Tatra Mt. Math. Publ. 38 (2007), 147–162 tm Mathematical Publications

BLOCK MATRICES AND STABILITY THEORY

Fernando Martins—Edgar Pereira

Abstract. The relations between matrices and differential equations in the stability theory are studied. Generalizations to block matrices are done. Sufficient conditions for the stability of matrix differential equations by means of Lyapunov matrix equation are obtained. The block versions of the classical Hermite, Routh, Hurwitz and Schwarz matrices are presented.

1. Introduction

We consider a homogeneous differential equation of order m with constant real coefficients p ( d dt ) z = z^{(m)}(t) + a_1z^{(m−1)}(t) + · · · + a_{m−1}z^′(t) + a_mz(t) = 0 , (1)

z(t) ∈ R e t ≥ 0.

The characteristic equation associated to equation (1) is p(x) = x^m + a_1x^{m−1} + · · · + a_{m−1}x + a_m = 0 , (2) where p(x) is a polynomial of degree m (see C u l l e n ([5], p. 224).

By means of a reduction to the first order we obtain a linearization y^′(t) = Cy(t) , (3) where y(t) ∈ R^m and C ∈ R^{m×m} is the companion matrix associated to the polynomial p(x) (see C u l l e n ([5], p. 228)).

The stability criterion is stated next (([2], p. 76) and ([10], p. 72)).

Theorem 1.1. The equilibrium of the differential equation (1) is asymptotically stable if and only if all roots of the polynomial p(x) have negative real parts.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : 15A57, 34D99, 93D05. K e y w o r d s : block companion matrix, block Hermite matrix, block Hurwitz matrix, block Routh matrix, block Schwarz matrix, matrix polynomials, differential matrix equations, Lyapunov matrix equation.

It is equivalent to:

Theorem 1.2. The equilibrium of the differential equation (3) is asymptotically stable if and only if all eigenvalues of the matrix C have negative real parts.

Remark 1.1. The Theorem 1.2 is not restrict to a matrix in a companion form. In fact, it is valid for an equation y^′(t) = Ay(t) where A is a general matrix.

The “foundation” of the stability theory is from the nineteenth century and it is due to the famous mathematicians: H e r m i t e [6], R o u t h [13], L y a - p u n o v [11] and H u r w i t z [8] in works with matrices to obtain the stability criterion (see B a r n e t t ([2], p. 76)). We observe that in those years the explicit computation of roots of polynomials was very complicated (see Theorem 1.1). The Schwarz matrix [14] is more recent but we also consider it a classical one. In this paper we study the block versions of this classical matrices and in special of the Lyapunov matrix equation.

2. Lyapunov matrix equation

We now extend the Lyapunov matrix equation to a block context where we will obtain sufficient conditions for the asymptotic stability.

We start considering the homogeneous matrix differential equation of order m with constant matrix coefficients P ( d dt ) z = z^{(m)}(t) + A_1z^{(m−1)}(t) + · · · + A_{m−1}z^′(t) + A_mz(t) = 0 , (4)

with z(t) ∈ R^n, t ≥ 0 and A_0 = I_n, A_1, . . . , A_m ∈ R^{n×n} (see P e r e i r a [12]).

Associated to the matrix differential equation (4) is

P (X) = X^m + A_1X^{m−1} + · · · + A_{m−1}X + A_m = 0 , (5)

with A_0 = I_n, A_1, . . . , A_m ∈ R^{n×n}, X is also a matrix of order n, and we call P (X) a matrix polynomial.

In (4) we can also make a reduction to the first order:

y^′_1(t) = z^′(t) = y_2(t) y^′_2(t) = y_3(t) . . y^′_{m−1}(t) = y_m(t) y^′_m(t) = −A_my_1(t) − A_{m−1}y_2(t) − · · · − A_1y_m(t)

, (6) y_1(t) y_2(t) . . y_{m−1}(t) y_m(t)

′

= 0_n I_n 0_n · · · 0_n . . ... ... ... . . . . . . ... ... 0_n 0_n · · · · · · 0_n I_n −A_m −A_{m−1} · · · −A_2 −A_1 cy_1(t) y_2(t) . . y_{m−1}(t) y_m(t)

, (7)

y^′(t) = C_by(t), (8)

where y(t) ∈ R^{mn} and C_b ∈ R^{mn×mn} is the block companion matrix associated to matrix polynomial P (X) (see L a n c a s t e r ([9], p. 510)).

