Tatra Mt. Math. Publ. 36 (2007), 1–11 tm

Mathematical Publications

FUNDAMENTAL GROUPS OF PRIME 3-MANIFOLDS OF GENUS AT MOST TWO

Ján Karabáš — Peter Maličký — Roman Nedela

ABSTRACT. Present paper deals with fundamental groups of 3-manifolds represented by a certain family S of bipartite 4-edge-coloured graphs. List of fundamental groups of prime 3-manifolds with genus two represented by graphs in S with at most 42 vertices is produced.

The aim of the present paper is to deal with fundamental groups of 3-manifolds represented by a certain family S of bipartite 4-edge-coloured 4-valent graphs. The complexity of such a graph representation is half of the number of vertices of the graph. The list of fundamental and homology groups is derived for the set of 3-manifolds of complexity [2] at most 21. Fundamental groups are given in terms of presentations of rank 2. The presentations are derived from the graphs in S using the algorithm of G a g l i a r d i [5]. The isomorphism problem is solved using some group theoretical techniques in combination with the software GAP (Groups, Algorithms and Programming [6]). For the grouptheoretical terms, not defined in the paper, we refer the reader to [11].

Due to P e z z a n a [10] a closed connected 3-manifold can be represented by a particular 4-valent 4-edge-coloured graph called a crystallisation. The concept of crystallisations plays a crucial role in our study of 3-manifolds. We emphasize two approaches. First one is based on investigation of the structure of a crystallisation using some techniques based on dipole-moves [2], [4], [7], [9]. This approach can be considered as graph-theoretic. Using dipole moves one can recognize whether two 3-manifolds are homeomorphic without using any other knowledge about represented manifold.

The other approach is based on determining some topological invariants such as the fundamental or homology group from the structure of a crystallisation.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 57M05, 57M15, 57M27, 57N10, Secondary 57Q15.

K e y w o r d s: 3-manifold, fundamental group, first homology group, crystalisation.

Work was supported by Science and Technology Assistance Agency under the contract No. APVT-51-012502.

JÁN KARABÁŠ — PETER MALIČKÝ — ROMAN NEDELA

Next, group theory techniques to identify the isomorphism class of fundamental group of represented 3-manifold are used. Note that the knowledge about isomorphism of fundamental groups is not sufficient in order to claim that two 3-manifold are homeomorphic. On the other hand, the non-isomorphism of the fundamental groups guarantees that two respective 3-manifolds are not homeomorphic.

All considered 3-manifolds are assumed to be connected, compact and orientable with empty boundary. A 3-manifold is prime if it cannot be expressed as a connected sum of two non-trivial 3-manifolds. By Kneser Theorem (see [8, Theorem 3.15, 3.21]) an orientable compact connected 3-manifold has a unique decomposition into prime factors with respect to the connected sum. The corresponding operation on the respective fundamental groups is the free product of groups. In fact, combining some known non-trivial results (such as Thurston’s Symmetry Theorem), one can prove that prime 3-manifolds of Heegaard genus two are characterized by the fact that the fundamental group cannot be expressed as a free product of two cyclic groups. List of isomorphism classes of fundamental groups of prime 3-manifolds of genus two represented by graphs in S with at most 42 vertices is produced in present note.

Definition 1. (4-coloured graph). [9] Let Γ be a finite bipartite, connected

graph without loops. The edge colouring on a graph Γ is a map γ : E(Γ) → C_4 = {0, 1, 2, 3} such that for every distinct e, f ∈ E(Γ) : γ(e) ≠ γ(f), if the edges e and f are adjacent. The graph (Γ, γ) is called a 4-coloured graph if and only if all vertices of Γ are of degree four. The notation (Γ, γ) is used for such graphs.

Since the colouring of (Γ, γ) is regular, a factor induced by two colours is a disjoint union of bicoloured cycles. Let I denote the set of 2-cell embeddings of (Γ, γ) into a closed orientable surface such that the local rotation of colours induced by the embedding in “black” vertices is the same, say ρ, while the local rotation of colours in “white” vertices is ρ�^1 . Note that there are six possibilities for choosing ρ. It follows that faces of such embedding are bounded by bicoloured cycles. Out of these six possibilities for ρ we choose such ρ that the genus of the underlying surface is minimal in I . The integer g is an invariant of a 3-manifold M represented by (Γ, γ) and it is called the regular genus of M (or shortly the genus of M). It is known that regular genus of M is equal to the Heegaard genus of M [1].

