Tatra Mt. Math. Publ. 38 (2007), 163–174 tm Mathematical Publications

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF-PACHPATTE TYPE INTEGRAL INEQUALITIES AND THEIR APPLICATION

Milan Medveď

ABSTRACT. We shall prove some results on singular versions of the Bihari and Wendroff-Pachpatte inequalities and point out to some of their applications.

1. Introduction

We consider the integral inequality of one variable of the form

u(t)^r ≦ a(t) + t∫ 0 (t − s)^{β−1}F_1(s)ω ( u(s) ) ds + t∫ 0 F_2(s)ω ( u(s) ) ds , t ≧ 0, (1)

where r ≧ 1, 0 < β < 1, a(t), F_1(t), F_2(t) are continuous, nonnegative functions on R^+ = ⟨0, ∞), ω(u) is a continuous, positive, nondecreasing function on R^+, and the integral inequality in two variables of the form

v(x, y) ≦ a(x) + b(y) + x∫ 0 y∫ 0 (x − s)^{β−1}(y − t)^{β−1}G_1(s, t)ω ( v(s, t) ) ds dt

+ x∫ 0 y∫ 0 G_2(s, t)ω ( v(s, t) ) ds dt , (2)

where a(x), b(y) are nonnegative C^1-functions, G_1(x, y), G_2(x, y) are continuous, nonnegative functions on R^+_2 = R^+ × R^+ and ω is as above.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 45G05, 45E10.

K e y w o r d s: nonlinear singular integral inequalities, Bihari inequality, Wendroff-Pachpatte inequality, Volterra integral equations.

Supported by the Slovak Grant Agency, Grant 1/2001/05.

There are many papers concerning the inequality (1) with β = 1. Some of them are analyzed and quoted in the books [1], [7], [10], [18].

First let us remark that there are five fundamental results concerning the inequality (1):

(I) r = 1, β = 1, F_1 ≡ 0, ω is linear and a(t) constant (the G r o n w a l l inequality [6]), (II) r = 1, β = 1, f_2 ≡ 0, ω-nonlinear (the B i h a r i inequality [2]), (III) r = 2, β = 1, F_2 ≡ 0, ω-nonlinear (the O u -I a n g -P a c h p a t t e inequality [16], [17], [18]), (IV) r = 2, 0 < β < 1 (a weakly singular kernel), F_2 ≡ 0, ω-linear (the H e n r y inequality [8]), (V) r ≧ 1, 0 < β < 1, F_2 ≡ 0, ω-nonlinear (M e d v e d’ [12]).

The proof of the first result concerning the inequality (2) with β = 1, F_2 ≡ 0, ω-linear can be found in the book [1]. The result is quoted as one of the unpublished Wendroff inequalities. There are many other results concerning this inequality, also for functions in n independent variables (see, e.g., [18]). The paper [12] contains results concerning the case r ≧ 1, 0 < α, β < 1, F_2 ≡ 0, ω-nonlinear for two and also n independent variables.

The aim of the paper is to generalize the results published in [11], [13] on the inequality (1) and (2), respectively, for the case F_2 ≠ 0, or, G_2 ≠ 0, respectively and to point out to some of their applications.

2. On the inequality (1)

We assume that the inequality (1) contains also the nonsingular part, i.e., F_2(t)≠0. We need the following lemma.

Lemma 1. If 0 < a < 1, b > 0 then there exists a constant D = D(a, b) > 0 such that_t ∫ 0 s^{−a} e^{bs} ds ≦ D e^{bt}, t ≧ 0. (3)

For the proof see [11]. Now let us apply the desingularization method suggested in [11]. Let β = 1 1 + z

, z > 0, α = 1 − β, ε > 0, q = 1 β + ε = 1 + z + ε, p =

1 + z + ε z + ε .

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF INEQUALITIES

Then^1_p +^1_q = 1 and applying the Hölder inequality and (3) we obtain

u(t)^r ≦ a(t) + t∫ 0 (t − s)^{−αp} e^{ps} ds 1 p t∫ 0 F_1(s)^q e^{−qs} ω ( u(s)

)_q ds 1 q

+ t∫ 0 F_2(s)ω ( u(s) ) ds

≦ a(t) + D(αp, p)^{1p} e^t t∫ 0 F_1(s)^q e^{−qs} ω ( u(s)

)_q ds 1 q

+ t∫ 0 F_2(s)ω ( u(s) ) ds .