A common fact in the utilization of matrices in the stability theory is the symmetric property. When generalizing to blocks we have a problem: a block symmetric matrix in general is not a symmetric matrix. To surpass this difficulty we introduce the following concepts.

Definition 2.1. A matrix N ∈ R^{n×n} is said to be symmetrizable if there exists a positive definite matrix R = R^T ∈ R^{n×n} such that N^T R = RN ([3], p. 67).

Definition 2.2. Two matrices N_1, N_2 ∈ R^{n×n} are said to be simultaneously symmetrizable if there exists a positive definite matrix R = R^T ∈ R^{n×n} such that ([1]) N^T_1 R = RN_1 and N^T_2 R = RN_2 . (9)

It follows directly from Definition 2.2 that N_1 + N_2 and N_1 − N_2 are simultaneously symmetrizable.

Furthermore, we will use the following basic fact about matrix equations.

Lemma 2.1. The equation AX + XB = D has a unique solution X for each D if and only if σ(A) ∩ σ(−B) = Ø, where A, B and D are square matrices ([7], p. 270) and ([9], p. 414).

We are now in condition to present the following result:

Proposition 2.1. Let y^′(t) = C_by(t) be a matrix differential equation, where y(t) ∈ R^{mn} and C_b ∈ R^{mn×mn} is the block companion matrix associated to the matrix polynomial P (X), in which A_0 = I_n. If

(i) σ(C_b) ∩ σ(−C_b) = Ø;

(ii) A_αA_β ∈ R^{n×n}, with 0 ≤ α ≤ β ≤ m, are simultaneously symmetrizable, that is (A_αA_β )^T R = RA_αA_β , with R = R^T positive definite, then for a symmetric matrix W there exists a unique symmetric solution V of the Lyapunov matrix equation

C^T_b V + V C_b = −W. (10)

P r o o f . We define V = V^T = [V_{ij} ] ∈ R^{mn×mn} where

V_{ij} = V_{ji} = i−1∑ k=0 (−1)^{k+i−1}RA_{m−i−j+k+1}A_{m−k} if i + j is even, i ≤ j ,

0_n if i + j is odd. (11)

Writing

V = V_{11} V_{12} · · · V_{1m} V_{12} V_{22} · · · V_{2m} . . . . · · · . . V_{1m} V_{2m} · · · V_{mm} and C_b =

0_n I_n · · · 0_n . . .. . .. . . . 0_n · · · 0_n I_n −A_m · · · −A_2 −A_1

we have

V C_b =

−V_{1m}A_m V_{11} − V_{1m}A_{m−1} · · · V_{1(m−1)} − V_{1m}A_1 −V_{2m}A_m V_{12} − V_{2m}A_{m−1} · · · V_{2(m−1)} − V_{2m}A_1 . . . . · · · . . −V_{mm}A_m V_{1m} − V_{mm}A_{m−1} · · · V_{(m−1)m} − V_{mm}A_1

(12)

and

C^T_b V =

−A^T_mV_{1m} −A^T_mV_{2m} · · · −A^T_mV_{mm} V_{11} − A^T_{m−1}V_{1m} V_{12} − A^T_{m−1}V_{2m} · · · V_{1m} − A^T_{m−1}V_{mm} . . . . · · · . . V_{1(m−1)} − A^T_1 V_{1m} V_{2(m−1)} − A^T_1 V_{2m} · · · V_{(m−1)m} − A^T_1 V_{mm} .