Let Γ b_B be a subgraph of Γ such that V (Γ) = V (Γ b_B ) and every edge in Γ b_B is coloured by a colour from the set C_4 \ B . The residual graph Γ b_B can be simply obtained from Γ by deleting the edges coloured by colours from the set B . In particular, the graph Γ_ĉ is the residual graph created by deleting the edges coloured by the colour c.

Definition 2. (Contracted graph). [1] The graph (Γ, γ) is contracted if for

all colours c ∈ C_4 the residuals Γ_ĉ are connected graphs.

Simple method of reconstruction of the underlying 3-dimensional simplicial complex given by a 4-coloured graph is introduced in [9]. Note that a general 4-coloured graph may determine a more general space of dimension 3 called a compact pseudomanifold of dimension 3.

Definition 3. (Crystallisation (Γ, γ)). [1] A 4-coloured graph (Γ, γ) will be

called a crystallisation if and only if it is contracted and admits a 3-manifold.

A basis of the theory of crystallisations was found by Mario P e z z a n a [1]. In particular, we have the following theorem.

Theorem 1. (Pezzana’s Existence Theorem). [1] Every closed connected

3-manifold admits a crystallisation.

It follows from [3] that each 3-manifold of genus at most two can be represented by a crystallisation which structure can be coded by a 6-tuple of integers satisfying the following conditions. Let ~F_2 be a set of 6-tuples: f = (h_0, h_1, h_2; q_0, q_1, q_2), h_i, q_i ∈ N .

satisfying

(i) ∀i ∈ Z_3 : h_i > 0, (ii) all h_i have the same parity, (iii) ∀i ∈ Z_3 : 0 6 q_i < h_i�_1 + h_i = 2l_i , (iv) all q_i have the same parity.

Remark. From here all operations with numbers q_i will be considered modulo 2l_i , and according to (iii), q_i will be always the least non negative integer of the class.

Let us define the set V (f) for a 6-tuple f ∈ ~F_2 to be

V (f) = ⋃ i2Z3^{{i} ×} Z_{2li} .

Define the following fixed-point-free involutory permutations acting on V (f): α_0(i, j) = ( i, j + (−1)^j ) , α_1(i, j) = ( i, j − (−1)^j ) , α_2(i, j) = { (i + 1, 2l_{i+1} − j − 1); 0 6 j < h_i , (i − 1, 2l_i − j − 1); h_i 6 j < 2l_i , α_3(i, j) = ρ ∘ α_2 ∘ ρ�^1 ,

JÁN KARABÁŠ — PETER MALIČKÝ — ROMAN NEDELA

where ρ : V (f) → V (f) is a bijection defined by the rule ρ(i, j) = (i, j + q_i) . Now let f ∈ ~F_2 and satisfy the following conditions:

(v) ∀i ∈ Z_3 : h_i + q_i is odd, i.e., h_i and q_i have different parity, (vi) the group ⟨α_2, α_3⟩ has exactly three orbits.

Definition 4. (Admissible 6-tuple). The elements of the set F_2 ⊂^~F_2 satis-

fying conditions (i)–(vi) will be called admissible 6-tuples.

Given admissible 6-tuple f there is an associated 4-coloured graph Γ(f), called the derived graph, which vertices are elements of V (f) and xy is an edge coloured by a colour i ∈ {0, 1, 2, 3} if and only if y = α_i(x).

Theorem 2. [3] For every orientable compact connected 3-manifold M of

genus 2 there exists f ∈ F_2 such that Γ(f) represents M.

Definition 5. (Complexity of 6-tuple). Let f be an admissible 6-tuple. The

number z(f) = h_0 + h_1 + h_2 will be called a complexity of f .

Figure 1. The graph Γ(f) represented by 6-tuple f = (3, 1, 3; 0, 2, 2).

In what follows we describe an algorithm constructing a presentation of the fundamental group of a 3-manifold represented by Γ(f), f ∈ F_2 (see [5]).