The inequality (A + B + C)^q ≦ 3^{q−1}(A^q + B^q + C^q), A, B, C ≧ 0 yields

u(t)^{rq} ≦ b(t) + Ke^{qt} t∫ 0 F_1(s)^q e^{−qs} ω ( u(s)

)_q

ds + 3^{q−1} t∫ 0 F_2(s)ω ( u(s) ) ds q , where b(t) = 3^{q−1}a(t)^q, K = 3^{q−1}D(αp, p)^{qp} . The Jensen inequality in the form t∫ 0 g(s) ds δ ≦ t^{δ−1} t∫ 0 g(s)^δ ds , δ ≧ 1 (4)

enables us to estimate t∫ 0 F_2(s)ω ( u(s) ) ds q ≦ t^{q−1} t∫ 0 F_2(s)^qω ( u(s)

)_q ds and thus we obtain

u(t)^{rq} ≦ b(t) + Ke^{qt} t∫ 0 F_1(s)^q e^{−qs} ω ( u(s)

)_q

ds + 3^{q−1}t^{q−1} t∫ 0 F_2(s)^qω ( u(s)

)_q

ds . Let 0 < T < ∞, λ_1 = max_{0≦t≦T} b(t), λ_2 = max { Ke^{qT} , 3^{q−1}T^{q−1} } , F (t) = F_1(t)^q e^{−qt} +F_2(t)^q.

Then

u(t)^{rq} ≦ λ_1 + λ_2 t∫ 0 F (s)ω ( u(s)

)_q

ds t ∈ ⟨0, T ⟩.

Denote by W (t) the right-hand side of this inequality. Then u(t) ≦ W (t)^{1rq} and

since ω is nondecreasing we have ω ( u(t)

)_q ≦ ω ( W (t)^{1rq}

)_q . This yields d dt W (t) [ ω ( W (t)^{1rq}

)]_q = λ_2F (s)ω ( u(t)

)_q ω ( W (t)^{1rq}

)_q ≦ λ_2F (t).

If Λ(v) = v∫ v_0 dσ [ ω ( σ^{1rq}

)]_q , v_0 > 0 ,

then d dt Λ ( W (t) ) = d dt W (t)∫

v_0 dσ [ ω ( σ^{1rq} )]_q

= d dt W (t) [ ω ( W (t)^{1rq} )]_q ≦ λ_2F (t).

This yields

Λ ( W (t) ) − Λ ( W (0) ) ≦ λ_2 t∫ 0 F (s) ds

and thus we have Λ ( u(t)^{rq} ) ≦ Λ(λ_1) + λ_2 t∫ 0 F (s) ds , 0 ≦ t ≦ T.

We have proved the following theorem.

Theorem 1. Let 0 < T < ∞, ε > 0, a(t), F_1(t), F_2(t) be nonnegative, continuous functions on the interval ⟨0, T ⟩, 0 < β < 1, r ≧ 1, ω be a continuous,

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF INEQUALITIES

positive, nondecreasing function on R^+ = ⟨0, ∞) and let u(t) be a nonnegative, continuous function on R_+ satisfying the inequality (1). Then Λ ( u(t)^{rq} ) ≦ Λ(λ_1) + λ_2 t∫ 0 F (s) ds , 0 ≦ t ≦ T, or u(t) ≦

Λ^{−1}

Λ(λ_1) + λ_2 t∫ 0 F (s) ds 1 rq , if Λ(λ_1) + λ_2 t∫ 0 F (s) ds ∈ Dom ( Λ^{−1} ) , where Λ(v) = v∫ v_0 dσ [ ω ( σ^{1rq}

)]_q , q = 1

β + ε = 1 + z + ε, β =^1_{1+z} , z > 0,

F (t) = F_1(t)^q e^{−qt} +F_2(t)^q, λ_1 = max_{0≦t≦T} b(t), b(t) = 3^{q−1}a(t)^q,

λ_2 = max { Ke^{qT} , 3^{q−1}T^{q−1} } , K = 3^{q−1}D(αp, p), p =^{1+z+ε}_{z+ε} , α = 1 − β, D(αp, p) is the number from Lemma 1 with a = αp, b = p.