(13)

So C^T_b V + V Cb =

= −A^T_mV1m − V1mAm −A^T_mV2m + V11 − V1mAm−1 · · · V11 − A^T_{m−1}V1m − V2mAm 2V12 − A^T_{m−1}V2m − V2mAm−1 · · · . . . . · · · V_{1(m−1)} − A^T_1 V1m − VmmAm V_{2(m−1)} − A^T_1 V2m + V1m − VmmAm−1 · · ·

· · · −A^T_mVmm + V_{1(m−1)} − V1mA1 · · · V1m − A^T_{m−1}Vmm + V_{2(m−1)} − V2mA1

· · · . . · · · 2V_{(m−1)m} − A^T_1 Vmm − VmmA1 .

Now, using (11), we consider two cases for m:

(1) m is even, so we have

C^T_b V + V Cb =

= 0n −A^T_mRA0Am−1 + RAm−1Am · · · RAm−1Am − RA0Am−1Am −A^T_{m−1}RA0Am−1 − RA0Am−1Am−1 · · · . . . . · · · RA1Am − RA0A1Am −A^T_1 RA0Am−1 − RA0A1Am−1 · · ·

· · · −A^T_mRA0A1 + RA1Am · · · −A^T_{m−1}RA0A1 − RA0Am−1A1

· · · . . · · · −A^T_1 RA0A1 − RA0A1A1 .

(14)

By hypothesis, (AαAβ )^T R = RAαAβ , 0 ≤ α ≤ β ≤ m and A0 = In, thus

RAβ Aα = (RA0Aβ )Aα = (A0Aβ )^T RAα = A^T_β RA0Aα

= A^T_β (A0Aα)^T R = A^T_β A^T_α R = (AαAβ )^T R = RAαAβ . (15)

Now we consider:

(a) j is odd if i = 1, then u + v is odd, so Vuv = 0n and the elements of (14) are 0n. If i = 2, . . . , m, the elements of (14) are

RA_{m−(i−1)}A_{m−(j−1)} − RA0A_{m−(j−1)}A_{m−(i−1)} and by (15) we have

RA_{m−(i−1)}A_{m−(j−1)} − RA0A_{m−(j−1)}A_{m−(i−1)} = RA_{m−(i−1)}A_{m−(j−1)} − RA_{m−(i−1)}A_{m−(j−1)} = 0n .

(b) j is even, the elements of (14) are −A^T_{m−(i−1)}RA0A_{m−(j−1)} + (−1)^{i+1}RA_{m−(j−1)}A_{m−(i−1)}.

(b1) If i is odd, we have

− A^T_{m−(i−1)}RA0A_{m−(j−1)} + RA_{m−(j−1)}A_{m−(i−1)} − A^T_{m−(i−1)}(A0A_{m−(j−1)})^T R + RA_{m−(j−1)}A_{m−(i−1)} = − (A_{m−(j−1)}A_{m−(i−1)} )^T R + RA_{m−(j−1)}A_{m−(i−1)} = − RA_{m−(j−1)}A_{m−(i−1)} + RA_{m−(j−1)}A_{m−(i−1)} = 0n.

(b2) If i is even, we have

− A^T_{m−(i−1)} RA0A_{m−(j−1)} − RA_{m−(j−1)}A_{m−(i−1)} = − 2RA_{m−(j−1)}A_{m−(i−1)} .

and hence

C^T_b V + V Cb =

0n 0n · · · 0n 0n −2RAm−1Am−1 · · · −2RA1Am−1 . . . . · · · . . 0n −2RA1Am−1 · · · −2RA1A1

. (16)

(2) m is odd, so

C^T_b V + V Cb

= A^T_mRA0Am − RA0AmAm RAm−1Am − RA0AmAm−1 · · · −A^T_{m−1}RA0Am + RAm−1Am 0n · · · . . . . · · · −A^T_1 RA0Am − RA0A1Am RA1Am−1 − RA0A1Am−1 · · ·

· · · −A^T_mRA0A1 − RA0AmA1 · · · −A^T_{m−1}RA0A1 + RA1Am−1 · · · . . · · · −A^T_1 RA0A1 − RA0A1A1

. (17)

Considering (1) j is even, the elements of (17) are RA_{m−(i−1)}A_{m−(j−1)} − RA0A_{m−(j−1)}A_{m−(i−1)} and by (15) we obtain RA_{m−(i−1)}A_{m−(j−1)} − RA0A_{m−(j−1)}A_{m−(i−1)} = RA_{m−(i−1)}A_{m−(j−1)} − RA_{m−(i−1)}A_{m−(j−1)} = 0n.

