Tatra Mt. Math. Publ. 36 (2007), 19–28 tm

Mathematical Publications

EXPONENTS OF ONE-VERTEX MAPS AND t -BALANCED MAPS

L’ubica Líšková

ABSTRACT. A Cayley map is a Cayley graph embedded in an orientable surface in such a way that the cyclic order of generators is the same at each vertex. An exponent of a Cayley map is a number e with the property that (loosely speaking) the Cayley map is isomorphic to its ‘e-fold rotational image’.

Cayley maps for the trivial group are important since each Cayley map is a regular lift of a one-vertex Cayley map. In our contribution we present results on exponents of one-vertex maps, with emphasis on maps exhibiting certain types of symmetry in the distribution of generators and their inverses.

1. Introduction

Highly symmetric maps have been in the center of interest in algebraic and topological graph theory for over a century. The smallest and the largest ‘level of symmetry’ is obtained in the case of Cayley maps and regular maps, respectively. First results concerning regular balanced Cayley maps (in slightly different terms) can be found in [1]. The results were later extended in the series of articles for balanced maps [12], antibalanced maps [11], t-balanced maps [8], k-rotational maps [3], and for arbitrary regular Cayley maps [4, 10].

Every Cayley map is a regular lift of a one-vertex map. The one-vertex quotients are determined by the cyclic order of generators and by their distribution of inverses. They carry all the information we need about the lifted Cayley map. Exponents [9] were introduced as a tool for classification of regular maps with a given underlying graph. It is therefore natural to study exponents of one-vertex Cayley maps in more detail.

The aim of this paper is to present results on automorphisms and exponents of one-vertex t-balanced maps and some related results.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C10, 57M15. K e y w o r d s: regular Cayley map, Cayley graph.

Supported by the APVT grant No. 20–023302 and VEGA grant 1/9176/02.

2. Basic definitions

A graph K consists of a set of vertices, denoted by V (K), and a set of edges, E(K). We allow graphs to contain loops, semiedges or multiple edges. Let E^′(K) be the set of all semiedges of K . Any edge from E(K)\E^′(K) endowed by one of the two possible orientations is called a dart. A semiedge admits just one orientation; therefore by definition, a semiedge gives rise to a unique dart. The number of edges incident with a vertex v ∈ V (K) is called the valence of v and denoted by val(v ); note that each loop contributes to the valence by 2. Let D(K) be the dart set of K ; thus | D(K) | = 2 | E(K) | − | E^′(K) | . A surface is a 2-dimensional manifold. A surface will be called closed if it is compact and has no boundary. By an orientation at some point of a surface we understand an orientation assigned to a disc neighbourhood of the point. If orientation is preserved along each closed walk, the surface is said to be orientable. Throughout this paper we shall consider only orientable surfaces.

2.1 Cayley graphs

Let G be a finite group with identity element 1, and let Ω = x_0, x_1, . . . , x_{n−1} be a finite sequence of elements of G. Further, let τ be an involutory permutation of the set [n] = {0, 1, . . . , n − 1} such that x^{−1}_i = x_{iτ} for each i ∈ [n]. The permutation τ is called a distribution of inverses. A Cayley graph C(G, Ω, τ ) for G, Ω and τ is an undirected graph with G as the vertex-set and for each g ∈ G and each i ∈ [n] there is a dart (g, i) with initial vertex g . The dart (g, i) is a semiedge if x_i = 1_G and i = iτ ; it is a directed loop at g if x_i = 1_G and i ≠ iτ ; and it is a directed edge incident with two distinct vertices if x_i ≠ 1_G . In the last two cases, the terminal vertex of the dart (g, i) is the vertex gx_i , and the dart’s reverse is the dart (gx_i, iτ ). A pair of mutually reverse darts (g, i) and (gx_i, iτ ) forms an edge in C(G, Ω, τ ). We note that the Cayley graph C(G, Ω, τ ) is connected if and only if the elements of Ω generate G. We will always assume that our Cayley graphs are connected.

An automorphism of a Cayley graph is a permutation of its dart set which preserves the incidence between darts and vertices.

2.2 Cayley maps

A Cayley map CM(G, Ω, τ ) is a cellular embedding of the graph C(G, Ω, τ ) on a closed orientable surface S such that for each i ∈ [n] the dart (g, i + 1) immediately follows the dart (g, i) in the orientation of S ; here the second coordinate is taken modulo n.