3. On an application of Theorem 1

Consider the integral equation

z(t) = f(t) + t∫ 0 (t − s)^{β−1}H_1 ( s, z(s) ) ds + t∫ 0 H_2 ( s, z(s) ) ds , t ≧ 0 (5)

Theorem 2. Let f ∈ C(R_+, R^n), H_1, H_2 ∈ C(R_+ × R^n, R^n), 0 < β < 1 and ε > 0. Assume that

‖H_i(t, z)‖ ≦ F_i(t)ω(‖z‖), (t, z) ∈ R_+ × R^n, i = 1, 2, (6) where F_1, F_2 ∈ C(R_+, R_+) and ω is as in Theorem 1 satisfying the condition ∞∫ 0 τ^{q−1} ω(τ)^q dτ = ∞, where q = q(ε) =^1_β + ε. Then

lim sup_{t→T −} ‖z(t)‖ < ∞ (7)

for any continuous solution z(t) of the equation (5) defined on the interval ⟨0, T ), with 0 < T < ∞.

P r o o f. Let z(t) be a continuous solution of the equation (3) defined on the interval ⟨0, T ), 0 < T < ∞. Assume that the (7) does not hold.

From the continuity of the functions f, H_1, H_2, F_1, F_2 and the property (6) it follows that there exist constants λ_1, λ_2 and a continuous function F (t) (see Theorem 1, such that

‖z(t)‖^q ≦ λ_1 + λ_2 t∫ 0 F (s)ω(‖z(s)‖)^q ds

and as a consequence of Theorem 1 (r = 1) we obtain

Λ(||z(t)|^q) ≦ Λ(λ_1) + λ_2 t∫ 0 F (s) ds .

This yields

lim sup

t→T^−

Λ(‖z(t)‖^q) = lim sup_{t→T −}

‖z(t)‖^q∫

0 dσ ω(σ^{1q} )^q = q ∞∫ 0 τ^{q−1} ω(τ)^q dτ = ∞.

and this is a contradiction. □

Remark. In the papers [3]–[5], [15] and [19] sufficient conditions for the local existence of solutions of integral equations of the form (1) with H_2 ≡ 0, H_1(t, u) = ω(u), u ≧ 0 is as above, are proved. Results of that type can be applied in the study of global properties of solutions of parabolic differential equations (see, e.g., [4], [14]).

4. On a singular version of the Wendroff-Pachpatte theorem for the inequality (2)

We assume that the inequality (2) contains also the nonsingular part. We need the following lemma.

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF INEQUALITIES

Lemma 2. If 0 < a < 1, 0 < b < 1, c > 0, d > 0 then there exists a constant D = D(a, b, c, d) > 0 such that

I(x, y, a, b, c, d) = x∫ 0 y∫ 0 (x − s)^{−a}(y − t)^{−b} e^{cs} · e^{dt} ds dt ≦ De^{cx+dy}, x, y ≧ 0.

P r o o f. Applying Lemma 1 we obtain x∫ 0 y∫ 0 (x − s)^{−a}(y − t)^{−b} e^{cs} · e^{dt} ds dt

= x∫ 0 (x − s)^{−a} e^{cs} y∫ 0 (y − t)^{−b} e^{dt} ds

≦ x∫ 0 (x − s)^{−a} e^{cs} ( D_1(b, d) e^{dy} ) ds ≦ ( D_2(a, c) e^{cx} ) ( D_1(b, c) e^{dy} ) = De^{cx+dy},

where D = D(a, b, c, d) = D_1(a, c)D_2(b, d) is a positive constant. □

Lemma 3. Let a function h(x, y) be integrable on R^+_2 and δ > 1. Then x∫ 0 y∫ 0 h(x, y) dx dy δ ≦ x^{δ−1}y^{δ−1} x∫ 0 y∫ 0 h(x, y)^δ dx dy .

This lemma is a direct consequence of an abstract version of Jensen inequality (see the book [9, Theorem 3, p. 182]).