(2) j is odd, the elements of (17) are −A^T_{m−(i−1)}RA0A_{m−(j−1)} + (−1)^iRA_{m−(j−1)}A_{m−(i−1)} .

(b1) If i is even, we have − A^T_{m−(i−1)}RA0A_{m−(j−1)} + RA_{m−(j−1)}A_{m−(i−1)} = − A^T_{m−(i−1)}(A0A_{m−(j−1)})^T R + RA_{m−(j−1)}A_{m−(i−1)} = − (A_{m−(j−1)}A_{m−(i−1)} )^T R + RA_{m−(j−1)}A_{m−(i−1)} = − RA_{m−(j−1)}A_{m−(i−1)} + RA_{m−(j−1)}A_{m−(i−1)} = 0n.

(b2) If i is odd, we have − A^T_{m−(i−1)}RA0A_{m−(j−1)} − RA_{m−(j−1)}A_{m−(i−1)} = − 2RA_{m−(j−1)}A_{m−(i−1)}.

and hence

C^T_b V + V Cb =

−2RAmAm 0n · · · −2RA1Am 0n 0n · · · 0n . . . . · · · . . −2RA1Am 0n · · · −2RA1A1

(18)

Then, by (16) and (18), we get

C^T_b V + V Cb = −W, with W = W^T = [Wij ∈ R^{mn×mn} where

Wij = Wji = { 2RAm+1−j Am+1−i if m + i and m + j are even, i ≤ j , 0n if m + i or m + j is odd, (19) (i, j = 1, 2, . . . , m). Thus V is solution of (10).

Now, by hypothesis of σ(Cb)∩σ(−Cb) = Ø, the solution V is unique from Lemma 2.1. □ Corollary 2.1. If the Lyapunov matrix equation C^T_b V + V C_b = −W has a symmetric solution V and furthermore V is positive definite for a W positive semi-definite such that

W^{12} W^{12} C_b . . W^12 C^{m−1}_b

(20)

is of full rank. Then all eigenvalues of C_b have negative real parts.

Corollary 2.2. The equilibrium of the matrix differential equation y^′(t) = C_by(t) is asymptotically stable.

Remark 2.1. For an equation A^T V + V A = −W , where A is a general matrix and V is positive definite, the condition that matrix (19) is of full rank implies that A has all eigenvalues with negative real parts, we use this fact in Corollary 2.1 (see L a n c a s t e r ([9], p. 449)).

Remark 2.2. In Corollary 2.1 if we consider W positive definite (instead of positive semi-definite) we can discard the condition that matrix (19) is of full rank and this is in the original work of L y a p u n o v [11].

3. The classical matrices in block form

We present now the block versions of Hurwitz, Routh, Schwarz and Hermite matrices showing the connection among them.

Definition 3.1. Let P (X) = A_0X^m + A_1X^{m−1} + · · · + A_{m−1}X + A_m, be a matrix polynomial. The matrix

H_b = [ H_{b(ij)} ] ∈ R^{mn×mn}, where H_{b(ij)} = A_{2j−i} in which A_r = 0_n if r < 0 or r > m (i, j = 1, 2, . . . , m). That is

H_b =

A1 A3 A5 · · · · · · · · · A2m−1 A0 A2 A4 · · · · · · · · · A2m−2 0n A1 A3 · · · · · · · · · A2m−3

0n A0 A2 . . . · · · · · · A_{2m−4}

0n 0n A1 · · · .. . · · · . . . . · · · · · · · · · · · · .. . . . 0n 0n 0n · · · · · · · · · Am

,

which we call the block Hurwitz matrix ([4]).