Let f be an admissible 6-tuple and Γ(f) be the derived graph. The fundamental group π_1(f) of the 3-manifold given by Γ(f) has a presentation of the form π_1(f) = ⟨a, b, c | R_0, R_1, R_2⟩. Set a, b, c to be the three cycles of the 2-factor induced by edges coloured by {0, 1}. Hence we have a mapping β : V (Γ) → {a, b, c}. By the definition, the {2, 3}-factor has 3-cycles C_0, C_1, C_2 . The relator R_i is given by C_i = (v_{0,i}v_{1,i}v_{2,i} . . . v_{ki,i}), i = 0, 1, 2. We assume that the edge v_{0,i}v_{1,i} is coloured by the colour 2. We set

R_i =

(k_i�1)/2 ∏ j=0 β(v_{2j,i})β(v_{2j+1,i})�^1, i = 0, 1, 2 . (1)

Add the relator c = 1 into the presentation of the group after obtaining the relators. Thus the group can be considered as a group of rank 2.

Example 1. Let us determine the fundamental group given by the 6-tuple (3,1,3;0,2,2) (see Figure 1). Define the mapping β : V (Γ) → {a, b, c} as follows: β(v) = a, b, c depending on whether v belongs to C_0 , C_1 or C_2 , respectively. The {2, 3}-factor is a union of the cycles:

C1 = ([0,0][1,3][0,2][1,1]),
C2 = ([0,1][1,2][2,1][0,4][2,3][1,0]),
C3 = ([0,3][2,2][0,5][2,0])

forming orbits of α_2α_3 . Using (1) these cycles transform to the relators R_1 :=

ab�1_{ab}�1_{= 1, R2 := ab}�1_{ca}�1_{cb}�1_{= 1 and R3 := ac}�1_{ac}�1_{= 1. Setting}

c = 1 we get

π_1 ( (3, 1, 3; 0, 2, 2) ) = ⟨a, b | (ab�^1 )^2 = 1, ab�^1a�^1b�^1 = 1, a^2 = 1⟩ .

Since a and ab�^1 generate the group, we can rewrite the presentation of this group in generators x = a, y = ab�^1 in following way:

π_1((3, 1, 3; 0, 2, 2)) = ⟨x, y | x^2 = y^2 = 1⟩ ∼= Z_2 ∗ Z_2 .

Since π_1 ( (3, 1, 3; 0, 2, 2) ) is a free product of two cyclic groups, the corresponding 3-manifold is decomposable [12].

Example 2. Our next example is slightly more complicated than previous one. The 6-tuple (3,3,3;2,2,2) is a representative of the class F.3 in our catalogue. Computing the action of α’s on the set of vertices we get the table showed as Table 1.

The cycles of α_2α_3 follow:

C1=([ 0, 0][ 1, 5][ 2, 2][ 0, 3][ 2, 4][ 1, 1]),
C2=([ 0, 1][ 1, 4][ 2, 3][ 1, 2][ 0, 5][ 2, 0]),
C3=([ 0, 2][ 1, 3][ 0, 4][ 2, 1][ 1, 0][ 2, 5]).

By (1) the derived relators are R_1 := ab�^1ca�^1cb�^1 = 1, R_2 := ab�^1cb�^1ac�^1 = 1 and R_3 := ab�^1ac�^1bc�^1 = 1. Setting c = 1 we get the presentation

π_1 ( (3, 3, 3; 2, 2, 2) ) = ⟨a, b | ab�^1 a�^1b�^1 = 1, ab�^2a = 1, ab�^1ab = 1⟩ .

One can easily see that this is the presentation of the group of quaternions Q_8 .

Next step of processing the presentation of the fundamental group is to apply Tieze transformations to get the relators as short as possible.

Factorizing obtained fundamental group by the derived subgroup one gets the first homology group H_1(f). It can be done by adding the commutator of the

JÁN KARABÁŠ — PETER MALIČKÝ — ROMAN NEDELA

Table 1. Actions of α^0 s in the case of f = (3, 3, 3; 2, 2, 2).