Now we shall apply the desingularization method proposed in the papers [11], [13], a version of Jensen inequality, and the result by B . G . P a c h p a t t e [18, Theoerem 5.2.1] on nonlinear integral inequality of the Bihari type for functions in two variables.

Let β =^1_{z+1} , z > 0, α = 1 − β, q = q(ε) =^1_β = 1 + z + ε, p = p(ε) =^{1+z+ε}_{z+ε} , where ε > 0. Obviously,^1_p +^1_q = 1. Applying the Hölder inequality and Lemma 2 we obtain for 0 ≦ x ≦ T_1 < ∞, 0 ≦ y ≦ T_2 < ∞:

v(x, y) ≦a(x) + b(y) + x∫ 0 y∫ 0 (x − s)^{−α} e^{εs}(y − t)^{−α} e^{εt} · e^{−ε(t+s)} G_1(s, t)ω ( v(s, t) ) ds dt

+ x∫ 0 y∫ 0 G_2(s, t)ω ( v(s, t) ) ds dt

≦ a(x) + b(y) + x∫ 0 y∫ 0 (x − s)^{−αp} e^{εsp}(y − t)^{−αp} e^{εpt} ds dt 1 p

× x∫ 0 y∫ 0 e^{−εq(t+s)}G_1(s, t)^qω ( v(s, t)

)_q ds dt 1 q (8) ≦ a(x) + b(y) + I(T_1, T_2, αp, αp, p, p)^{1p} · e^{ε(x+y)}

× x∫ 0 y∫ 0 e^{−εq(t+s)} G_1(s, t)^qω ( v(s, t)

)_q ds dt 1 q

+ x∫ 0 y∫ 0 G_2(s, t)ω ( v(s, t) ) ds dt ,

where I = I(T_1, T_2, αp, αp, p, p) is the value of the function from Lemma 2. Now

assume that the couple (ω, η) , where η : R^+ → R^+ is a continuous, positive,

nondecreasing function, satisfies the (r, q) condition

e^{−rt} ω(v)^q ≦ R(t)η(e^{−rt} v^q), t ≧ 0, v ≧ 0, (9)

where r = εq. This inequality yields

v(x, y)^q ≦ 3^{q−1} ( a(x) + b(y)

)_q

+ 3^{q−1}I^{qp} e^{εq(x+y)} x∫ 0 y∫ 0 e^{−εq(t+s)} G_1(s, t)^qω ( v(s, t)

)_q

ds dt

+ 3^{q−1} x∫ 0 y∫ 0 G_2(s, t)η ( v(s, t) ) ds dt q

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF INEQUALITIES

≦ 3^{q−1} ( a(x) + b(y)

)_q

+ 3^{q−1}I^{qp} e^{εq(x+y)} x∫ 0 y∫ 0 G_1(s, t)^qR(s + t)ω ( e^{−εqt} v(s, t)^q

)_q

ds dt

+ 3^{q−1} x∫ 0 y∫ 0 G_2(s, t)η ( v(s, t) ) ds dt q

Now applying Lemma 3 we obtain

(_x∫ 0 y∫ 0 G_2(s, t)ω ( v(s, t) ) ds dt

)_q

≦ x^{q−1}y^{q−1} x∫ 0 y∫ 0 G_2(s, t)^q e^{q(s+t)} · e^{−q(s+t)} ω ( v(s, t)

)_q

ds dt

≦ x^{q−1}y^{q−1} x∫ 0 y∫ 0 G_2(s, t) e^{q(s+t)} R(s + t)η ( e^{−q(s+t)} v(s, t)^q ) ds dt .