Definition 3.2. If we perform the block elimination of the block Hurwitz matrix, H_b, we obtain the matrix

C_{21} C_{22} C_{23} · · · · · · · · · 0_n C_{31} C_{32} C_{33} · · · · · · 0_n 0_n C_{41} C_{42} · · · · · · 0_n 0_n 0_n C_{51} C_{52} · · · . . ... ... ...

0_n 0_n 0_n · · · 0_n C_{(m+1)1}

∈ R^{mn×mn}, (21)

which we call the block Routh matrix.

Definition 3.3. Let S_b = [ S_{b(ij)} ] ∈ R^{mn×mn},

in which

S_{b(ij)} =

I_n if j − i = 1, −S_k if i − j = 1, (k = 2, . . . , m) −S_1 if j = i = m,

0_n otherwise .

That is

S_b =

0_n I_n 0_n · · · 0_n

−S_m 0_n I_n

... . . 0_n

... ... ... 0_n . . ... −S_3 0_n I_n 0_n · · · 0_n −S_2 −S_1

, (22)

which we call the block Schwarz matrix ([4]).

We can obtain a matrix in a block Schwarz form from the block companion matrix by a similarity transformation. This will be useful to verify the stability of the matrix differential equation.

For that we consider the matrix

T =

I_n . . . C^{−1}_{(m−1)1}C_{(m−1)2} .

0_n .

C^{−1}_{(m−3)1}C_{(m−1)3} .

0_n .

C^{−1}_{(m−5)1}C_{(m−5)4} .

0_n . . . . 0_n 0_n 0_n 0_n 0_n 0_n 0_n . . . . . . . . . I_n 0_n 0_n 0_n 0_n 0_n 0_n . 0_n I_n 0_n 0_n 0_n 0_n 0_n . C^{−1}_{61} C_{62} 0_n I_n 0_n 0_n 0_n 0_n . 0_n C^{−1}_{51} C_{52} 0_n I_n 0_n 0_n 0_n . C^{−1}_{41} C_{43} 0_n C^{−1}_{41} C_{42} 0_n I_n 0_n 0_n . 0_n C^{−1}_{31} C_{33} 0_n C^{−1}_{31} C_{32} 0_n I_n 0_n . C^{−1}_{21} C_{24} 0_n C^{−1}_{21} C_{23} 0_n C^{−1}_{21} C_{22} 0_n I_n

, (23)

where C_{ij} are the elements of the block Routh matrix, with C_{i1} ∈ R^{n×n}, (i = 2, · · · , m), being nonsingular. This appeared in [15] but the authors did not show how the elements of S_b can be computed. We will pursue this next. The elements of the block Schwarz are

S_1 = C_{21} and S_i = C^{−1}_{(i−1)1}C_{(i+1)1}, with C_{11} = I_n and i = 2, . . . m. (24) Hence T^{−1}S_bT = C_b .

Now we consider the Lyapunov matrix equation for the block companion matrix C^T_b V + V C_b = −W and so

C^T_b V + V C_b = −W ⇔ T^T S^T_b ( T^{−1}

)_T

V + V T^{−1}S_bT

= −W ⇔ S^T_b ( T^{−1}

)_T V T^{−1} + ( T^{−1}

)_T V T^{−1}S_b = − ( T^{−1}

)_T W T^{−1}.

Considering M = ( T^{−1}

)_T V T^{−1} e Q = ( T^{−1}

)_T W T^{−1}, we have S^T_b M + MS_b = −Q.

So we have an equivalent Lyapunov matrix equation with the block Schwarz matrix. We are now in condition to obtain a stability criterion in terms of the block Schwarz matrix.

Proposition 3.1. Let S_b ∈ R^{mn×mn} be a block Schwarz matrix.

