Tatra Mt. Math. Publ. 38 (2007), 11–28 tm Mathematical Publications

ON NONSTATIONARY VON KÁRMÁN VARIATIONAL INEQUALITIES

Igor Bock — Jiří Jarušek

ABSTRACT. We deal with systems consisting of a nonlinear evolution variational inequality for the deflection and a nonlinear quasistationary equation for the Airy stress function. The systems describe moderately large deflections of thin viscoelastic plates with an inner obstacle. We distinguish two kinds of problems. Pseudoparabolic variational inequality for the quasistationary deflections and the hyperbolic inequality for the dynamic case. In both cases we transform the original problem to one canonical inequality in a Hilbert space of deflections. The pseudoparabolic problem is solved using a semidiscrete approximation transforming the problem into the sequence of stationary variational inequalities. The hyperbolic problem is solved by the penalization method.

1. Introduction

Theodor von Kármán (1910) stated the nonlinear system of partial differential equations for large deflections and the Airy stress function of a thin elastic plate. This system has been treated systematically starting in the sixties by B e r g e r and F i f e [1]. C i a r l e t [5] has justified the von Kármán system as the plate model derived from the equations for a 3-dimensional body.

Simultaneusly the unilateral boundary value problems for the von Kármán equations were investigated by N a u m a n n [15] and J o h n [11] with unilateral conditions on the boundary and the inner obstacle, respectively.

The nonstationary von Kármán systems are studied nowadays mainly in the dynamic form. In the case of viscoelastic plates the short or long memory term is appearing mostly in the linear part of the equation for a deflection ([8], [14]).

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 74D10, 74K20, 49J40. K e y w o r d s: von Kármán system, variational inequality, viscoelastic plate, semidiscretization, penalization.

This work is supported by the grant 1/1135/04 of the VEGA Grant Agency of the Slovak Republic and by the grant IAA 1075402 and the Institutional research plan AV0Z 10190503 of the Czech Academy of Sciences.

We deal here with the isotropic long memory material of the Zener type. Originally integro-differential stress-strain relations can be transformed to the first-order differential relations. The differential term appears both in the variational inequality for the deflection as well as in the right-hand side of the equation for the Airy stress function. The nonlinear system and the corresponding canonical equation can then be derived in a similar way as the traditional elastic von Kármán system. The inner obstacle for the plate will be considered. The resulting pseudoparabolic system will be transformed into the nonstationary first-order variational inequality in the Hilbert space of admissible deflections. We obtain the sequence of stationary von Kármán variational inequalities after discretizing the time variable. A similar approach is used in [3], where the viscoelastic von Kármán variational inequality for the long memory material is considered. The existence of a solution for every discrete time value will be verified using a variational approach. The convergence of the sequence of continuous segment-line functions will be investigated.

Another approach will be used in the dynamic case. Applying the penalization term we transform the system consisting of a hyperbolic variational inequality for the perpendicular vibrations and the equation with a biharmonic left-hand side for the Airy stress function to one canonical nonlinear hyperbolic equation in a Hilbert space of deflections. The viscosity term enables to derive the convergence of the sequence of penalized deflections to a solution of the canonical variational inequality in similar way as for a broader set of of problems: for the string, membrane [10], for bodies [9], [7]. There is only limited results available for the case without viscosity cf. [16], [13].

2. The formulation of the pseudoparabolic problem

We assume a thin isotropic plate occupying the domain Q = { (x, z) ∈ R^3; x = (x_1, x_2) ∈ Ω, −h/2 < z < h/2 } , where Ω is a bounded simply connected domain in R^2 with a Lipschitz boundary Γ . The plate is clamped on its boundary and subjected to the perpendicular load f(t, x), t > 0, x ∈ Ω. The stress-strain relations for the isotropic viscoelastic long memory material are of the form

σ_{ij} =

E(0) 1 − μ^2 [ (1 − μ)ε_{ij} + μδ_{ij}ε_{kk} ] + E^′ 1 − μ^2 ∗ [ (1 − μ)ε_{ij} + μδ_{ij}ε_{kk} ] (t),

i, j ∈ {1, 2}, ε_{kk} = ε_{11} + ε_{22}

with a Poisson ratio μ ∈ ( 0,^1_2 ) , a positive decreasing relaxation function

E ∈ C^1(R^+) and a convolution product f ∗ g(t) =^t ∫ 0 f(t − s)g(s) ds.

In the exponential case E(t) = E_0 + E_1e^{−βt}, E_0 > 0, E_1 > 0, β > 0 we can transform the previous integral stress-strain relation into the differential form corresponding to the Zener material [4]

σ^′_{ij} + βσ_{ij} =

E_0 +E_1 1−μ^2 [ (1−μ)ε_{ij} + μδ_{ij}ε_{kk}

]_′

+ βE_0 1 − μ^2 [ (1−μ)ε_{ij} + μδ_{ij}ε_{kk} ] , σ_{ij} (0) =

E_0 +E_1 1−μ^2 [ (1−μ)ε_{ij} +μδ_{ij}ε_{kk} ] (0).