Recall [2] that any cellular embedding M of a connected graph K on an orientable surface S can be completely described by a pair of permutations

L and R of the dart set D(K) of K . The dart-reversing involution L is the involutory permutation that interchanges any dart z with its reverse z^{−1} ; while the rotation R, for each vertex v , cyclically permutes the darts emanating from v following the orientation of S . Therefore we often write M = (K; R, L). The permutations R and L are called the rotation and the dart-reversing involution of M , respectively. When M = (K; R, L) is a Cayley map CM(G, Ω, τ ), we have (g, i)R = (g, i+1) and (g, i)L = (gx_i, iτ ) for each dart (g, i) ∈ G×[n]. The faces of M are (in one-to-one correspondence with) orbits of the permutation LR.

A map isomorphism f : M_1 → M_2 induces an incidence and orientation preserving homeomorphism between the supporting surface of M_1 and that of M_2 . If M_1 = M_2 = M , then f is a map automorphism of M . Clearly, each map automorphism is also an automorphism of the underlying graph. It can be shown that for any two darts z and t of M there exists at most one map automorphism taking z to t [5].

2.3 Exponents

Let M = CM(G, Ω, τ ) be a Cayley map of valence |Ω| = n and let e be an integer such that gcd(e, n) = 1. Further let Ω^e be the cyclic sequence Ω^e = (x_0, x_e, . . . , x_{e(n−1)}) and let τ_1 be defined by

e(iτ_1) = (ei)τ . (1)

We say that e is an exponent of M if the Cayley maps M and M^e = CM(G, Ω^e, τ_1) are isomorphic. Note that having exponent −1 means that M is isomorphic to its ‘mirror image’ M^{−1} .

If an integer e is the exponent of a map M with valence n and f ≡ e (mod n), then the maps M^e and M^f are identical, and hence f is an exponent of M . Therefore we will make no distinction in notation between an exponent of M and its residue class (mod n). Further, let ψ : M → M^e and μ : M → M^f be isomorphisms corresponding to exponents e and f , respectively. Then μψ is an isomorphism associated with ef . Thus ef is an exponent of M . It follows that the residue classes (modulo the valence of M ) of exponents of the map M form a multiplicative group Ex(M), the exponent group of M . Clearly, Ex(M) is a subgroup of Z^∗_n, the multiplicative group of invertible elements of the ring Z_n.

3. Exponents of one-vertex maps

In [6] the following necessary and sufficient condition for a number e to be an exponent of a Cayley map was established:

Theorem 3.1. [6] Let M = CM(G, Ω, τ ) be a Cayley map. Then an integer

e such that gcd(e, n) = 1 is an exponent of M if and only if there exist two mappings η : G → Z_n, ω : G → G and an integer k such that:

(i) ω(1) = 1 and ω(ax_i) = ω(a)x_{η(a)+ei} , (ii) η(1) = ek and η(ax_i) = (η(a) + ei)τ − e(iτ ) for each a ∈ G and x_i ∈ Ω.

An isomorphism ψ : D(M) → D(M^e) from M onto M^e can be defined by ψ(a, x_l) = ( ω(a), x_{η(a)+el} ) . It may be useful to observe that ω maps vertices to vertices and η determines the images of the neighbours of a vertex.

Now we shall apply this result to one-vertex maps. A one-vertex map can be represented as a Cayley map for the trivial group. Let τ be an involution on [n], let s = |{ i = iτ, i ∈ [n] }| , and let ⟨1_G⟩ be the trivial group presented in the form ⟨1_G⟩ = ⟨x_0, . . . , x_{n−1}|x_0 = x_1 = · · · = x_{n−1} = 1⟩; note that we trivially have x_ix_{iτ} = 1. The Cayley map M = CM ( ⟨1_G⟩, (x_0, . . . , x_{n−1}), τ ) has one vertex, namely 1_G , s semiedges and (n − s)/2 loops. For any i such that i ≠ iτ , the two opposite darts (1_G, x_i) and (1_G, x_{iτ} ) form a loop. Clearly, the distribution of inverses of M is τ .

In the paper we fix the generating sequence Ω to be (x_0, x_1, . . . , x_{n−1}). For one-vertex maps we may use identification between darts and generators, i.e., (1_G, i) ≡ x_i , and denote a one-vertex map of valence n by M(n, τ ). In the case of one-vertex Cayley maps Theorem 3.1 implies:

Corollary 3.2. A one-vertex Cayley map M(n, τ ) has an exponent e if

and only if there exists z ∈ Z_n such that (z + ei)τ = z + (iτ )e (mod n) for each i ∈ [n]. Since an automorphism of a Cayley map is a non-trivial isomorphism M → M^e corresponding to the exponent e = 1, we have the following corollary:

Corollary 3.3. The mapping x_0 → x_z , z ≠ 0, is a non-trivial automor-

phism of M(n, τ ) if and only if for all i ∈ [n] it holds:

(z + i)τ ≡ z + (iτ ) (mod n) .