If S_1, S_1S_2, S_1S_2S_3, . . . , S_1S_2S_3 · · · S_{m−1}S_m ∈ R^{n×n}, are simultaneously symmetrizable and positive definite, then for a symmetric and positive semidefinite matrix Q there exists a unique solution M symmetric and positive definite of the Lyapunov matrix equation S^T_b M + MS_b = −Q.

P r o o f . By hypothesis S_1, S_1S_2, S_1S_2S_3, . . . , S_1S_2 · · · S_m are simultaneously symmetrizable. Hence, there exists a positive definite matrix R = R^T ∈ R^{n×n} such that

S^T_1 R = RS_1, (S_1S_2)^T R = R(S_1S_2), (25)

(S_1S_2S_3)^T R = R(S_1S_2S_3), . . . , (S_1S_2 · · · S_m)^T R = R(S_1S_2 · · · S_m).

We define

M = RS1S2 · · · Sm 0n · · · · · · 0n 0n RS1S2 · · · Sm−1 0n · · · 0n . . .. . . . . . . . . . 0n · · · 0n RS1S2 0n 0n · · · · · · 0n RS1

∈ R^{mn×mn}

a block diagonal matrix in which the block elements in diagonal are positive definite. So, M is symmetric and positive definite.

Then we have

S^T_b M =

=

0n −S^T_mRS1S2 · · · Sm−1 0n · · · 0n

RS1S2 · · · Sm 0n −S^T_{m−1}RS1S2 · · · Sm−2 . . . . . 0n RS1S2 · · · Sm−1 .. . . . . 0_n . . .. . .. . 0_n −S^T_2 RS_1 0n · · · 0n RS1S2 −S^T_1 RS1

.

and

MS_b =

0n RS1S2 · · · Sm 0n · · · 0n

−RS1S2 · · · Sm 0n RS1S2 · · · Sm−1 .. . . . 0n −RS1S2 · · · Sm−1 . . . .. . 0_n . . .. . . . . 0_n RS_1S_2 0n · · · 0n −RS1S2 −RS^2_1

.

By (25), we obtain

S^T_b M =

=

0n −RS1S2 · · · Sm−1Sm 0n · · · 0n

RS1S2 · · · Sm 0n −RS1S2 · · · Sm−2Sm−1 . . . . . 0n RS1S2 · · · Sm−1 . . . . . . 0_n . . . . . . . . 0_n −RS_1S_2 0n · · · 0n RS1S2 −RS^2_1

.

Thus,

S^T_b M + MS_b =

0_n 0_n · · · · · · 0_n 0_n 0_n 0_n · · · 0_n . . ... ... ... . . 0_n · · · 0_n 0_n 0_n 0_n · · · · · · 0_n −2RS^2_1

= −Q.

Since RS^2_1 = RS_1S_1 = S^T_1 RS_1 = S^T_1 S^T_1 R = (S_1S_1)^T R = (RS_1S_1)^T = (RS^2_1 )^T and RS_1 is positive definite then Q ∈ R^{mn×mn} is a symmetric and positive semi-definite. Hence M is a solution.

Now we prove that M is unique. For that we consider the matrix

Q^12 Q^{12} S_b . . Q^{12} S^{m−1}_b

(26)

and considering

S_{b(m(m−1))} = −S_2, S^2_{b(m(m−2))} = S_2S_3,

S^3_{b(m(m−3))} = −S_2S_3S_4, . . . , S^{m−1}_{b(m1)} = (−1)^{m+1}S_2S_3S_3 · · · S_m.