Let us define the material constants D_i =^{h3}_{12(1−μ2)} E_i, i = 0, 1, and the form

[v, w] = ∂_{11}v∂_{22}w + ∂_{22}v∂_{11}w − 2∂_{12}v∂_{12}w, v, w ∈ H^2(Ω). (1) Applying the similar approach as in the elastic case, e.g., [6] the following pseudoparabolic von Kármán system for the deflection w and the Airy stress function Φ can be derived:

(D_0 + D_1)Δ^2w^′ + βD_0Δ^2w − [Φ, w] = f^′(t) + βf(t), t > 0, x ∈ Ω; w = ∂w ∂ν = 0 on Γ, (2)

Δ^2Φ = − h 2 (( (E_0 + E_1)[w, w]^′ + βE_0[w, w] )) , t > 0, x ∈ Ω, Φ = ∂Φ ∂ν = 0 on Γ, (3) w(0, x) = w_0(x), x ∈ Ω. (4) The initial deflection fulfils the stationary von Kármán system

(D_0 + D_1)Δ^2w_0 − [Φ_0, w_0] = f(0), w_0 =

∂w_0 ∂ν = 0 on Γ, (5)

Δ^2Φ_0 = − h 2 (E_0 + E_1)[w_0, w_0], Φ_0 =

∂Φ_0 ∂ν = 0 on Γ. (6)

We denote V = H^2_0 (Ω) the Sobolev space with the scalar product and the norm

((u, v)) = ∫ Ω ΔuΔv dx ‖u‖ = ((u, u))^{1/2}.

The scalar product and the norm in the space L^2(Ω) will be denoted by (·, ·) and ‖ · ‖_0 .

The plane z = 0 is the inner obstacle for the deflection. The convex closed cone K = { w ∈ V | w(x) ≥ 0 for all x ∈ Ω } is then an admissible set of deflections. Instead of the problem (2)–(6) we will then investigate a unilateral problem in a following variational form:

To find a couple {w, Φ} : [0, ∞) → K × V fulfilling (( (D_0 + D_1)w^′(t) + βD_0w(t), v − w(t) )) ≥ ( [Φ(t), w(t)], v − w(t) ) + ( f^′(t) + βf(t), v − w(t) ) for all v ∈ K, (7) (( Φ(t), φ )) = − h 2 (( (E_0 + E_1)[w(t), w(t)]^′ + βE_0[w(t), w(t)], φ )) for all φ ∈ V, (8) (( (D_0 + D_1)w(0), v − w(0) )) ≥ ( [Φ_0, w(0)], v − w(0) ) + ( f(0), v − w(0) ) for all v ∈ K, (9)

((Φ_0, φ)) = − h 2 ( (E_0 + E_1)[w(0), w(0)], φ ) for all φ ∈ V. (10)

In order to convert a system (7)–(10) into an initial value problem for a nonlinear pseudoparabolic variational inequality we introduce the bilinear operator B : H^2(Ω)^2 → V defined by the uniquely solved equation (( B(u, v), φ )) = ∫ Ω [u, v] φ dx for all φ ∈ V, (11)

We recall [6] that the operator B is symmetric and compact, (( B(u, v), w )) = (( u, B(v, w) )) for all u, v, w ∈ V (12)

and due to Lemma 1 from [12] B : H^2(Ω)^2 → W^2_p (Ω) and

‖Φ(u, v)‖_W 2_{p (Ω)} ≤ c ‖u‖_H2_{(Ω)}‖v‖_W 1_{p (Ω)} for all u ∈ H^2(Ω), v ∈ W^1_p (Ω). (13) Let us define the function q : [0, ∞) → V uniquely defined as a solution of the identity (( q(t), v )) = 1 D_0 + D_1 ∫ Ω f(t) v dx for all v ∈ V.

Using the expression (11) for the determining of Φ(t), Φ_0 and setting a = βD_0 D_0 + D_1 = βE_0 E_0 + E_1 , b = h(E_0 + E_1) 2(D_0 + D_1) = 6(1 − μ^2) h^2

we obtain the initial value problem equivalent with (7)–(10):

To find a function w : [0, ∞) → K fulfilling (( w^′(t) + aw(t), v − w(t) )) + b (( B(w, w)^′ + aB(w, w), B(w(t), v − w(t) )) ≥ (( q^′(t) + βq(t), v − w(t) )) for all v ∈ K, (14) (( w(0), v − w(0) )) + b (( B(w, w)(0), B(w(0), v − w(0) )) ≥ (( q(0), v − w(0) )) for all v ∈ K. (15)

3. Approximation by the method of Rothe

We find a solution to the initial value problem (14), (15) by converting it into the sequence of stationary problems having a form of the canonical von Kármán variational inequalities. We apply the Rothe’s method or the method of lines in a similar way as in [2], where the nonlinear parabolic variational inequalities have been solved. For each n ∈ N we set τ = T n , t_i = iτ, w_i = w(t_i), i = 0, 1, . . . , n; δw_j = 1 τ (w_j − w_{j−1}), j = 1, . . . , n .

