Tatra Mt. Math. Publ. 38 (2007), 1–10 tm Mathematical Publications

OSCILLATION OF NONLINEAR DELAY INTEGRO-DIFFERENTIAL EQUATIONS

Beatrix Bačová — Rudolf Olach

ABSTRACT. Oscillation criteria for the nonlinear delay intgro-differential equations of the form

ẋ(t) +

τ(t)∫

0 p(s)|x(t − s)|^α sgn [ x(t − s) ] ds = 0, t ≥ t_0,

where α > 1, are developed. Existence of a nonoscillatory solution is also treated.

1. Introduction

The equation

ẋ(t) + t∫ t−r p(t − s)g ( x(s) ) ds = 0

was encountered by E r g e n [2] in the theory of a circulating fuel nuclear reactor and has been studied extensively by L e v i n and N o h e l [5] and H a l e [3]. In this model x is the neutron density. It is also a good model in one dimensional viscoelasticity in which x is the strain and p is the relaxation function. The cognate equations have recently found a variety of applications in several fields of natural sciences.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 34K15, 34C10. K e y w o r d s: oscillation, nonlinear, delay, integro-differential equation. The research was supported by the grant 1/3238/06 of Scientific Grant Agency of Ministry of Education of Slovak Republic and Slovak Academy of Sciences.

The motivation of the problem arose from the above discussion. We consider

the nonlinear functional differential equation of the form

ẋ(t) + t∫ t−τ(t)

p(t − s)|x(s)|^α sgn [ x(s) ] ds = 0, t ≥ t_0,

which can be transformed to the equation

ẋ(t) +

τ(t)∫

0 p(s)|x(t − s)|^α sgn [ x(t − s) ] ds = 0, t ≥ t_0, (1)

where

t_0 ∈ (0, ∞), α > 1, p ∈ C ( [0, ∞), [0, ∞) ) , τ ∈ C ( [t_0, ∞), (0, ∞) ) is a nondecreasing function, τ(t) < t, t ≥ t_0.

By a solution of Eq. (1) we mean a continuous function x(t) which satisfies

Eq. (1) on the interval [t_0, ∞).

2. Main results

The next lemma will be useful in the following consideration.

Lemma 1. Suppose that α > 1,

σ ∈ C ( [t_0, ∞), (0, ∞) ) , σ(t) < τ(t), t ≥ t_0, lim_{t→∞} [ t − τ(t) ] = ∞, (2)

q ∈ C ( [t_0, ∞), [0, ∞) ) , q(t) ≢ 0 on any interval and

q(t) ≤

τ(t)∫

σ(t)

p(s) ds, t ≥ t_0.

If Eq. (1) has a nonoscillatory solution, then also equation

ẋ(t) + q(t)|x ( t − σ(t) ) |^α sgn [ x(t − σ(t)) ] = 0, t ≥ t_0, (3)

has a nonoscillatory solution.

P r o o f. Assume that v(t) is a nonoscillatory solution of Eq. (1) such that v ( t − τ(t) ) > 0 on [T, ∞), T > t_0. Then

v̇(t) = −

τ(t)∫

0 p(s) [ v(t − s)

]_α ds, t ≥ T, (4) i.e., v(t) is decreasing for t ≥ T . From (4) it follows that

v(t) ≥ ∞∫ t τ(s)∫

0 p(ξ) [ v(s − ξ)

]_α

dξ ds, t ≥ T. (5)

By C_{loc} ( [T, ∞), R ) we denote the space of continuous functions x : [T, ∞) → R

endowed with the topology of local uniform convergence. We define the set S ⊂

C_{loc} ( [T, ∞), R ) of functions x which satisfy the inequalities

0 ≤ x(t) ≤ v(t) for t ≥ T.

The operator F : S → C_{loc} ( [T, ∞), R ) is defined by

F (x)(t) = ∞∫ t q(s) [ x(s − σ(s))

]_α

ds for t ≥ t_1,

v(t) − v(t_1) + F (x)(t_1) for t ∈ [T, t_1),

where t_1 > T is such that t − σ(t) ≥ T for t ≥ t_1.