We have that the last block row of:

Q^{12} is [ 0n · · · 0n B m − 1 ] ,

Q^{12} Sb is [ 0n · · · 0n −BS^2 −BS^1 m − 2 ] ,

Q^{12} S^2_b is [ 0n · · · 0n BS^2S^3 · · · m − 3 ] ,

Q^{12} S^3_b is [ 0n · · · 0n −BS^2S^3S^4 · · · m − 4 ] ,

. . Q^{12} S^{m−1}_b is [ (−1)^{m+1}BS2S3S4 · · · Sm · · · ] . Making a suitable permutation of block rows in the matrix (26) we obtain a rank equivalent matrix

(−1)^{m+1}BS2S3S4 · · · Sm · · · 0n (−1)^mBS2S3S4 · · · Sm−1 · · · . . .. . .. . 0n 0n . . 0n · · · · · · · · · · · ·

· · · · · · −BS2S3S4 0n BS2S3 · · · 0n −BS2 −BS1 · · · 0n B · · · · · · · · · · · ·

. (27)

Since S_1, S_1S_2, S_1S_2S_3, . . . , S_1S_2 · · · S_m are positive definite then the matrix (27) has rank mn and it is of full rank. Hence, the matrix (26) is of full rank.

By Remark 2.1 we have that all eigenvalues of the matrix S_b have negative real

parts 1 and so σ(S_b) ∩ σ(−S_b) = Ø. Thus M is a unique solution. □

Corollary 3.1. The equilibrium of the matrix differential equation y^′(t) = C_by(t) is asymptotically stable.

We now present the block version of the Hermite matrix.

Definition 3.4. Let P (X) = A_0X^m + A_1X^{m−1} + · · · + A_{m−1}X + A_m, be a matrix polynomial. The matrix H^e_b = [ H^e_{b(ij)} ] ∈ R^{mn×mn}, in which

H^e_{b(ij)} = H^e_{b(ji)} = i−1∑ k=0 (−1)^{k+i−1}A_kA_{i+j−k−1} if i + j is even, i ≤ j

0_n if i + j is odd (28) (i, j = 1, 2, . . . , m) is said to be the block Hermite matrix of P (X).

Example 3.1. For m = 5, we have

H^e_b =

A0A1 0n A0A3 0n A0A5 0n A1A2 − A0A3 0n A1A4 − A0A5 0n A0A3 0n A0A5 − A1A4 + A2A3 0n A2A5 0n A1A4 − A0A5 0n A3A4 − A2A5 0n A0A5 0n A2A5 0n A4A5 .

Remark 3.1. If the block elements of H^e_b are simultaneously symmetrizable then the matrix V , in the Proposition 2.1, can be obtained by V = JDH^e_b J^{−1}, where

J = 0n · · · 0n In . . .. . In 0n

0n .. . .. . . . In 0n · · · 0n

∈ R^{mn×mn}, D = R . . . R ∈ R^{mn×mn}

and R = R^T ∈ R^{n×n} is positive definite.

Proposition 3.2. Let H^e_b be a block Hermite matrix of P (X). If H^e_b is positive definite and A_αA_β ∈ R^{n×n} are simultaneously symmetrizable, 0 ≤ α ≤ β ≤ m, and A_0 is nonsingular, then the equilibrium of the matrix differential equation y^′(t) = C_by(t) is asymptotically stable. 1 At this point we have the proof that the equilibrium of an equivalent matrix differential equation b^′(t) = S_bb(t) is asymptotically stable.

P r o o f . For the sake of simplicity, we suppose A_0 = I_n. Besides A_αA_β ∈ R^{n×n} (0 ≤ α ≤ β ≤ m) are simultaneously symmetrizable. So, it follows from Remark 3.1 that V = JDH^e_b J^{−1}, where D and H^e_b are positive definite. Hence, V is positive definite.

Next, using the matrix (23), we have

M = ( T^T

)_{−1} V T^{−1} =

RS1S2 · · · Sm 0n · · · · · · 0n 0n RS1S2 · · · Sm−1 0n · · · 0n . . . . . .. . .. . . . 0n · · · 0n RS1S2 0n 0n · · · · · · 0n RS1 ,

which is symmetric and since V and T are positive definite, M is positive definite.

We have M = M^T and so

RS_1 =(RS_1)^T = S^T_1 R

RS_1S_2 = (RS_1S_2)^T = (S_1S_2)^T R

RS_1S_2S_3 = (RS_1S_2S_3)^T = (S_1S_2S_3)^T R (29) . . RS_1S_2 · · · S_m = (RS_1S_2 · · · S_m)^T = (S_1S_2 · · · S_m)^T R.