We substitute the initial value problem (14), (15) by the finite sequence of stationary variational inequalities

((w_0, v − w_0)) + b (( B(w_0, w_0), B(w_0, v − w_0) )) ≥ ((q_0, v − w_0)) for all v ∈ K, (16)

((δw_i + aw_i, v − w_i)) + b (( δB(w_i, w_i) + aB(w_i, w_i), B(w_i, v − w_i )) ≥ ((δq_i + βq_i, v − w_i)) for all v ∈ K, i = 1, . . . n . (17)

Both variational inequalities have solutions w_0 and w_i, i = 1, . . . , n, respectively. They are solutions of the minimizing problems

J_i(w_i) = min_{v∈K} J_i(v), i = 0, 1, . . . , n ,

J_0(v) = 1 2 ‖v‖^2 + b 4 ‖B(v, v)‖^2 − ((q_0, v)),

J_i(v) = 1 2 (1 + τa) [ ‖v‖^2 + b 2 ‖B(v, v)‖^2 ] − b 2 ( (B(w_{i−1}, w_{i−1}), B(v, v) ) −((w_{i−1} + q_i, v)), i = 1, . . . n .

In order to obtain a priori estimates not depending on T we express the values w_i in a form w_i = e^{−ατi} u_i, α > 0, i = 0, 1, . . . , n . (18) We have the following expression of the difference δw_i: δw_i = δe^{−ατi} u_i + e^{−ατ(i−1)} δu_i, i = 1, . . . , n . (19) After setting i = j, δq_j + βq_j = f_j, v = 0 in (17) and multiplying with e^{ατj} we obtain

e^{ατ} ((δu_j, u_j )) + ( a − e^{ατ} − 1 τ ) ‖u_j‖^2

+be^{−2ατ(j−1)} (( δB(u_j , u_j), B(u_j , u_j) )) + be^{−2ατj} ( a − e^{2ατ} − 1 τ ) ‖B(u_j, u_j )‖^2

≤ e^{ατj} ((f_j, u_j)), j = 1, . . . , n . Summing up and using the relation 2τ i∑ j=1 ((δu_j , u_j)) = ‖u_i‖^2 − ‖u_0‖^2 + i∑ j=1 τ^2‖δu_j‖^2

we arrive at

e^{ατ} ( ‖u_i‖^2 + be^{−2iατ} ‖B(u_i, u_i)‖^2 )

+2(a − αe^{ατ} ) i∑ j=1 τ ( ‖u_j‖^2 + b ‖B(u_j , u_j)‖^2 )

≤ e^{ατ} ( ‖u_0‖^2 + b ‖B(u_0, u_0)‖^2 ) + 2 i∑ j=1 τe^{ατj} ((f_j, u_j)), i = 1, . . . , n.

We obtain directly from the inequality (16) the estimate ‖w_0‖^2 + b ‖B(w_0, w_0)‖^2 ≤ ‖q_0‖^2. (20) Setting α > 0, τ_0 > 0 such that αe^{ατ} ≤^a_2 we achieve considering w_0 = u_0 the estimate ‖u_i‖^2 ≤ ‖q_0‖^2 + 1 a i∑ j=1 τe^{2ατj} ‖f_j‖^2.

Implying the expression (18) we obtain the uniform a priori estimate

‖w_i‖^2 ≤ ‖q_0‖^2 + 1 a i∑ j=1 τe^{−2ατ(1+i−j)} ‖δq_j + βq_j ‖^2, i = 1, . . . , n , τ ≤ τ_0 . (21) We continue with the estimates for the sum of differences. Setting v = w_{i−1} in (16) we obtain in a similar way as above a ‖w_i‖^2 + 1 2 ab ‖B(w_i, w_i)‖^2 + i∑ j=1 τ [ (2 − ε)‖δw_j‖^2 + b ‖δB(w_j , w_j )‖^2 ]

+b i∑ j=1 τ^2 (( δB(w_j , w_j ) + aB(w_j , w_j), B(δw_j , δw_j ) ))

≤ 1 ε i∑ j=1 τ‖δq_j + βq_j‖^2. (22)

We have the inequality τ‖δB(w_j , w_j )‖ ≤ 2 ‖B‖ max_{j=0,1,...,n} ‖w_j ‖^2. (23) Let us assume that 2b ‖B‖‖w_j‖^2 < 1, j = 1, . . . , n . (24) Comparing with the a priori estimate (21) we can see that the condition

‖q_0‖^2 + 1 a i∑ j=1 τe^{−2ατ(1+i−j)}‖δq_j + βq_j ‖^2 < 1 b ‖B‖^2

, i = 1, . . . , n (25) is sufficient for fulfilling the estimate (24). Then we obtain from (22) the a priori estimate i∑ j=1 τ [ ‖δw_j ‖^2 + ‖δ B(w_j , w_j )‖^2 ] ≤ C_1, i = 1, . . . , n . (26)

Let us assume that a function q ∈ W^{2,1}(0, T ; V ) fulfils the bound

‖q(0)‖^2 + 1 a t∫ 0 e^{−2α(t−s)} ‖q^′(s) + βq(s)‖^2 ds < 1 b ‖B‖^2

, t ∈ [0, T ]. (27)

Then there exists τ_0 > 0 such that for τ < τ_0 the bounds (25) and hence the a priori estimate (26) hold.