[i, j] α_0 [i, j] α_1 [i, j] α_2 [i, j] α_3 [i,j]
[0, 0] [0, 1] [0, 5] [1, 3] [1, 1]
[0, 1] [0, 0] [0, 2] [1, 2] [1, 0]
[0, 2] [0, 3] [0, 1] [1, 1] [1, 3]
[0, 3] [0, 2] [0, 4] [2, 2] [2, 0]
[0, 4] [0, 5] [0, 3] [2, 1] [2, 3]
[0, 5] [0, 4] [0, 0] [2, 0] [2, 2]
[1, 0] [1, 1] [1, 3] [2, 3] [0, 1]
[1, 1] [1, 0] [1, 2] [0, 2] [0, 0]
[1, 2] [1, 3] [1, 1] [0, 1] [2, 1]
[1, 3] [1, 2] [1, 0] [0, 0] [0, 2]
[2, 0] [2, 1] [2, 3] [0, 5] [0, 3]
[2, 1] [2, 0] [2, 2] [0, 4] [1, 2]
[2, 2] [2, 3] [2, 1] [0, 3] [0, 5]
[2, 3] [2, 2] [2, 0] [1, 0] [0, 4]

two generators into a presentation of the fundamental group. The set of 6-tuples splits into homology classes. Of course if H_1(f) Æ H_1(e), then π_1(f) Æ π_1(e).

The finiteness of homology groups is tested by solving a system of linear equations over the ring Z given by the relators of the homology group. The computation is done using GAP [6] in the finite case. In the infinite case the homology group has a form of a direct given product Z× Z_n. We have an exact formula determining n.

Having homology classes we analyse fundamental groups in each homology class first determining some group invariants such as centers, low index subgroups, normal low index subgroups and the respective quotients. If the invariants of given two groups in the same homology class coincide, we test the isomorphism of the groups. As a result, we have the following theorem.

Theorem 3. Prime 3-manifolds of genus at most two, represented by admissi-

ble 6-tuples of complexity 6 21, have fundamental groups of one of the following types:

• trivial group, • cyclic groups Z_n, 2 6 n 6 29, • infinite cyclic group Z, • acyclic groups.

The list includes 78 isomorphism classes of acyclic fundamental groups of prime 3-manifolds of genus two. Among them, there are 39 elliptic manifolds with finite groups, 4 Euclidean manifolds and 35 other manifolds with infinite fundamental groups.

Note that there are also non-prime 3-manifolds of genus two, which fundamental groups are connected sums of two lens spaces, or of a lens space and S^1 × S^2 .

Since the classification of 3-manifolds of genus less than two is known, cyclic groups are “less interesting” for further study. The list of all acyclic fundamental groups of prime 3-manifolds of genus two follows. The list is divided into three parts including at first prime elliptic 3-manifolds, at second prime Euclidean 3-manifolds and at the end, prime 3-manifolds with other geometries according to [12].

Fundamental groups of prime elliptic 3-manifolds of genus two (Classes F).