If x ∈ S, then using decreasing character of v(t) and (5) we have

0 ≤ F (x)(t) = ∞∫ t q(s) [ x(s − σ(s))

]_α ds

≤ ∞∫ t τ(s)∫

σ(s)

p(ξ) dξ [ x(s − σ(s))

]_α ds

≤ ∞∫ t τ(s)∫

σ(s)

p(ξ) dξ [ v(s − σ(s))

]_α ds

≤ ∞∫ t τ(s)∫

σ(s)

p(ξ) [ v(s − ξ)

]_α

dξ ds

≤ ∞∫ t τ(s)∫

0 p(ξ) [ v(s − ξ)

]_α

dξ ds ≤ v(t), t ≥ t_1.

Thus F (S) ⊂ S. We note that S is a nonempty closed convex subset of

C_{loc} ( [T, ∞), R ) and the operator F is continuous. The functions belonging to

the set F (S) are equicontinuous on every compact subinterval of [T, ∞). Then

according to the Schauder-Tychonoff fixed point Theorem (cf., e.g., [1, p. 231]),

F has an element x ∈ S such that x = F (x). It is easy to see that x satisfies equation (3) on [t_1, ∞).

Now we show that x is positive on [t_1, ∞). Obviously v(t) > v(t_1) on [T, t_1), x is nonnegative on [t_1, ∞), x(t_1) = F (x)(t_1) > 0 and moreover from equation (3) it follows that x is decreasing on [t_1, ∞). Let t_2 ∈ (t_1, ∞) be the first point in which x(t_2) = 0. Then there exists a t_3 ∈ [t_2, ∞) such that

ẋ(t_3) = −q(t_3) [ x(t_3 − σ(t_3))

]_α

< 0.

By decreasing character of x we always have x = 0 on [t_2, ∞), which gives ẋ(t_3) = 0. This contradiction proves that x has no zeros on [t_2, ∞) and so x is positive on [t_1, ∞). The proof is complete. □

Theorem 1. Suppose that α > 1, (2) holds, 0 ≤ σ̇(t) < 1,

lim inf t→∞ σ(t) ≥ σ > 0,

there exists λ > 0 such that αe^{−λσ} < 1 (6) and lim inf t→∞ τ(t)∫

σ(t)

p(s) ds exp ( e^{εt} − e^{λt} ) > 0, (7)

where 0 < ε < λ. Then every solution of Eq. (1) oscillates.

P r o o f. According to conditions (6), (7) we may choose ε < λ_1 < λ and T > t_0 such that αe^{−λ1σ} < 1 (8) and due to condition (7) and the next inequality

e^{λt} − e^{εt} ≥ b + λt + (α − 1)e^{λ1t}, b > 0, t ≥ T,

we obtain_{τ(t)} ∫ σ(t)

p(s) ds ≥ λe^{λt} exp [ (α − 1)e^{λ1t} ] , t ≥ T.

Define q(t) = λe^{λt} exp [ (α − 1)e^{λ1t} ] , t ≥ T.

According to Lemma 1, if every solution of the equation

ẋ(t) + q(t) | x ( t − σ(t) )|_α sgn [ x(t − σ(t)) ] = 0, t ≥ T, (9)

oscillates, then also every solution of Eq. (1) oscillates.

Assume to the contrary that Eq. (9) has a nonoscillatory solution x(t). Without loss of generality we may suppose that x(t) is an eventually positive solution of (9). Then with regard to definition of q(t) we obtain that 0 < x(t − σ(t)) < 1 and ẋ(t) < 0 for t ≥ T_1 > T. Set y(t) = − ln x(t), t ≥ T_1.

Then y(t) > 0 for t ≥ T_1 and has a increasing character. From Eq. (9) it follows that ẏ(t) = q(t) exp [ y(t) − αy(t − σ(t)) ] , t ≥ T_1. (10) With regard to (8) we may choose 0 < λ_2 < λ_1 and 0 < σ_1 < σ such that αe^{−α2σ1} < 1.