Let us further define the following functions determined by values w_i, δw_i w_n : [0, T ] → K, w_n(t) = w_{i−1} + (t − t_i)δw_i, t_{i−1} ≤ t ≤ t_i, i = 1, . . . , n , w̄_n : [0, T ] → K, w̄_n(0) = w_0, w̄_n(t) = w_i, t_{i−1} < t ≤ t_i, i = 1, . . . , n .

The sequence of functions {w_n} is bounded in the space W^{2,1}(0, T ; V ) : ‖w_n‖_W 2,1_{(0,T ;V )} ≤ C_2, n ∈ N. (28)

Then there exists its subsequence (again denoted by {w_n}) and a function w ∈ W^{2,1}(0, T ; V ) such that w(t) ∈ K for every t ∈ [0, T ] and

w_n ⇀ w in W^{2,1}(0, T ; V ), (29) w_n(t) ⇀ w(t), w̄_n(t) ⇀ w(t) in V for every t ∈ [0, T ], (30) w_n ⇀^∗ w, w̄_n ⇀^∗ w in L^∞(0, T ; V ), (31) w_n → w, w̄_n → w in L^p ( 0, T ; W^{r,1}(Ω) ) , p > 1, r > 1. (32)

If we set B(w_i, w_i) = U_i, i = 0, 1, . . . , n we obtain U ∈ W^{2,1}(0, T ; V ) fulfilling

U_n ⇀ U in W^{2,1}(0, T ; V ), (33) U_n(t) ⇀ U(t), Ū_n(t) ⇀ U(t) in V for every t ∈ [0, T ], (34) U_n ⇀^∗ U, Ū_n ⇀^∗ U in L^∞(0, T ; V ). (35) Using the properties of the bilinear operator B : V × V → V we obtain that U(t) = B(w(t), w(t)), B(w_n, w_n) ⇀ B(w, w) in W^{2,1}(0, T ; V ). (36) Applying the weak semicontinuity of the function ‖.‖^2 in the spaces V and L^2(0, T ; V ) and the relation (( B(u, v), B(w, φ) )) = ( [B(u, v), w], φ ) , u, v, w, φ∈V we arrive at the variational inequality T∫ 0 (( w^′(t) + aw(t), v(t) − w(t) )) dt

+ b T∫ 0 (( B(w, w)^′ + aB(w, w), B(w(t), v(t) − w(t) )) dt

≥ T∫ 0 (( q^′(t) + βq(t), v − w(t) )) dt for all v ∈ K , K = { v ∈ L^2(0, T ; V )| v(t) ∈ K for a.e. t ∈ [0, T ] } . Using the Lebesgue mean value limit theorem we obtain that the variational inequality (14) is fulfilled. The inequality (15) is identical with (16). Then the following existence theorems holds.

Theorem 3.1. Let q ∈ W^{2,1} ( [0, T ]; V ) fulfil the condition (27). Then there exists a solution w ∈ W^{2,1}(0, T ; V ) of the variational inequalities (14), (15).

There exists a subsequence of a sequence {w_n} of segment line functions defined by discrete values w_i fulfilling the inequalities (16), (17) such that a weak convergence (29) holds.

Theorem 3.2. Let f ∈ W^{2,1} ( [0, T ]; V^∗ ) fulfil the bound

‖f(0)‖^2_0 + 1 a t∫ 0 e^{−2α(t−s)} ‖f^′(s) + βf(s)‖^2_0 ds <

(D_0 + D_1)^2 b ‖B‖^2

, t ∈ [0, T ]. (37)

Then there exists a triple {w, Φ, Φ_0} ∈ W^{2,1}(0, T ; V ) × L^2(0, T ; V ) × V solving the problem (7)–(10).

Remark 3.3. The exponential character of the conditions (27) and (37) implies that the bounds for the right hand sides q, q^′ or f, f^′ do not depend on the length T of the time interval. The bounds are closely related to the questions of the uniqueness of a solution.

4. Dynamic contact problem

We deal in this section with a dynamic contact problem for a von Kármán plate made of a short memory material. For simplicity the boundary conditions for a free boundary of the plate are considered. The case of Dirichlet conditions is more complicated. The approach used in [7] for the membrane case can be applied. The constants E_0, E_1 > 0 denote the Young modulus of elasticity and the modulus of viscosity, respectively. We introduce further the constants a =^{h2}_{12} , b =^{h2}_{12ϱ(1−μ2)} , where h is the the plate thickness and ϱ is the density of the material. We set Q = (0, T ) × Ω, S = (0, T ) × Γ and H^{1,2}(Q) the anisotropic Sobolev space of functions from L^2(Ω) with first and the second generalized derivatives with respect to time and space variables respectively. Classical formulation is composed of the system

ü − a△ü + b(E_1△^2u̇ + E_0△^2u) − [u, v] = f + g,

u ≥ 0, g ≥ 0, ug = 0,

△^2v + E_1∂_t[u, u] + E_0[u, u] = 0 on Q , (38)

the boundary conditions

u ≥ 0, Σ(u) ≥ 0, uΣ(u) = 0, M(u) = 0, v = 0 and ∂_ν v = 0 on S,

M(u) = b [ E_1M(u̇) + E_0M(u) ] , M(u) = △u + (1 − μ)(2ν_1ν_2∂_{12}u − ν^2_1 ∂_{22}u − ν^2_2 ∂_{11}u),