Presentation Abelianisation F.1 π_1(f) = ⟨a, b | a^5 = b^3 = (ab)^2⟩ H_1 = 1 F.2 π_1(f) = ⟨a, b | a^4 = b^3 = (ab)^2⟩ H_1 = Z_2 F.3 π_1(f) = ⟨a, b | a^2 = b^2 = (ab)^2⟩ H_1 = Z_2 × Z_2 F.4 π_1(f) = ⟨a, b | a^4 = b^2 = (ab)^2⟩ H_1 = Z_2 × Z_2 F.5 π_1(f) = ⟨a, b | a^6 = b^2 = (ab)^2⟩ H_1 = Z_2 × Z_2 F.6 π_1(f) = ⟨a, b | a^8 = b^2 = (ab)^2⟩ H_1 = Z_2 × Z_2 F.7 π_1(f) = ⟨a, b | a^3 = b^3 = (ab)^2⟩ H_1 = Z_3 F.8 π_1(f) = ⟨a, b | a^3 = b^2 = (ab)^2⟩ H_1 = Z_4 F.9 π_1(f) = ⟨a, b | a^5 = b^2 = (ab)^2⟩ H_1 = Z_4 F.10 π_1(f) = ⟨a, b | a^7 = b^2 = (ab)^2⟩ H_1 = Z_4 F.11 π_1(f) = ⟨a, b | a^2 = b^2 = (ab)�^2⟩ H_1 = Z_6 × Z_2 F.12 π_1(f) = ⟨a, b | a^4 = b^2 = (ab�^1)^2⟩ H_1 = Z_6 × Z_2 F.13 π_1(f) = ⟨a, b | a^5 = b^3 = (a^2b)^2⟩ H_1 = Z_7 F.14 π_1(f) = ⟨a, b | a^3 = b^2 = (a^2b)^2⟩ H_1 = Z_8 F.15 π_1(f) = ⟨a, b | a^5 = b^2 = (a^2b)^2⟩ H_1 = Z_8 F.16 π_1(f) = ⟨a, b | a^7 = (a^4b)^2, b^2 = (a^2b)^2⟩ H_1 = Z_8 F.17 π_1(f) = ⟨a, b | a^3 = b^3 = (a�^1b)^2⟩ H_1 = Z_9 F.18 π_1(f) = ⟨a, b | a^4 = b^2 = (ab)^3⟩ H_1 = Z_{10} F.19 π_1(f) = ⟨a, b | a^2 = b^2 = (a^3b^3)^2⟩ H_1 = Z_{10} × Z_2 F.20 π_1(f) = ⟨a, b | a^4 = b^2 = (ab)�^2⟩ H_1 = Z_{10} × Z_2 F.21 π_1(f) = ⟨a, b | a^6 = b^2 = (ab�^1)^2⟩ H_1 = Z_{10} × Z_2 F.22 π_1(f) = ⟨a, b | a^5 = b�^2 = (ab�^1)^3⟩ H_1 = Z_{11}

JÁN KARABÁŠ — PETER MALIČKÝ — ROMAN NEDELA

F.23 π_1(f) = ⟨a, b | a^5 = b^2 = (a^2b�^1)^2⟩ H_1 = Z_{12} F.24 π_1(f) = ⟨a, b | a^5 = b^3 = (a^2b�^1)^2⟩ H_1 = Z_{13} F.25 π_1(f) = ⟨a, b | a^4 = b^3 = (ab�^1)^2⟩ H_1 = Z_{14} F.26 π_1(f) = ⟨a, b | a^6 = b^2 = (ab)�^2⟩ H_1 = Z_{14} × Z_2 F.27 π_1(f) = ⟨a, b | a^3 = b^3 = (a�^2b)^2⟩ H_1 = Z_{15} F.28 π_1(f) = ⟨a, b | a^3 = b^2 = (ab)�^2⟩ H_1 = Z_{16} F.29 π_1(f) = ⟨a, b | a^5 = b^2 = (ab�^1)^2⟩ H_1 = Z_{16} F.30 π_1(f) = ⟨a, b | a^5 = b^3 = (a^2b^2)^3⟩ H_1 = Z_{17} F.31 π_1(f) = ⟨a, b | a^5 = b^3 = (ab�^1)^2⟩ H_1 = Z_{19} F.32 π_1(f) = ⟨a, b | a^3 = b^2 = (a^2b)�^2⟩ H_1 = Z_{20} F.33 π_1(f) = ⟨a, b | a^3 = b^3 = (ab)�^2⟩ H_1 = Z_{21} F.34 π_1(f) = ⟨a, b | a^4 = b^3 = (ab�^2)^2⟩ H_1 = Z_{22} F.35 π_1(f) = ⟨a, b | a^5 = b^2 = (ab)�^2⟩ H_1 = Z_{24} F.36 π_1(f) = ⟨a, b | a^7 = b^2 = (ab�^1)^2⟩ H_1 = Z_{24} F.37 π_1(f) = ⟨a, b | a^4 = b^3 = (ab)�^2⟩ H_1 = Z_{26} F.38 π_1(f) = ⟨a, b | a^3 = b^3 = (a^2b)�^2⟩ H_1 = Z_{27} F.39 π_1(f) = ⟨a, b | a^5 = b^3 = (ab)�^2⟩ H_1 = Z_{31}

Fundamental groups of prime Euclidean 3-manifolds of genus two (Classes E).