We will consider three possible cases. Case 1. y(t) ≤ αe^{(λ1−λ2)σ1} y ( t − σ(t) ) eventually holds.

Let T_2 > T_1 be such that y(t) ≤ αe^{(λ1−λ2)σ1} y ( t − σ(t) ) , t ≥ T_2.

We have

y(t) e^{λ1t} ≤ αe^{(λ1−λ2)σ1} y ( t − σ(t) ) e^{λ1t} ≤ αe^{(λ1−λ2)σ(t)} y ( t − σ(t) ) e^{λ1t} = αe^{(λ1−λ2)(t−t+σ(t))} y ( t − σ(t) ) e^{λ1t} = αe^{−λ2σ(t)} y ( t − σ(t) ) e^{λ1(t−σ(t))}

< αe^{−λ2σ1} y ( t − σ(t) ) e^{λ1(t−σ(t))}

, t ≥ T_2.

Define z(t) = y(t)e^{−λ1t}. Then we have z(t) < αe^{−λ2σ1} z ( t − σ(t) ) , t ≥ T_2.

In view of above inequality, applying the result of [4, Lemma 2.1] we obtain lim_{t→∞} z(t) = 0.

Then there exists a T_3 > T_2 such that y(t) < e^{λ1t}, t ≥ T_3. (11) Equation (10) implies that ẏ(t) ≥ q(t) exp [ (1 − α)y(t) ] and using (11) we get

ẏ(t) ≥ q(t) exp [ (1 − α)e^{λ1t} ] = λe^{λt}, t ≥ T_3.

Integrating the last inequality we obtain

y(t) ≥ y(T_3) + e^{λt} − e^{λT3} , t ≥ T_3,

which contradicts (11).

Case 2. y(t) > αe^{(λ1−λ2)σ1} y ( t − σ(t) ) eventually holds. Choose T_4 > T_3 such that y(t) > αe^{(λ1−λ2)σ1} y ( t − σ(t) ) , q t ≥ T_4.

Applying this inequality in (10) we get

ẏ(t) > q(t) exp [( 1 − e^{(λ2−λ1)σ1} ) y(t) ] , t ≥ T_4.

Set c = 1 − e^{(λ2−λ1)σ1} . Then c > 0 and

ẏ(t)e^{−cy(t)} > q(t), t ≥ T_4.

Integrating the above inequality we obtain ∞∫ T_4

q(t) dt < ∞∫ T_4

ẏ(t)e^{−cy(t)} dt ≤ 1 c e^{−cy(T4)} < ∞,

which is a contradiction with definition of q(t). Case 3. y(t) − αe^{(λ1−λ2)σ1} y ( t − σ(t) ) is oscillatory. Set

u(t) = y(t) − αe^{(λ1−λ2)σ1} y ( t − σ(t) ) . Then u(t) is oscillatory and there exists an increasing infinite sequence {t_n} of real numbers with T_4 < t_1 < t_2 . . . such that

u(t_n) = 0, n = 1, 2, . . . , and u(t) > 0 for t ∈ (t_{2n−1}, t_{2n}), n = 1, 2, . . . .

There exists also an increasing infinite sequence {ξ_n}, ξ_n ∈ (t_{2n−1}, t_{2n}) such that u(ξ_n) = max { u(t) : t_{2n−1} ≤ t ≤ t_{2n} } and u̇(ξ_n) = 0, n = 1, 2, . . . .