Σ(u) = b [ E_1V (u̇) + E_0V (u) ] − a∂_νü,

V (u) = ∂_ν △u + (1 − μ)∂_τ [ (ν^2_1 − ν^2_2 )∂_{12}u + ν_1ν_2(∂_{22}u − ∂_{11}u) ] (39)

and the initial conditions

u(0, ·) = u_0 ≥ 0, u̇(0, ·) = u_1 on Ω. (40)

For u, y ∈ L_2 ( I; H^2(Ω) ) we define the following bilinear form

A : (u, y) → b ( ∂_{kk} u∂_{kk} y + μ(∂_{11} u∂_{22} y + ∂_{22} u∂_{11} y) + 2(1 − μ)∂_{12} u∂_{12} y ) and introduce a cone K as

K := { y ∈ H^{1,2}(Q); ẏ ∈ L_2 ( I; H^1(Ω) ) , y ≥ 0 } . (41)

Then the variational formulation of the dynamic contact problem has the form:

Look for {u, Φ} ∈ K × L_2 ( I; H̊^2(Ω) ) , such that u̇ ∈ L_2(I; H^2(Ω)), u(0, ·) = u_0 and ∫ Q ( A(E_1u̇ + E_0u, y_1 − u) − a∇u̇ · ∇(ẏ − u̇) − u̇(ẏ − u̇) − [u, v](y_1 − u) ) dx dt

+ ∫ Ω ( a∇u̇ · ∇(y_1 − u) + u̇(y_1 − u) ) (T, ·) dx

≥ ∫ Ω ( a∇u_1 · ∇(y_1(0, ·) − u_0) + u_1(y_1(0, ·) − u_0) ) dx + ∫ Q f(y_1 − u) dx dt,

(42) ∫ Ω ( △Φ△y_2 + (E_1∂_t[u, u] + E_0[u, u])y_2 ) dx = 0 for all (y_1, y_2) ∈ K × H̊^2(Ω).

(43)

Using the operator B : V × V → V we reformulate the system (42), (43) into:

Problem P. We look for u ∈ K such that u̇ ∈ L_2 ( I; H^2(Ω) ) , u(0, .) = u_0 and ∫ Q ( E_1A(u̇, y − u) + E_0A(u, y − u) − a∇u̇ · ∇(ẏ − u̇) − u̇(ẏ − u̇) ) dx dt

+ ∫ Ω [ u, E_1∂_tB(u, u) + E_0B(u, u) ] (y − u) dx dt

+ ∫ Ω ( a∇u̇ · ∇(y − u) + u̇(y − u) ) (T, ·) dx

≥ ∫ Ω ( a∇u_1 · (∇y(0, ·) − ∇u_0) + u_1(y(0, ·) − u_0) ) dx + ∫ Q f(y − u) dx dt.

(44)

holds for any y ∈ K.

For any η > 0 we define the penalized problem. Its classical formulation is

the initial-boundary value problem

ü − a△ü + b(E_1△^2u̇ + E_0△^2u) − [u, v] = f + η^{−1}u^−,

△^2v + E_1∂_t[u, u] + E_0[u, u] = 0,

Σ(u) = 0, M(u) = 0, v = 0 and ∂_ν v = 0 on S,

u(0, ·) = u_0 ≥ 0, u̇(0, ·) = u_1 on Ω. (45)

Applying the operator B we obtain in the same way as above the variational

formulation for the unknown deflection u :

IGOR BOCK — JIŘÍ JARUŠEK

Problem P_η. We look for u ∈ H^{1,2}(Q) such that u̇ ∈ L_2 ( I; H^2(Ω) ) , ü ∈ L_2 ( I; H^1(Ω) ) , and the equation ∫ Q ( a∇ü · ∇z + üz + E_1A(u̇, z) + E_0A(u, z)

+ [u, E_1∂_tB(u, u) + E_0B(u, u)]z

− η^{−1}u^−z ) dx dt = ∫ Q fz dx dt, (46)

holds for any z ∈ L_2 ( I; H^2(Ω) ) and the conditions (40) remain valid.

To derive the a priori estimates for solutions of (46) we put z = { u̇ for t ≤ s, 0 for t > s

in (46) with an arbitrary s ∈ I. We denote Q_s ≡ (0, s) × Ω. Taking in mind ∫ Ω [u, v]y dx = ∫ Ω [u, y]v dx (47)

if at least one element of {u, v, y} belongs to H̊^2(Ω), cf. [6], we get ∫ Q_s ( 1 2 ∂_t ( a|∇u̇|^2 + u̇^2 + E_0A(u, u) +

E_0 2 ( △B(u, u)

)_2 + η^{−1}(u^−)^2 )

+E_1A(u̇, u̇) +

E_1 2 ( △∂_tB(u, u)

)_2 ) dx dt = ∫ Q fu̇ dx dt. (48)