4. One-vertex t-balanced maps

In this section we will consider in detail the so-called one-vertex t-balanced maps together with their automorphisms and exponents.

A Cayley map M = CM(G, Ω, τ ) with distribution of inverses τ such that iτ = b + it for all i ∈ [n] and fixed t and b is called t-balanced. We first present a construction of t-balanced maps.

Theorem 4.1. Let n and t be such that gcd(t, n) = 1 and t^2 ≡ 1 (mod n).

Further, let b be a solution of the congruence b(t + 1) ≡ 0 (mod n) .

Then, a Cayley map M with distribution of inverses τ defined by iτ = b + ti is t-balanced.

P r o o f . Since gcd(t, n) = 1, we have {b + ti, i ∈ [n]} = [n], and hence τ is a bijection on [n]. It remains to prove that τ is an involution. Take an arbitrary i ∈ [n] and let iτ = b+ti. Then, (b+ti)τ = b+t(b+ti) = b(t+1)+t^2 i = 0+i = i, and hence τ^2 =id.

4.1 Automorphisms For one-vertex t-balanced Cayley maps Theorem 3.1 simplifies to:

Corollary 4.2. Let M(n, τ ) be a one-vertex t-balanced Cayley map. Then

the mapping x_i → x_{z+i} , 0 < z < n, is an automorphism of M if and only if z(t − 1) ≡ 0 (mod n) .

P r o o f . In fact one has to prove that the mappings ψ : i → z + i and τ : i → b + ti commute if and only if z(t − 1) ≡ 0 (mod n). This immediately follows from the congruences: z + (b + ti) ≡ b + t(z + i) (mod n), z ≡ tz (mod n), z(t − 1) ≡ 0 (mod n) .

Note that the only regular one-vertex maps are balanced maps (t=1). To classify all the automorphisms of one vertex maps, we have to find all solutions of the congruence z(t−1) ≡ 0 (mod n). First, we divide pairs (t, n) which satisfy t^2 ≡ 1 (mod n) into three types (where 2^k||n means that 2^k|n but 2^{k+1} - n):

(1) n is odd.

(2) n is even 2^k||n, t ≡ ±1 (mod 2^k). (3) n is even 2^k||n, k ¿ 3, t ≡ 2^{k−1} ± 1 (mod 2^k).

Theorem 4.3. [8] The set of solutions of the congruence z(t−1) ≡ 0 (mod n)

is a subgroup of Z_n of order gcd(t − 1, n), generated by

(i) t + 1 if (t, n) is of type 1 or 3, (ii) gcd(t + 1, n)/2 if (t, n) is of type 2.

The following corollary shows that one-vertex t-balanced maps have at least one non-trivial automorphism (with one exception). It is the main result of this section.

Corollary 4.4. A one-vertex t-balanced Cayley map M(n, τ ) has at least

one non-trivial automorphism, except the case when t = −1 and n is odd.

P r o o f . By Corollary 4.2 it suffices to show that there is a non-trivial solution of the congruence z(t − 1) ≡ 0 (mod n). (i) For t ≠ −1 we have a non-trivial solution t + 1.

(ii) If n is even, then t − 1 is even and z = n/2 is a non-trivial solution of the congruence.

(iii) In the case when t = −1 and n is odd, the corresponding one vertex map has no automorphism because it has just one semiedge.

Moreover, Corollary 4.4 yields that only one-vertex antibalanced maps with odd valence have exactly one semiedge.

If t = 3, then there is exactly one solution z = n/2. Hence 3-balanced Cayley maps of even valence have only one non-trivial automorphism. For example, the 3-balanced Cayley map of valence n = 8 with distribution of inverses iτ = 3i has just one automorphism x_i → x_{4+i} . The one-vertex 4-balanced Cayley map of valence n = 15 with distribution of inverses iτ = 4i for i ∈ [15] has two non-trivial automorphisms, namely, x_i → x_{i+5} and x_i → x_{i+10} .

For later use we state another two results. These results also hold for general Cayley maps and their rotary automorphisms [3], i.e., automorphisms of Cayley maps fixing the vertex 1_G .

Proposition 4.5. Let a one-vertex map M(n, τ ) have the automorphisms

x_i → x_{a+i} and x_i → x_{b+i} . Then for an arbitrary k and l the map M also has the automorphism x_i → x_{(ka+lb)+i} .

