 4 ⟩}

and Q = f_1 ↾ ⋃ i∈ω (a_i, b_i) = ⋃ i∈ω f_1 ↾ (a_i, b_i) =

= ⋂ n∈ω ⋃ i∈ω ⋃ x∈(ai,bi) {x} × ( f_1 (x) − 1 n + 1

, f_1 (x) + 1 n + 1 ) ∈ G_δ .

Since P is a discrete space, P ∈ G_δ . Thus f_1 ∈ G_δ .

Since C_0 ∈ G_δ and α ⩾ 2, it is sufficient to find a function f_2 : C_0 → I such that f_2 is G_δ and f_2 is not of the Borel class α.

Let A ⊂ C_0 be a Borel set which does not belong to the Borel class α. According to Alexandroff theorem ([7, Th. 3.11, p. 17]), C_0 is a Polish space. By the Lusin-Suslin theorem ([7, Th. 13.7, p. 83]), there are one-to-one continuous functions g̃_0 : A^′ → C_0 and g̃_1 : B^′ → C_0 such that (the symbol Q denotes the set of rationals):

(1) A^′ is a closed subset of ( 0,^1_2 ) \ Q,

(2) B^′ is a closed subset of

(_1 2 , 1 ) \ Q,

(3) g̃_0(A^′) = A, (4) g̃_1 (B^′) = C_0 \ A.

CONNECTED G_ffi FUNCTIONS OF ARBITRARILY HIGH BOREL CLASS

Set f_2 = g̃_0^{−1} ∪ g̃_1^{−1} .

Since the graph of continuous function g̃_0 (g̃_1 , respectively) is a closed subset of G_δ set A^′ × I (B^′ × I, resp.), f_2 ∈ G_δ . By definition of the function f_2 , f^{−1}_2 ( (0,^1_2 ) ) = A, and therefore f_2 is not of the Borel class α. Moreover, f = f_1 ∪ f_2 fulfills the assertion of Lemma 3. It follows that f is a connected G_δ function which does not belong to the Borel class α.

REFERENCES

[1] BROWN, J. B. : Almost continuous Darboux functions and Reed’s pointwise convergence criteria, Fund. Math. 86 (1974), 1–7.

[2] CIESIELSKI, K.—ROSEN, H. : Two examples concerning extendable and almost continuous functions, Real Anal. Exchange 25 (1999–2000), 579–598.

[3] GIBSON, R. G.—NATKANIEC, T. : Darboux like functions, Real Anal. Exchange 22 (1996–1997), 492–533.

[4] GIBSON, R. G.—NATKANIEC, T. : Darboux-like functions. Old problems and new results, Real Anal. Exchange 24 (1998–1999), 487–496.

[5] JASTRZE_,BSKI, J. : An answer to a question of R. G. Gibson and F. Roush, Real Anal.

Exchange 15 (1989–1990), 340–341.

[6] JONES, B.—THOMAS, Jr., E. S. : Connected G_ffi graphs, Duke Math. J. 33 (1966), 341–345.

[7] KECHRIS, A. S. : Classical descriptive set theory, in: Graduate Texts in Mathematics, Springer-Verlag, Berlin, 1995, pp. 156.

[8] SHARKOVSKIĬ, A. N. : Co-existence of cycles of a continuous mapping of the line into itself, Ukraïn. Mat. Zh. 16 (1964), 61–71.

[9] SZUCA, P. : Sharkovskiĭ’s theorem holds for some discontinuous functions, Fund. Math.

179 (2003), 27–41.

[10] SZUCA, P. : Loops of intervals and Darboux Baire 1 fixed point problem, Real Anal. Exchange 29 (2003–2004), 205–209.

Received September 27, 2005 Institute of Mathematics University of Gdańsk ul. Wita Stwosza 57 PL–80-952 Gdańsk POLAND E-mail: pszuca@radix.com.pl