Tatra Mt. Math. Publ. 35 (2007), 65–69 tm

Mathematical Publications

SOME FIXED POINTS THEOREMS FOR MULTIVALUED MAPS

Irena Domnik

ABSTRACT. The main results presented in this paper concern multivalued maps. We consider a set of fixed points of multivalued maps. We will prove that this set is closed and the upper strong convergence preserves the fixed point property. There is given a condition under which the net of sets of fixed points of multivalued maps F_j converges to a set of fixed points of F .

Let F : X → Y be a multivalued map. The symbol GrF is used to denote the graph of F , i.e., GrF = { (x, y) ∈ X × Y : y ∈ F (x) } . We say that F has a closed graph if the set GrF is closed in the space X × Y . Let F : X → X . A point x_o ∈ X is called a fixed point of F if x_o ∈ F (x_o). The symbol F ix(F ) will be used to denote the set of all fixed points of the multivalued map F .

Theorem 1. Let (X, T ) be a topological space. If F : X → X is a multival-

ued map with the closed graph, then the set F ix(F ) of all fixed points of F is closed.

P r o o f . Assume that a multivalued map F : X → X has a closed graph. Let x_o ∈ F ix(F ) . Hence there exists a net {x_j : j ∈ J} of elements of F ix(F ) with the property x_o ∈ lim_j 2J x_j . Then x_j ∈ F (x_j ) and (x_j , x_j ) ∈ GrF for every

j ∈ J . From the assumption the graph of F is closed, so the implication (x_j , x_j ) −→ (x_o, x_o) =⇒ (x_o, x_o) ∈ GrF holds. It means that x_o ∈ F (x_o) and x_o ∈ F ix(F ). In the consequence, the set of fixed points of the map F is closed.

The concept of fixed points of functions and multifunctions was introduced by C. G o d e t –T h o b i e in [3] and I. K u p k a in [5]. In the next proofs we will use the following theorem:

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 54H25, 54C08, 54A20. K e y w o r d s: multivalued map, fixed point, strong convergence.

IRENA DOMNIK

Theorem 2. [3] Let (X, T ) be a topological space and let F : X → X be

a multivalued map with the closed graph. A map F has a fixed point if and only if for every open cover A of X there exists a set W ∈ A such that W ∩ F (W ) ≠ ∅. Definition 1. A uniform space (X, U ) is said to have the Lebesgue property

if for each open cover A of X there is V ∈ U such that { V [y] : y ∈ X } is a refinement of A .

Definition 2. [2] A topological space X is called paracompact if X is Haus-

dorff space and if for each open cover A of X there is an open locally finite cover A 0 such that A 0 is a refinement of A .

Theorem 3. [4] Let X be a uniformisable Hausdorff topological space. Then

X possesses a uniform structure compatible with the topology of X for which X has the Lebesgue property, if and only if X is paracompact. Under this condition, this structure is the finest of all uniform structures compatible with the topology of X , and is unique.

Theorem 4. Let (X, T ) be a paracompact space, U —the finest compatible

uniformity in X and let PU be a family of pseudometrics which generates U . Let F : X → X be a multivalued map with the closed graph. A map F has a fixed point if and only if sup ρ2PU^{infx2X ϱ} ( x, F (x) ) = 0 .

P r o o f . First, assume that F has a fixed point. Let ϱ be an arbitrary pseudometric from the family PU . Then there exists a point x_o ∈ X satisfying the condition x_o ∈ F (x_o). Consequently ϱ ( x_o, F (x_o) ) = 0, so inf_x2_X ϱ ( x, F (x) ) = 0 for every ϱ ∈ PU . Thus sup_ϱ

2PU^{infx2X ϱ} ( x, F (x) ) = 0.