Theorem 4.6. Let M(n, τ ) have the automorphisms x_i → x_{a+i} , x_i → x_{b+i}

and let gcd(a, b) = z . Then M also has the automorphism x_i → x_{z+i} .

P r o o f . If gcd(a, b) = z , then we can write z = ka + lb (mod n) for some k and l . By Proposition 4.5 there is an automorphism x_i → x_{ka+lb+i} = x_{z+i} .

4.2 Exponents

By [9], if e is coprime with the valence of a (general) map M , then the groups Aut(M) and Aut(M^e) are identical. Consequently, we have:

Corollary 4.7. If M(n, τ ) has the automorphism x_i → x_{z+i} , then M^e(n, τ_1)

has the automorphism y_i → y_{z+i} , that is, x_i → x_{e(z+i)} , i ∈ [n].

Moreover, if M and M^e are Cayley maps, they have the same type of balance:

Theorem 4.8. If a Cayley map M = CM(G, Ω, τ ) is t-balanced, then M^e =

CM(G, Ω_1, τ_1) is t-balanced as well.

P r o o f . The definition of t-balanced map and (1) yield: iτ_1 = e^{−1}(ei)τ = e^{−1}[b + tei] = e^{−1}b + ti .

The above computation implies that M^e is t-balanced with distribution of inverses iτ_1 = e^{−1}b + ti, i ∈ [n].

Moreover, one-vertex Cayley maps M and M^e have the same exponent groups:

Theorem 4.9. Let M(n, τ ) and M^e(n, τ_1) be one-vertex Cayley maps. Then

Ex(M) = Ex(M^e).

P r o o f . Assume that f is an exponent of M. Then from Corollary 3.2 we have that there is z such that for all i ∈ [n] it holds that (z + fi)τ = z + (iτ )f (mod n) .

Substituting z = ez_1 and i = ej yields (ez_1 + fej)τ = ez_1 + ( (ej)τ ) f (mod n) .

From (1) we have e(z_1 + fj)τ_1 = ez_1 + e(jτ_1)f (mod n) , (z_1 + fj)τ_1 = z_1 + (jτ_1)f (mod n) .

The last congruence implies that f is an exponent of M^e(n, τ_1) as well.

In the previous section we have seen that one-vertex t-balanced Cayley maps have at least one automorphism (with one exception). Next we will see that such maps have all theoretically admissible exponents. Before we show this, we need a result from [8].

Theorem 4.10. [8] Let t and n be such that gcd(t, n) = 1 and t^2 ≡ 1

(mod n). Further, let gcd(e, n) = 1 and let b be a solution of b(t + 1) ≡ 0 (mod n). Then the congruence (e − 1)b ≡ (t − 1)z (mod n) (2) has exactly gcd(t − 1, n) solutions in Z_n.

Theorem 4.11. If M(n, τ ) is t-balanced, then every integer e such that

gcd(e, n) = 1 is an exponent of M.

P r o o f . Using the definition of a t-balanced map and Corollary 3.2 we subsequently have (z + ei)τ ≡ z + e(iτ ) , b + tz + tei ≡ z + eb + eti , (t − 1)z ≡ (e − 1)b . By Theorem 4.10 there exists at least one solution z of the last congruence.

We show that the converse is true for prime valences.

Theorem 4.12. Let M(p, τ ) be a one-vertex Cayley map of prime valence

p. Then Ex(M) = Z^∗_p ∼= Z_{p−1} if and only if M is t-balanced where t = ±1.

P r o o f . The condition Ex(M) = Z_{p−1} is equivalent to the existence of an exponent ξ of M which is a primitive element of Z^∗_p. Setting e = ξ in Corollary 3.2 we have (z + ξi)τ ≡ z + ξ(iτ ) . (i) First, let us assume that z = 0, that is, (ξi)τ ≡ ξ(iτ ). Let (ξ)τ = tξ . Then (ξ^{i+1})τ = ξ(ξ^iτ ) = tξ^{i+1} , and hence iτ = ti which implies that M is t-balanced.

(ii) Let z ≠ 0 and b = 0τ . Since ξ is an exponent of M, we have (z + ξk)τ ≡ z + ξ(kτ ) for each k ∈ N. For k = 0 we obtain zτ = z + ξb. Define t by z + ξb = b + tz ; since z ≠ 0 we have t = (z + ξb − b)z^{−1} . Note that if b = 0, then t = 1. By induction we prove that [ (1+ξ+· · ·+ξ^k)z ] τ = b+t [ z(1+ξ+· · ·+ξ^k) ] . Clearly, it is sufficient to focus just on the induction step. We have [ (1 + ξ + · · · + ξ^{k+1})z ] τ = [ z + ξ ( (1 + ξ + · · · + ξ^k)z )] τ = z + ξ [ (1 + ξ + · · · + ξ^k)z ] τ = z + ξ [ b + tz(1 + ξ + · · · + ξ^k) ] = z + ξb + ξtz(1 + ξ + · · · + ξ^k)

= b + tz + tz(ξ + · · · + ξ^{k+1})

= b + tz(1 + ξ + · · · + ξ^{k+1}) .