By (29) we have that S_1, S_1S_2, S_1S_2S_3, . . . , S_1S_2 · · · S_m, are simultaneously symmetrizable. Furthermore, M is positive definite and so S_1, S_1S_2, S_1S_2S_3, . . ., S_1S_2 · · · S_m, are positive definite.

By Proposition 3.1 and from Corollary 3.1 we have that the equilibrium of the matrix differential equation y^′(t) = C_by(t) is asymptotically stable. □

4. Final remarks

In this work we dealt with matrices having general blocks. If we restrict the matrices to commuting blocks we can extend the theory and investigate: – Systems of first order linear differential equations with matrix constant coefficients that can be written in a matrix form y^′(t) = A_by(t). So we can define a characteristic equation if A_b has commuting blocks.

– The Classical (scalar) Hermite, Routh and Hurwitz criteria are based in the minors of the matrices. In the block context we can only define a block minor if a matrix has commuting blocks.

Acknowledgements. The authors wish to express their gratitude to Professor José V i t ó r i a for the helpful discussions.

REFERENCES

[1] ADHIKARI, S.: On Symmetrizable systems of second kind, J. Appl. Mech. 67 (2000), 797–802.

[2] BARNETT, S.—STOREY, C.: Matrix Methods in Stability Theory, Applications of Mathematics Series, Thomas Nelson & Sons Ltd., London, 1970.

[3] BELLMAN, R.: Introduction to Matrix Analysis, McGraw-Hill Book Co., Inc., New York, 1960.

[4] COSTA, C.: José Vicente Gonçalves: Matemático... porque Professor! Centro de Estudos de História do Atlântico, Funchal, 2001.

[5] CULLEN, C.: Linear Algebra and Differential Equations: An Integrated Approach, Prindle, Weber & Schmidt, Boston, 1979.

[6] HERMITE, C.: On the number of roots of an algebraic equation between two limits, extract of a letter from C. Hermite of Paris to Borchardt of Berlin, 1854; also, J. Reine Angew. Math. 52 (1956), 39–51 .

[7] HORN, R. A.—JONHSON, C. R.: Topics in Matrix Analysis, Cambridge University Press, New York, 1991.

[8] HURWITZ, A.: Über die Bedingungen unter welchem eine Gleichung nur Wurzeln mit negativen reellen Teilen besitzt, Math. Ann. 46 (1895), 273–284.

[9] LANCASTER, P.—TISMENETSKY, M.: The Theory of Matrices, Academic Press, London, 1985.

[10] LEHNIGK, S. H.: Stability Theorems for Linear Motions. With an Introduction to Lyapunov’s Direct Method, Prentice-Hall, Englewood Cliffs, N. J., London, 1966.

[11] LYAPUNOV, A. M.: The General Problem of the Stability of Motion. PhD Dissertation, 1892.

[12] PEREIRA, E.: Block eigenvalues and solutions of differential matrix equations, Math.

Notes (Miskolc) 4 (2003), 45–51.

[13] ROUTH, E. J.: A Treatise on the Stability of a Given State of Motion, Adams Prize Essay, Univ. Cambridge, London, 1877.

[14] SCHWARZ, H. R.: Ein Verfahren zur Stabilitätsfrage bei Matrizen-Eigenwortproblemen, Z. Angew. Math. Phys. 7 (1956), 473–500.

[15] SHIEH, L. S.—SACHETI, S.: A matrix in the block Schwarz form and the stability of matrix polynomials, Internat. J. Control 27 (1978), 245–259.

Received August 17, 2006 Department of Mathematics and informatics (Instituto de Telecomunicações) Pólo de Coimbra Laboratório Externo da Covilhã Universidade da Beira Interior 6201-001 Covilhã PORTUGAL E-mail: fmartins@mat.ubi.pt

edgar@di.ubi.pt