Conversely, let sup_ϱ

2PU^{infx2X ϱ} ( x, F (x) ) = 0. Then inf_x2_X ϱ ( x, F (x) ) = 0 for every

ϱ ∈ PU . Let A be an open cover of the space X . The space X has the

Lebesgue property, so we can choose such r > 0, ϱ ∈ PU that the open cover

A^0 =^{K^o_ϱ (x, r) : x ∈ X^} is a refinement of A . From the assumption there is a

point x_o ∈ X with the property ϱ ( x_o, F (x_o) ) < r . Thus, for some y ∈ F (x_o) we obtain ϱ(x_o, y) < r , so y ∈ K^o_ϱ (x_o, r). Since A^0 is the refinement of A there exists G ∈ A with the condition K^o_ϱ (x_o, r) ⊂ G. The fact x_o ∈ G implies the inclusion F (x_o) ⊂ F (G). Then y ∈ F (G) ∩ G ≠ ∅. Using Theorem 2 the map F has a fixed point.

SOME FIXED POINTS THEOREMS FOR MULTIVALUED MAPS

Corollary. Let (X, ϱ) be a metric space with the Lebesgue property. Sup-

pose that F : X → X is a multivalued map with the closed graph. The map F has a fixed point if and only if inf_x2_X ϱ ( x, F (x) ) = 0.

If we assume that (X, ϱ) is a compact metric space, then we have:

Theorem 5. [3] Let (X, ϱ) be a compact metric space and let F : X → X be

a multivalued map with the closed graph. The map F has a fixed point if and only if inf_x2_X ϱ ( x, F (x) ) = 0.

It is known that a uniform convergence doesn’t preserve fixed points. Now we will consider a strong convergence which is formulated in terms of open covers. We will prove that this kind of convergence preserves the fixed point property.

A set St(A, A ) = ⋃ {B ∈ A : A ∩ B ≠ ∅} is called a star of a set A with respect to a cover A of a space Y .

Definition 3. [1] Let X be an arbitrary set, Y —a topological space. A net

{F_j : j ∈ J} of multivalued maps F_j : X → Y is said to be upper (respectively, lower) strongly convergent to a multivalued map F : X → Y if for each open cover A of the space Y there is j_o ∈ J such that the inclusion F_j (x) ⊂ St ( F (x), A ) (respectively, F (x) ⊂ St ( F_j (x), A ) ) holds for each j ∈ J , j ¿ j_o and x ∈ X .

Theorem 6. Let (X, T ) be a T_1-space. Assume that a net {F_j : j ∈ J} of

multivalued maps F_j : X → X is upper strongly convergent to a multivalued map F : X → X with the closed graph. If F_j has fixed points for j ∈ J , then F has a fixed point.

P r o o f . Suppose that A is an open cover of the space X . From the upper strong convergence of the net {F_j : j ∈ J} there exists j_o ∈ J such that F_j (x) ⊂ St ( F (x), A ) for each j ¿ j_o and x ∈ X . For the multivalued map F_j , where

j ¿ j_o there is x_j ∈ X with the property x_j ∈ F_j (x_j ). In particular, F_j (x_j ) ⊂ St ( F (x_j ), A ) . We can choose such W ∈ A that x_j ∈ W and F (x_j ) ∩ W ≠ ∅. Let y ∈ F (x_j ) ∩ W . Hence we obtain y ∈ F (x_j ) ⊂ F (W ). Consequently, F (W ) ∩ W ≠ ∅ for some set W ∈ A . Moreover, F has closed graph, so by virtue of Theorem 2, F has a fixed point.

Theorem 7. Let (X, T ) be a T_1-space. Suppose that a net {F_j : j ∈ J} of

multivalued maps F_j : X → X is upper strongly convergent to a multivalued map F : X → X . If F has the closed graph, then for every open set G such that F ix(F ) ⊂ G there is j_o ∈ J with the property F ix(F_j ) ⊂ G for each j ¿ j_o .