This leads to the a priori estimate

‖u̇‖^2_{L2(I;H}2_{(Ω))} + ‖u̇‖^2_{L∞(I;H}1_{(Ω))} + ‖u‖^2_{L∞(I;H}2_{(Ω))} + ‖∂_tB(u, u)‖^2_{L2(I;H}2_{(Ω))} ≤ c ≡ c(f, u_0, u_1). (49)

Moreover, the estimate (13) implies

‖∂_tB(u, u)‖_{L2(I;W} 2_{p (Ω))} ≤ c_p ≡ c_p(f, u_0, u_1) for all p > 2. (50)

The estimates are η independent. Since for a fixed η > 0 the penalty term η^{−1}u^− belongs, e.g., to H^1(Q), this together with (49) and (45) yields an estimate of ü − a△ü in L_2(I; H^2(Ω)^∗). We verify the existence and the uniqueness of a solution to the penalized problem. The following generalization of the Aubin’s compactness lemma verified in [10] Theorem 3.1 will be essentially used:

Lemma 4.1. Let B_0 →→ B → B_1 be Banach spaces, the first reflexive and separable. Let 1 < p < ∞, 1 ≤ q < ∞. Then W ≡ { v; v ∈ L_p(I; B_0), v̇ ∈ L_q(I, B_1) } →→ L_p(I; B).

Theorem 4.2. Let f ∈ L_2(Q), u_i ∈ H^2(Ω), i = 0, 1. Then there exists a unique solution u ∈ H^{1,2}(Q) of the problem P_η.

P r o o f. (i) The existence. Let us denote by { w_i ∈ H^2(Ω); i ∈ N } an orthonormal basis of H^2(Ω). We construct the Galerkin approximation u_m of a solution in a form

u_m(t) = m∑ i=1 α_i(t)w_i, α_i(t) ∈ R, i = 1, . . . , m, m ∈ N, ∫ Ω ( a∇ü_m(t) · ∇w_i + ü_m(t)w_i + E_1A ( u̇_m(t), w_i ) + E_0A ( u_m(t), w_i )

+ [ u_m(t), w_i ]( E_1∂_tB(u_m, u_m)(t) + E_0B(u_m, u_m)(t) ) − η^{−1}u_m(t)^−w_i ) dx = ∫ Ω f(t)w_i dx, i = 1, . . . , m,

(51)

u_m(0) = u_{0m}, u̇_m(0) = u_{1m}, u_{im} → u_i in H^2(Ω), i = 0, 1. (52)

The system (51) can then be expressed in the form

α̈_i = F_i(t, α̇_1, . . . , α̇_m, α_1, . . . , α_m), i = 1, . . . , m.

Its right-hand side satisfies the conditions for the local existence of a solution fulfilling the initial conditions corresponding to the functions u_{0m}, u_{1m}. Hence there exists a Galerkin approximation u_m(t) defined on some interval [0, t_m], 0 < t_m < T . Applying similar a priori estimates as above we receive the conditions for the prolongation of a solution to the whole interval [0, T ]. After multiplying the equation (51) by α̇_i(t), summing up with respect to i and integrating we obtain the estimates analogous to (49), (50):

‖u̇_m‖^2_{L2(I;H}2_{(Ω))} + ‖u̇_m‖^2_{L∞(I;H}1_{(Ω))} + ‖u_m‖^2_{L∞(I;H}2_{(Ω))}

+ ‖∂_tB(u_m, u_m)‖^2_{L2(I;H}2_{(Ω))} ≤ c ≡ c(f, u_0, u_1), (53) ‖∂_tB(u_m, u_m)‖_{L2(I;W} 2_{p (Ω))} ≤ c_p ≡ c_p(f, u_0, u_1), for all p > 2. (54)

The estimate (54) further implies [ u_m, E_1∂_tΦ(u_m, u_m) + E_0Φ(u_m, u_m) ] ∈ L_2 ( I; L_r(Ω) ) , r = 2p p + 2 , ‖ [u_m, E_1∂_tB(u_m, u_m) + E_0B(u_m, u_m)] ‖ L_2(I;L_r (Ω)) ≤ cr ≡ cr(f, u0, u1). (55)

After multiplying the equation (51) by α̈_i(t), summing up with respect to i integrating and using the imbedding L_q(Ω) → H^1(Ω), q = 2p/(p − 2) we obtain the estimate

‖ü_m‖^2_{L2(I;H}1_{(Ω))} ≤ c_η, m ∈ N. (56)

We proceed with the convergence of the Galerkin approximation. Applying the estimates (53)–(56) and the Aubin’s compactness lemma we obtain for any p ∈ [1, ∞] a subsequence of {u_m} (denoted again by {u_m}), and a function u the convergences

u̇_m ⇀^∗ u̇ in L_∞ ( I; H^1(Ω) ) , u̇_m ⇀ u̇ in L_2 ( I; H^2(Ω) ) , ü_m ⇀ ü in L_2 ( I; H^1(Ω) ) , u̇_m → u̇ in L_p ( I; H^1(Ω) ) ∩ L_2 ( I; H^{2−ε}(Ω) ) ∀ ε ∈ (0, 1),

u_m → u in C_0 ( I; W^1_p (Ω) ) , ∂_tB(u_m, u_m) ⇀ ∂_tB(u, u) in L_2 ( I; W^2_p (Ω) ) . (57)

The fourth convergence follows for p ≤ 2 from the second and third one via the compact imbedding theorem, for p > 2 by interpolation of the previous result with the first convergence. The fifth convergence u_m → u in (57) follows from the second and the fourth one by a standard interpolation and imbedding technique (cf. [7], Chapter 2). The last convergence is a consequence of (13) and the second and fifth convergence.