Therefore if w(x, y) = e^{ε(t+s)} v(x, y) then from the inequality (8) we obtain

w(x, y) ≦ c(x) + d(y) + L x∫ 0 y∫ 0 G(s, t)η ( w(s, t) ) ds dt ,

where c(x) = 6^{q−1}a(x, y)^q, d(y) = 6^{q−1}b(y)^q (we have used there the inequality

(A + B)^q ≦ 2^{q−1}(A^q + B^q), A, B ≧ 0), L = 3^{q−1} ( I^{qp} e^{q(T1+T2)} +T^{q−1}_1 · T^{q−1}_2 ) , G(s, t) = e^{−q(t+s)} G_1(s, t)^q + e^{q(s+t)} R(s + t)G_2(s, t)^q. (10)

If a(x), b(y) are positive, continuous functions, a^′(x), b^′(y) are nonnegative, con-

tinuous functions and ω(u) is continuously differentiable, nondecreasing function,

then the the same properties have also the functions c(x, ) d(y) and η, respec-

tively. Now applying the result by B .G . P a c h p a t t e [18, Theorem 5.2.1] we

obtain the inequality

Ω_η ( w(x, y) ) ≦ Ω ( c(0) + d(y) ) + x∫ 0 c^′(s) η ( c(s) + d(0)

) ds + L x∫ 0 y∫ 0 G(s, t) ds dt ,

where Ω_η(w) =^w ∫ w_0 dσ η(σ) , w ≧ w0 > 0.

Theorem 3. Let 0 < β < 1, ε > 0, 0 < T_1 < ∞, 0 < T_2 < ∞ be constants, G_1(x, y), G_2(x, y) be continuous, nonnegative functions on D(T_1, T_2) = ⟨0, T_1⟩× ⟨0, T_2⟩, a(x), b(y) be a C^1-functions with a^′(x) ≧ 0, b^′(y) ≧ 0, ω be as in Theorem 1 and moreover we assume that it is continuously differentiable. Let η : R^+ → R^+ be a continuous, nondecreasing positive function such that the couple (ω, η) satisfies the (r, q) condition

e^{−rt} ω(v)^q ≦ R(t)η(e^{−rt} v^q), t ≧ 0, v ≧ 0,

with r = εq, where R(t) is a continuous function. Assume that u(t) is a continuous, nonnegative function satisfying the inequality (2) on D(T_1, T_2). Then

Ω_η ( e^{−εq(x+y)} v(x, y)^q ) ≦ Ω_η ( c(0) + d(y) ) + x∫ 0 c^′(s) η ( c(s) + d(0)

) ds

+ L x∫ 0 y∫ 0 G(s, t) ds dt ,

or

v(x, y) ≦ e^{εq(x+y)} Ω^{−1}_η ( Ω_η ( c(0) + d(y) ) + x∫ 0 c^′(s) η ( c(s) + d(0)

) ds

+ L x∫ 0 y∫ 0 G(s, t) ds dt)

)1_q ,

for 0 ≦ x ≦ τ_1 ≦ T_1, 0 ≦ y ≦ τ_2 ≦ T_2, where τ_1, τ_2 are such that the argument of the function Ω^{−1}_η belongs to Dom(Ω^{−1}_η ),

Ω_η(w) = w∫ w_0 dσ η(σ)

, w ≧ w_0 > 0,

q = q(ε) =^1_β + ε, β = 1 − α, c(x, y) = 6^{q−1}a(x, y)^q, d(x, y) = 6^{q−1}b(x, y), L = 3^{q−1} ( I^{qp} e^{q(T1+T2)} +T^{q−1}_1 ·T^{q−1}_2 ) , G(s, t) is defined by (10), I = I(T_1, T_2, αp, αp, p, p), p =^q_{q−1} , I(x, y, a, b, c, d) is the function from Lemma 2.

ON SINGULAR VERSIONS OF BIHARI AND WENDROFF INEQUALITIES

5. On an application of Theorem 3

One can prove the following theorem applying Theorem 3 in the same way as we have used Theorem 1 in the proof of Theorem 2.

Theorem 4. Let 0 < β < 1, f(x, y), G(x, y) be continuous, nonnegative functions on R^+_2 = ⟨0, ∞) × ⟨0, ∞), f bounded, ω, η be as in Theorem 3, H(x, y, v) be a nonnegative, continuous function on R^+_2 with

|H(x, y, v)| ≦ G(x, y)ω(|v|), for all (x, y, v) ∈ R^+_2 × R

|f(x, y)| ≦ a(x) + b(y),

where the functions a(x), b(y) are as in Theorem 3. Assume that ∞∫ 0 dτ [ η(τ)

] = ∞,

where q = q(ε) =^1_β + ε, ε > 0. Let v(x, y) be a nonnegative continuous function on the set M = {(x, y) ∈ R^2 : 0 ≦ x < P < ∞, 0 ≦ y < Q < ∞ satisfying the inequality

v(x, y) = f(x, y) + x∫ 0 y∫ 0 (x − s)^{β−1}(y − t)^{β−1}H(s, t, v ( s, t) ) ds dt .