Presentation Abelianisation E.1 π_1(f) = ⟨a, b | a^2 = (ab^2)^2, b^2 = (a^2b)^2⟩ H_1 = Z_4 × Z_4 E.2 π_1(f) = ⟨a, b | a^6 = b^3 = (ab)^2⟩ H_1 = Z E.3 π_1(f) = ⟨a, b | a^4 = b^4 = (ab)^2⟩ H_1 = Z× Z_2 E.4 π_1(f) = ⟨a, b | a^3 = (ab)^3 = (ab^2)^3⟩ H_1 = Z× Z_3

Fundamental groups of prime 3-manifolds of genus two endowed with other geometries (Classes I).

Presentation Abelianisation I.1 π_1(f) = ⟨a, b | a^7 = b^3 = (ab)^2⟩ H_1 = 1 I.2 π_1(f) = ⟨a, b | a^5 = b^4 = (ab)^2⟩ H_1 = Z_2 I.3 π_1(f) = ⟨a, b | a^8 = b^3 = (ab)^2⟩ H_1 = Z_2

I.4 π_1(f) = ⟨a, b | a^6 = b^4 = (ab)^2⟩ H_1 = Z_2 × Z_2 I.5 π_1(f) = ⟨a, b | a^4 = b^3 = (ab�^2)�^3⟩ H_1 = Z_3 I.6 π_1(f) = ⟨a, b | a^3 = b^3 = (ab)^3⟩ H_1 = Z_3 × Z_3 I.7 π_1(f) = ⟨a, b | a^4 = b^2a�^1b^2, a^3 = b^3a�^3b⟩ H_1 = Z_4 I.8 π_1(f) = ⟨a, b | a^2 = (a�^1b^2)^2, b^2 = (a^2b)^2⟩ H_1 = Z_4 × Z_4 I.9 π_1(f) = ⟨a, b | a^5 = b^5 = (ab)^2⟩ H_1 = Z_5 I.10 π_1(f) = ⟨a, b | a^7 = b^2 = (a�^2b)^3⟩ H_1 = Z_5 I.11 π_1(f) = ⟨a, b | a^3 b�^1a = ba�^1b^3 = (a^2b^2)^2⟩ H_1 = Z_5 × Z_5 I.12 π_1(f) = ⟨a, b | a^5 = b^4 = (a^2b)^2⟩ H_1 = Z_6 I.13 π_1(f) = ⟨a, b | a^5 = b^3 = (ab�^2)�^3⟩ H_1 = Z_6 I.14 π_1(f) = ⟨a, b | a^3 = b^3 = (a^2b)^3⟩ H_1 = Z_6 × Z_3 I.15 π_1(f) = ⟨a, b | a^4 = b^4 = (ab)^3⟩ H_1 = Z_8 I.16 π_1(f) = ⟨a, b | a^4 = b^4 = (a�^1b)^2⟩ H_1 = Z_8 × Z_2 I.17 π_1(f) = ⟨a, b | a^4 = b^3 = (ab)^3⟩ H_1 = Z_9 I.18 π_1(f) = ⟨a, b | a^5 = b^3 = (ab)^3⟩ H_1 = Z_9 I.19 π_1(f) = ⟨a, b | a^3 = b^3 = (ab)�^3⟩ H_1 = Z_9 × Z_3 I.20 π_1(f) = ⟨a, b | a^6 = b^3 = (a�^1b)^2⟩ H_1 = Z_{12} I.21 π_1(f) = ⟨a, b | a^4 = b^3 = (ab�^1)^3⟩ H_1 = Z_{15} I.22 π_1(f) = ⟨a, b | a^4 = b^4 = (a�^1b)^3⟩ H_1 = Z_{16} I.23 π_1(f) = ⟨a, b | a^4 = b^4 = (ab)�^2⟩ H_1 = Z_{16} × Z_2 I.24 π_1(f) = ⟨a, b | a^5 = b^4 = (a�^1b)^2⟩ H_1 = Z_{18} I.25 π_1(f) = ⟨a, b | a^2 = b^2ab^2, a^3 = ba�^3b^3⟩ H_1 = Z_{20} I.26 π_1(f) = ⟨a, b | a^5 = b^3 = (ab�^1)^3⟩ H_1 = Z_{21} I.27 π_1(f) = ⟨a, b | a^5 = b^4 = (ab�^1)^2⟩ H_1 = Z_{22} I.28 π_1(f) = ⟨a, b | a^6 = b^3 = (ab�^1)^2⟩ H_1 = Z_{24} I.29 π_1(f) = ⟨a, b | a = b^2a^2b^2, b = a^3ba^3⟩ H_1 = Z_{24} I.30 π_1(f) = ⟨a, b | a�^3 = ba^3b�^1, a^4 = b^2a�^1b^2⟩ H_1 = Z_{24} I.31 π_1(f) = ⟨a, b | a^4 = b^3 = (ab)�^3⟩ H_1 = Z_{33} I.32 π_1(f) = ⟨a, b | a^2 ba�^1 = b�^1ab^2, b�^1a^2b�^1 = ab�^2a⟩ H_1 = Z I.33 π_1(f) = ⟨a, b | a^3 = b�^1ab^2ab�^1, ab�^1ab = b�^1a�^1ba�^1⟩ H_1 = Z I.34 π_1(f) = ⟨a, b | a^3 = b^2a�^1b^2, b^3 = a^2b�^1a^2⟩ H_1 = Z× Z_4