Let μ ∈ N and z_μ =

∑_m

i=1 ϕ_i(t)w_i, ϕ_i ∈ D(0, T ), i = 1, . . . , μ . The convergence process (57) and the property (47) imply that a function u fulfils ∫ Q ( a∇ü · ∇z_μ + üz_μ + E_1A(u̇, z_μ) + E_0A(u, z_μ)

+ [ u, E_1∂_tΦ(u, u) + E_0Φ(u, u) ] z_μ − η^{−1}u^−z_μ ) dx dt = ∫ Q fz dx dt.

Functions {z_μ} form a dense subset of the set L_2 ( I; H^2(Ω) ) , hence a function u fulfils the identity (46). The initial conditions (40) follow due to (52) and the proof of the existence of a solution is complete. □

(ii) The uniqueness. Let u, û be two solutions of Problem P_η and let w = u − û. We have for arbitrary s ∈ I the relations ∫ Q_s ( a∇ẅ · ∇z + ẅz + E_1A(ẇ, z) + E_0A(w, z) + ( [u, E_1∂_tΦ(u, u) + E_0Φ(u, u)] − [û, E_1∂_tΦ(û, û) + E_0Φ(û, û)] ) z − η^{−1}(u^− − û^−)z ) dx dt = 0 for all z ∈ L_2(I; H^2(Ω)),

w(0, .) = ẇ(0, .) = 0 on Ω.

After setting z = ẇ we get 1 2 ( a‖∇ẇ‖_{L2(Ω)}2 + ‖ẇ‖_{L2(Ω)} + E_0 ∫ Ω A(w, w)dx ) (s) + E_1 ∫ Q_s

A(ẇ, ẇ) dx dt

= ∫ Q s ( [û, E_1∂_tΦ(û, û) + E_0Φ(û, û)] − [u, E_1∂_tΦ(u, u) + E_0Φ(u, u)]

+ η^{−1}(u^− − û^−) ) ẇ dx dt.

Using the estimate (55) with u and û instead of u_m and the imbedding L_q(Ω) → H^1(Ω), q =^{2p}_{p−2} we obtain the inequality

‖ẇ‖^2_H1_{(Ω)}(s) ≤ c η s∫ 0 ‖ẇ‖^2_H1_{(Ω)}(t) dt, for every s ∈ I.

The Gronwall lemma implies ‖ẇ‖_H1_{(Ω)}(s) = 0 for every s ∈ I and the uniqueness of a solution follows due to zero initial conditions for w ≡ u − û.

We proceed with the existence theorem for the original problem.

Theorem 4.3. Let f ∈ L_2(Q), u_i ∈ H^2(Ω), i = 0, 1., u_0 ≥ 0. Then there exists a solution u ∈ H^{1,2}(Q) of the problem P.

To prove this theorem we need to perform the limit process η ↘ 0. We shall write u_η for the solution of the problem P_η. To get the crucial estimate for the penalty, we put z = 1 in (46). After an obvious calculation with the use of (47) we get ∫ Q η^{−1}u^−_η dx dt = ∫ Q (ü_η − f) dx dt = ∫ Ω (u̇_η(T, ·) − u_1) dx − ∫ Q f dx dt,

hence regarding the second norm in (49) we arrive at the estimate

‖η^{−1}u^−_η ‖_{L1(Q)} ≤ c(f, u_0, u_1). (58) which is independent of η. The standard imbedding L_1(Ω) → H^α(Ω), valid for

any α > 1 and the a priori estimates (49) and (50) imply for the functional φ_η

φ_η : w → ∫ Q a∇u̇_η∇w + u̇_ηw dx dt (59)

the following estimate

‖φ̇_η‖_{L1(I;H}2_{(Ω)}∗_) ≤ c, (60)

with η independent of c . The Lemma 4.1 yields the compact imbedding { v; v ∈ L_2 ( I; L_2(Ω)+L_2(Γ ) ) , v̇ ∈ L_1 ( I; H^2(Ω)^∗ )} →→ L_2 ( I; H^1(Ω)^∗ ) , (61)

hence {φ_η; η > 0} is relatively compact in L_2 ( I; H^1(Ω)^∗ ) . The a priori estimates (49), (50), the relation (61) and the standard theory

of linear elliptic equations yield the existence of a sequence η_k ↘ 0 such that for

u_k ≡ u_{ηk} the following convergences hold for any real p ≥ 1

u̇_k ⇀ u̇ in L_2 ( I; H^2(Ω) ) (62)

u̇_k → u̇ in L_2 ( I; W^1_p (Ω) ) , (63)

u_k → u in C_0 ( I; W^1_p (Ω) ) , (64)

∂_tB(u_k, u_k) ⇀ ∂_tB(u, u) in L_2 ( I; W^2_p (Ω) ) , p ≥ 1. (65)

Indeed, the crucial strong convergence (63) is straightforward for p = 2 if we

calculate ‖u̇_k − u̇‖^2_{L2(I;H}1_{(Ω);a)} ≡ ∫ Q a∇(u̇_k − u̇)∇(u̇_k − u̇) + (u_k − u)^2 dx dt

= ⟨φ_k − φ, u̇_k − u̇⟩ → 0. Its interpolation with (62) and the appropriate imbed-

ding theorem proves it for p ∈ (2, ∞). The convergence (64) follows then imme-

diately from the strong convergence u_k → u in H^1(I; H^{2−ε}(Ω)) (valid for every

ε ∈ [0, 1)) via the standard imbedding theorem. Hence (65) can be derived as

earlier.