Then

ẏ(t) = q(t) exp [ u(t) + α ( e^{(λ1−λ2)σ1} − 1 ) y(t − σ(t)) ] , t ≥ T_4, (12)

u̇(ξ_n) = ẏ(ξ_n) − αe^{(λ1−λ2)σ1} ( 1 − σ̇(ξ_n) ) ẏ ( ξ_n − σ(ξ_n) ) , and ẏ(ξ_n) = αe^{(λ1−λ2)σ1} ( 1 − σ̇(ξ_n) ) ẏ ( ξ_n − σ(ξ_n) ) . (13)

Combining (12) and (13) we obtain

q(ξ_n) exp [ u(ξ_n) + α ( e^{(λ1−λ2)σ1} − 1 ) y(ξ − σ(ξ_n) )] = αe^{(λ1−λ2)σ1} ( 1 − σ̇(ξ_n) ) ẏ ( ξ_n − σ(ξ_n) ) = αe^{(λ1−λ2)σ1} ( 1 − σ̇(ξ_n) ) q ( ξ_n − σ(ξ_n) ) exp [ u ( ξ_n − σ(ξ_n) ) + α(e^{(λ1−λ2)σ1} − 1)y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) )] . Using the definition of q(t) and the inequality −λσ(ξ_n) < −λ_1σ_1, we obtain

q(ξ_n) exp [ u(ξ_n) + α ( e^{(λ1−λ2)σ1} − 1 ) y ( ξ_n − σ(ξ_n) )] < λe^{λ1σ1} e^{λ(ξn−σ(ξn ))} exp [ (α − 1)e^{λ1(ξn−σ(ξn ))} + u ( ξ_n − σ(ξ_n) ) + α(e^{(λ1−λ2)σ1} − 1)y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) )] < λe^{λξn} exp [ (α − 1)e^{λ1(ξn−σ(ξn ))} + u ( ξ_n − σ(ξ_n) ) + α(e^{(λ1−λ2)σ1} − 1)y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) )] . The above inequality implies exp [ u(ξ_n) + α ( e^{(λ1−λ2)σ1} − 1 ) y ( ξ_n − σ(ξ_n) )] < exp [ −(α − 1)e^{λ1ξn} + (α − 1)e^{λ1(ξn−σ(ξn))} + u ( ξ_n − σ(ξ_n) ) + α(e^{(λ1−λ2)σ1} − 1)y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) )] . Thus we get

u(ξ_n) + α ( e^{(λ1−λ2)σ1} − 1 ) y ( ξ_n − σ(ξ_n) ) < u ( ξ_n − σ(ξ_n) ) + α ( e^{(λ1−λ2)σ1} − 1 ) y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) ) − (α − 1)(1 − e^{−λ1σ1} )e^{λ1ξn} , n = 1, 2, . . . . (14)

If lim sup t→∞ u(t) = lim sup n→∞ u(ξ_n) = ∞, then there exists a subsequence {ξ_{nk} } of

{ξ_n} such that u(ξ_{nk} ) = max { u(t) : T_4 ≤ t ≤ ξ_{nk} } , k = 1, 2, . . . . Then from (14) it follows

0 < α(e^{(λ1−λ2)σ1} − 1) [ y ( ξ_{nk} − σ(ξ_{nk} ) ) − y ( ξ_{nk} − σ(ξ_{nk} ) − σ(ξ_{nk} − σ(ξ_{nk} )) )] < −(α − 1)(1 − e^{−λ1σ1} )e^{λ1ξnk} < 0, k = 1, 2, . . . ,

which is a contradiction.

If lim sup t→∞ u(t) = lim sup n→∞ u(ξ_n) < ∞, then (14) implies that

0 < lim sup n→∞ { u(ξ_n) + α ( e^{(λ1−λ2)σ1} − 1 ) [ y ( ξ_n − σ(ξ_n) )

− y ( ξ_n − σ(ξ_n) − σ(ξ_n − σ(ξ_n)) )]}

≤ lim sup n→∞ [ u ( ξ_n − σ(ξ_n) ) − (α − 1)(1 − e^{−λ1σ1} )e^{λ1ξn} ] = −∞.