JÁN KARABÁŠ — PETER MALIČKÝ — ROMAN NEDELA

I.35 π_1(f) = ⟨a, b | ab�^2 a^2 = b^2a�^2b, ba�^2b = a�^1b^2a�^1⟩ H_1 = Z× Z_5.

REFERENCES

[1] BANDIERI, P.—CASALI, M. R.—GAGLIARDI, C. : Representing manifolds by crystallization theory: Foundations, improvements and related results, Atti Sem. Mat. Fis. Univ. Modena 49 (2001), 283–337.

[2] CASSALI, M. R. : A catalogue of the genus two 3-manifolds, Atti del Sem. Mat. Fis. Univ.

Modena 37 (1989), 207–236.

[3] CASALI, M. R.—GRASSELLI, L. : 2-symmetric crystallizations and 2-fold branched coverings of S3 , Discrete Math. 87 (1991), 9–22.

[4] FERRI, M.—GAGLIARDI, C. : Crystallisation moves, Pacific J. Math. 100 (1982), 85–103.

[5] GAGLIARDI, C. : How to deduce the fundamental group of a closed n-manifold from a contracted triangulation, J. Combin. Inform. System Sci. 4 (1979), 237–252.

[6] The GAP Group : GAP–Groups, Algorithms, and Programming, Version 4.3, 2002 (http://www.gap-system.org).

[7] GRASSELLI, L.—MULAZZANI, M.—NEDELA, R. : 2-symmetric transformations for 3-manifolds of genus two, J. Combin. Theory, Ser. B 79 (2000), 105–130.

[8] HEMPEL, J. : 3-manifolds, Ann. of Math. Stud. Vol. 86, Princeton Univ. Press & University Tokyo Press, Princentn NJ, 1976.

[9] KARABÁŠ, J.—NEDELA, R. : Minimal representatives of G-classes of 3-manifolds of genus two, Acta Univ. Mathaei Belii Nat. Sci. Ser. Ser. Math. 10 (2003), 21–42.

[10] PEZZANA, M. : About the topological structure of compact manifolds, Atti Math. Sem.

Fis. Univ. Modena 23 (1974), 269–277; Sulla struttura topologica delle variettà compatte. (In Italian)

[11] ROBINSON, D. J. S. : A Course in the Theory of Groups 2nd ed., Springer-Verlag, New York, 1996.

[12] THURSTON, W. P. : Three-dimensional geometry and topology (S. Levy, ed.), Princenton Math. Ser., Vol. 1, Princeton University Press, Princeton, NJ, 1997.

Received September 2, 2004 Ján Karabáš Institute of Mathematics and Computer Science Mathematical Institute of SAS Severná 5 SK–974–01 Banská Bystrica SLOVAKIA E-mail: karabas@savbb.sk

Peter Maličký Department of Mathematics Faculty of Natural Sciences Matej Bel University Tajovského 40 SK–974–01 Banská Bystrica SLOVAKIA E-mail: malicky@fpv.umb.sk

Roman Nedela Institute of Mathematics and Computer Science Mathematical Institute of SAS Severná 5 SK–974–01 Banská Bystrica SLOVAKIA E-mail: nedela@savbb.sk