P r o o f . Assume that there exists an open set G ⊂ X such that F ix(F ) ⊂ G and for each j_o ∈ J there is j ¿ j_o with F ix(F_j ) ∩ (X \ G) ≠ ∅ . (1)

IRENA DOMNIK

Let us denote U = (X × X) \ ( GrF ∩ ( (X \ G) × X )) . The set U is open in X × X and contains the diagonal. Hence for x ∈ X there is an open set O_x ⊂ X such that (x, x) ∈ O_x × O_x ⊂ U . The family A = {O_x : x ∈ X} forms an open cover of X . The upper strong convergence of the net {F_j : j ∈ J} to F implies the existence of j_o ∈ J such that F_j (x) ⊂ St ( F (x), A ) for every j ¿ j_o and x ∈ X . (2)

Using (1) we can choose j ∈ J , j ¿ j_o with the property F ix(F_j )∩(X \G) ≠ ∅. Let x_j ∈ F ix(F_j ) ∩ (X \ G). This means that x_j is a fixed point of F_j and from (2) F_j (x_j ) ⊂ St ( F (x_j ), A ) . Thus we can choose a set O ∈ A such that x_j ∈ O and O ∩ F (x_j ) ≠ ∅. For y ∈ O ∩ F (x_j ) we have shown conditions (x_j , y) ∈ O × O ⊂ U , (x_j , y) ∈ GrF and (x_j , y) ∈ (X \ G) × X which imply U ∩ GrF ∩ ( (X \ G) × X ) ≠ ∅ . This contradiction completes the proof.

Remark. The conclusion of the Theorem 7 can be formulated as follows: the net { F ix(F_j ) : j ∈ J } converges to F ix(F ) pointwise with respect to the upper Vietoris topology.

Definition 4. [2] A topological space (X, T ) is called a perfect space if

every closed set is G_δ .

Let J = {α : α < Ω}, where Ω is the first uncountable ordinal number.

Theorem 8. Let (X, T ) be a perfect T_1-space and let a transfinite sequence

{F_α : α < Ω} of multivalued maps F_α : X → X be upper strongly convergent to a multivalued map F : X → X with the closed graph. Then there exists α_o < Ω such that ⋃ α¿αo,α<Ω^{F ix(Fα) ⊂ F ix(F ) .} P r o o f . Because F has the closed graph, so by Theorem 1 the set F ix(F ) of all fixed points of the map F is closed. The space X is perfect, thus F ix(F ) is G_δ , i.e., F ix(F ) = ⋂ n2N G_n , where G_n is an open set for every n ∈ N. The

transfinite sequence {F_α : α < Ω} upper strongly converges to F , so according to Theorem 7 for each n ∈ N there is α_n < Ω such that F ix(F_α) ⊂ G_n for every

α ¿ α_n , α < Ω. Let α_0 = sup{α_n : n ∈ N}. Then α_o < Ω and F ix(F_α) ⊂ G_n

for each α ¿ α_o and n ∈ N. Consequently, F ix(F_α) ⊂ ⋂ n2N G_n = F ix(F ) for all

α ¿ α_o and the proof is finished.

SOME FIXED POINTS THEOREMS FOR MULTIVALUED MAPS

REFERENCES

[1] DOMNIK, I. : On strong convergence of multivalued maps, Math. Slovaca 53 (2003), 199–209.

[2] ENGELKING, R. : General Topology, PWN, Warsaw, 1989. (In Polish) [3] GODET-THOBIE, C. : Convergence forte at theorems de points fixes, Conférence donnée á l’Université de Berne le 21 février, 1994.

[4] KASAHARA, S.—KASAHARA, K. : Note on the Lebesgue property in uniform spaces, Proc. Japan Acad. 31 (1955), 1615–1617.

[5] KUPKA, I. : Convergences preserving the fixed point property, Math. Slovaca 50 (2000), 483–494.

[6] KUPKA, I., TOMA, V. : A uniform convergence for non-uniform spaces, Publ. Math.

Debrecen 47 (1995), 290–309.

Received October 10, 2005 Department of Mathematics Academy Pomeraniensis Arciszewskiego 22 b PL–76-200 Słupsk POLAND E-mail: domnik@pap.edu.pl