Since t^2 ≡ 1 (mod p), it follows that t = ±1. This completes the proof.

There are no similar results for ‘non-balanced’ maps, that is, for maps which are not t-balanced for any t. A one-vertex non-balanced Cayley map M(p, τ ) of prime valence has no automorphism. However, it may have an exponent. For example, the map M_1(7, τ_1) has exponents e = 2, 4 if τ_1 = (0)(13)(26)(45). The map M_2(7, τ_2) has no exponent for τ_2 = (0)(12)(34)(56).

If n is not prime, then all possible combinations of outcomes can occur. For instance, the maps M_i(8, τ_i), i ∈ {3, 4}, have no exponents if τ_3 = (01)(2)(3) . . . (8) or τ_4 = (0)(12)(3)(45)(6)(78) but M_3 is without automorphism and M_4 has automorphisms x_i → x_{3+i} and x_i → x_{6+i} . Finally, we give a few examples of maps with exponents. The map M_5(14, τ_5) with distribution of inverses τ_5 = (04)(12)(3)(59)(67)(8)(10, 14)(11, 12)(13) has automorphisms x_i → x_{5+i} and x_i → x_{10+i} and exponent 4. The map M_6(8, τ_6) τ_6 = (02)(1)(3)(4)(5) . . . (8) has exponents e = −1, 3, 5 and has no automorphism. The map M_6(8, τ_6) has Ex(M_6) = Z^∗_8 . This fact implies that Theorem 4.12 does not hold if n is not prime.

Note that Theorem 4.12 cannot be extended to arbitrary Cayley maps. By Theorem 2.3 from [LL6] we can construct a non-balanced Cayley map M of prime valence p with exponent ξ , where ξ is a primitive element of Z^∗_p. Thus, the map M is non-balanced and has exponent group Ex(M) = Z^∗_p.

Acknowledgement. I wish to thank Jozef Š i r á ň for his assistance in the preparation of this paper.

REFERENCES

[1] BIGGS, N. : Cayley maps and symmetrical maps, Proc. Camb. Philos. Soc. 72 (1972), 381–386.

[2] GROSS, J. J.—TUCKER, T. W. : Topological Graph Theory, Wiley, New York, 1987. [3] JAJCAY, R. : Automorphism groups of Cayley maps, J. Combin. Theory Ser. B 59 (1993), 297–310.

[4] JAJCAY, R.—ŠIRÁŇ, J. : Skew-morphisms of regular Cayley maps, Discrete Math. 244 (2002), 167–179.

[5] JONES, G. A.—SINGERMAN, D. : Theory of maps on orientable surfaces, Proc. London Math. Soc. 37 (1978), 211–256.

[6] LÍŠKOVÁ, L’ : Exponents of Cayley maps, J. Electrical Engineering 53 (2002), 97–99. [7] LÍŠKOVÁ, L’ : Cayley maps with given exponents and distribution of inverses, Australas.

J. Combin. 34 (2006), 3–15.

[8] LÍŠKOVÁ, L’—MAČAJ, M.—ŠKOVIERA, M. : Regular maps from Cayley graphs III:

t-balanced Cayley maps, Discrete Math. 307 (2007), 517–533.

[9] NEDELA, R.—ŠKOVIERA, M. : Exponents of orientable maps, London Math. Soc. 75 (1997), 1–31.

[10] RICHTER, R. B.—ŠIRÁŇ, J.—JAJCAY, R.—TUCKER, T. W.—WATKINS, M. E. :

Cayley maps, J. Combin. Theory Ser. B 95 (2005), 189–245.

[11] ŠIRÁŇ, J.—ŠKOVIERA, M. : Regular maps from Cayley graphs II: Antibalanced Cayley maps, Discrete Math. 124 (1994), 179–191.

[12] ŠKOVIERA, M.—ŠIRÁŇ, J. : Regular maps from Cayley graphs I: Balanced Cayley maps, Discrete Math. 109 (1992), 265–276.

Received August 20, 2004 Department of Mathematics Faculty of Civil Engineering Slovak University of Technology Radlinského 11 SK–813 68 Bratislava SLOVAKIA E-mail: ls@math.sk