This is a contradiction. The proof is complete. □

Corollary 1. Suppose that α > 1, (2) holds, 0 ≤ σ̇(t) < 1, lim inf t→∞ σ(t) ≥ σ > 0,

and there exists λ > σ^{−1} ln α such that

lim inf t→∞ τ(t)∫

σ(t)

p(s) ds exp ( −e^{λt} ) > 0. (15)

Then every solution of Eq. (1) oscillates.

P r o o f. If the condition (15) holds, then also (7) is satisfied and we can apply Theorem 1. □

Theorem 2. Suppose that α > 1, σ > 0, lim sup t→∞ σ(t) < σ,

there exists μ > 0 such that αe^{−μσ} > 1 and lim sup t→∞ [∫_{τ(t)} 0 p(s) exp ( −αe^{μ(t−s)} ) ds exp ( αe^{μ(t−σ(t))} )

× exp (( 1 − αe^{−μσ} ) e^{μt} ) ] < ∞. (16)

Then Eq. (1) has an eventually positive solution.

P r o o f. According to condition (16) there exists a T > t_0 such that

τ(t)∫

0 p(s) exp ( −αe^{μ(t−s)} ) ds ≤ exp ( −αe^{μ(t−σ(t))} ) exp ( (αe^{−μσ} − 1)e^{μt} ) μe^{μt}

≤ exp ( −αe^{μ(t−σ(t))} ) exp ( (αe^{−μσ(t)} − 1)e^{μt} ) μe^{μt}

≤ μe^{μt} exp ( −e^{μt} ) , t ≥ T. (17)

We define the set S ⊂ C_{loc} ( [T, ∞), R ) of functions x which satisfy the inequalities

0 ≤ x(t) ≤ v(t) for t ≥ T,

where

v(t) = exp ( −e^{μt} ) , t ≥ T.

The operator F : S → C_{loc} ( [T, ∞), R ) is defined by

F (x)(t) = ∞∫ t τ(s)∫ 0 p(ξ) [ x(s − ξ)

]_α

dξ ds for t ≥ T_1,

v(t) − v(T_1) + F (x)(T_1) for t ∈ [T, T_1),

where T_1 > T is such that t − τ(t) ≥ T for t ≥ T_1.

If x ∈ S, then by virtue of (17) we get

0 ≤ F (x)(t) = ∞∫ t τ(s)∫

0 p(ξ) [ x(s − ξ)

]_α

dξ ds

≤ ∞∫ t τ(s)∫

0 p(ξ) [ v(s − ξ)

]_α

dξ ds = ∞∫ t τ(s)∫

0 p(ξ) exp ( −αe^{μ(s−ξ)} ) dξ ds

≤ ∞∫ t μe^{μs} exp ( −e^{μs} ) ds = exp ( −e^{μt} ) = v(t), t ≥ T_1.

Thus F (S) ⊂ S and we can proceed as in the proof of Lemma 1. So Eq. (1) has

a nonoscillatory solution. The proof is complete. □

REFERENCES

[1] EDWARDS, R. E.: Functional Analysis. Theory and Applications. Mir, Moscow, 1969.

(In Russian) [2] ERGEN, W. K.: Kinetics of the circulating-fuel nuclear reactor, J. Appl. Phys. 25 (1954), 702–711.

[3] HALE, J. K.: Functional Differential Equations, Springer-Verlag, New York-Heidelberg- Berlin, 1971.

[4] JAROŠ, J.—KUSANO, T.: On a class of first order nonlinear functional differential equations of neutral type, Czech. Math. J. 40 (1990), 475–490.

[5] LEVIN, J. J.—NOHEL, J.: On a nonlinear delay equation, J. Math. Anal. Appl. 8 (1964), 31–44.

[6] TANG, X. H.: Oscillation for first-order nonlinear delay differential equations, J. Math.

Anal. Appl. 264 (2001), 510–521.

Received October 2, 2006 Department of Mathematical Analysis and Applied Mathematics University of Žilina Hurbanova 15 010 26 Žilina SLOVAKIA E-mail: beatrix.bacova@fpv.uniza.sk rudolf.olach@fpv.uniza.sk