We put the test function z = y − u_k in (46) for y ∈ K and perform the integration by parts in the terms containing ü. We arrive at the inequality ∫ Q ( − a|∇u̇_k|^2 − u̇^2_k + E_0(A(u_k, u_k) + (△B(u_k, u_k))^2) ) dx dt

+ ∫ Ω (a∇u̇_k · ∇u_k + u̇_ku_k)(T, ·) + 1 2 E_1 ( A(u_k, u_k) + (△B(u_k, u_k))^2 ) (T, ·)

≤ ∫ Q ( −a∇u̇_k · ∇y − u̇_ky + A(E_1u̇_k + E_0u_k, y)

+ [ u_k, E_1∂_tB(u_k, u_k) + E_0B(u_k, u_k) ] y + f(u_k − y) ) dx dt + ∫ Ω ( (a∇u̇_k · ∇y + u̇_ky)(T, ·) − (a∇u̇_k · ∇y + u̇_ky)(0, ·)

+ 1 2 E_1 ( A(u_k, u_k) + (△B(u_k, u_k))^2 ) (0, ·) ) dx, for all k = 1, 2 . . . , y ∈ K.

Applying the convergences (62)–(65) and the weak lower semicontinuity verify that the limit u is a solution of the original problem P.

REFERENCES

[1] BERGER, M. S.—FIFE, P. C.: Von Kármán’s equations and the buckling of a thin elastic plate, Comm. Pure Appl. Math. 21 (1968), 227–241.

[2] BOCK, I.—KAČUR, J.: Application of Rothe’s method to parabolic variational inequalities, Math. Slovaca 31 (1981), 429–436.

[3] BOCK, I.—LOVÍŠEK, J.: On unilaterally supported viscoelastic von Kármán plates with a long memory, Math. Comput. Simulation 61 (2003), 399–407.

[4] CHRISTENSEN, R. M.: Theory of Viscoelasticity, (2nd ed.), Academic Press, New York, 1982.

[5] CIARLET, P. G.: A justification of the von Kármán equations, Arch. Ration. Mech. Anal.

73 (1980), 349–389.

[6] CIARLET, P. G.—RABIER, P.: Les Équations de von Kármán. Lecture Notes in Math., Vol. 826, Springer-Verlag, Berlin, 1980.

[7] ECK, C.—JARUŠEK, J.—KRBEC, M.: Unilateral Contact Problems: Variational Methods and Existence Theorems. Chapman & Hall /CRC, Boca Raton, 2005.

[8] HORN, M. A.—LASIECKA, I.: Uniform decay of weak solutions to a Von Karman plate with nonlinear boundary dissipation Differ. Integral Equ. 7 (1994), 885–908.

[9] JARUŠEK, J.: Dynamic contact problems with given friction for viscoelastic bodies, Czech. Math. J. 46 (1996), 475–487.

[10] JARUŠEK, J.—MÁLEK, J.—NEČAS, J.—ŠVERÁK, V.: Variational inequality for a viscous drum vibrating in the presence of an obstacle, Rend. Mat. Appl. (7), 12 (1992), 943–958.

[11] JOHN, O.: On Signorini problem for von Kármán equations, Appl. Math. 22 (1977), 52–68.

[12] KOCH, H.—STACHEL, A.: Global existence of classical solutions to the dynamical von Kármán equations, Math. Methods Appl. Sci. 16 (1993), 581–586.

[13] MARUO, K.: Existence of solutions of some nonlinear wave equations, Osaka J. Math.

22 (1985), 21–30.

[14] MUÑOZ RIVERA, E.—PERLA MENZALA, G.: Decay rates of solutions to a von Kármán system for viscoelastic plates with memory, Quart. Appl. Math. 47 (1999), 181–200.

[15] NAUMANN, J.: On some unilateral boundary value problems for the von Kármán equations, Appl. Math. 20 (1975), 96–125.

[16] SCHATZMAN, M.: A hyperbolic problem of second order with unilateral constraints: the vibrating string with a concave obstacle, J. Math. Anal. Appl. 73 (1980), 183–191.

Received October 23, 2006 Igor Bock Dept. of Mathematics FEI STU, Ilkovičova 3 812 19 Bratislava SLOVAK REPUBLIC E-mail: igor.bock@stuba.sk

Jiří Jarušek Mathematical Institute Czech Academy of Sciences Žitná 25 115 67 Prague 1 CZECH REPUBLIC E-mail: jarusek@math.cas.cz