Then lim sup

x→P^−,y→Q^−

|v(x, y)| < ∞.

Acknowledgments. The author would like to thank the referee for helpful suggestions and comments.

REFERENCES

[1] BECKENBACH, E. F.—BELLMAN, R.: Inequalities. Springer-Verlag, Berlin, 1965. [2] BIHARI, I. A.: A generalization of a lemma of Bellman and its application to uniquenesss problem of differential equations, Acta Math. Acad. Sci. Hung. 7 (1956), 81–94.

[3] BUSHELL, P. J.—OKRASINSKI, W.: On the maximal interval of existence for solutions to some nonlinear Volterra integral equations with convolution kernel, Bull. London Math. Soc. 28 (1996), 59–65.

[4] CONSTANTIN, A.—PESZAT, S.: Global existence of solutions of semilinear parabolic evolution equations, Differential Integral Equations 13 (2000), 99–114.

[5] DUTKIEWICZ, A.—SZUFLA, S.: Kneser’s theorem for weak solutions of an integral equation with weakly singular kernel, Publ. Inst. Math. 77 (2005), 87–92.

[6] GRONWALL, T. H.: Note on the derivatives with respect to a parameter of solutions of a system of differential equations, Ann. of Math. (2) 20 (1919), 292–296.

[7] FILATOV, A. N.—SHAROVA, L. V.: Integral Inequalities and Theory of Nonlinear Oscillations. Nauka, Moscow, 1976. (In Russian) [8] HENRY, D.: Geometric Theory of Semilinear Parabolic Equations. Lecture Notes in Math. Springer-Verlag, Berlin, 1981.

[9] KUCZMA, M.: An Introduction to the Theory of Functional Equations and Inequalities.

Cauchy’s Equation and Jensen’s Inequality. Prace Naukowe Uniwersytetu Slaskiego w Katowicach 489, Panstwowe Wydawnictwo Naukowe, Warszawa–Kraków–Katowice, 1985.

[10] MARTYNIUK, A. A.—LAKSHMIKANTHAN, V.—LEELA, S.: Stability of Motion:

Method of Integral Inequalities. Naukova Dumka, Kiev, 1979. (In Russian) [11] MEDVEĎ, M.: A new approach to an analysis of Henry type integral inequalities and their Bihari type versions, J. Math. Anal. Appl. 214 (1997), 349–366.

[12] MEDVEĎ, M.: Nonlinear singular integral inequalities for functions in two and n independent variables, J. Inequal. Appl. 5 (2000), 287–308.

[13] MEDVEĎ, M.: Integral inequlities and global solutions of semilinear evolution equations, J. Math. Anal. Appl. 267 (2002), 643–650.

[14] MEDVEĎ, M.: Singular integral inequalities and stability of semilinear parabolic equations, Arch. Math. (Brno) 34 (1998), 138–90.

[15] MYDLARCYZK, W.: The existence of nontrivial solutions of Volterra equations, Math.

Scand. 68 (1991), 83–88.

[16] Ou-Iang, L.: The boundedness of solutions of linear differential equation y^{′′} + A(t)y = 0, Shuxue Jinzhan 3 (1957), 409–415.

[17] PACHPATTE, B. G.: On some new integral inequalities related to certain inequalities in the theory of differential equations, J. Math. Anal. Appl. 189 (1995), 128–144.

[18] PACHPATTE, V: Inequalities for Differential and Integral Equations. Mathematics in Science and Engeneering 197, Academic Press, New York, 1998.

[19] SZUFLA, S.: On the Volterra integral equation with weakly singular kernel, Math. Bohem.

131 (2006), 225–231.

Received November 14, 2006 Department of Mathematical Analysis and Numerical Mathematics Faculty of Mathematics, Physics and Informatics Comenius University Mlynská dolina 842 48 Bratislava SLOVAKIA E-mail: medved@fmph.uniba.sk