Tatra Mt. Math. Publ. 38 (2007), 57–69 tm Mathematical Publications

ON THE DIFFERENTIAL EQUATION WITH POWER COEFFICIENTS AND PROPORTIONAL DELAYS

Jan Čermák

ABSTRACT. The main result presents the description of some asymptotic properties of the delay differential equation

ẏ(t) = m∑ j=0 a_j t^{αj} y(λ_jt), t > 0 ,

where a_j , α_j , λ_j are real scalars such that a_j ≠ 0 (j = 0, . . . , m), λ_0 = 1 and 0 < λ_j < 1 (j = 1, . . . , m). We show that the asymptotic behaviour of the solutions essentially depends on the sign of a_0 and, as an auxiliary result, we find a solution of a special functional equation.

1. Introduction

The aim of this paper is to discuss the asymptotic behaviour of the solutions of the differential equation with rescaling

ẏ(t) = m∑ j=0 a_j t^{αj} y(λ_j t), t > 0 , (1.1)

where a_j , α_j, λ_j are real scalars such that a_j ≠ 0 (j = 0, . . . , m), λ_0 = 1 and 0 < λ_j < 1 (j = 1, . . . , m).

The qualitative investigation of (1.1) is of great importance because of interesting applications as well as for theoretical reasons. The list of diverse applications of linear differential equations with proportional delays can be found in

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 34K15, 34K25, 39B22. K e y w o r d s: delay differential equation, functional equation, asymptotic behaviour. The research was supported by the grant # IAA1163401 of the Grant Agency of the Academy of Sciences of the Czech Republic and by the research plan MSM 0021630518 ”Simulation modelling of mechatronic systems” of the Ministry of Education, Youth and Sports of the Czech Republic.

JAN ČERMÁK

[14]. In particular, equations with power (or more generally polynomial) coefficients and proportional delays appear in control theory in the context of the remote control problem of a moving away object, in the case when the distance between the control panel and the object cannot be neglected.

The theoretical study of (1.1) started at the beginning of the seventies, when T. K a t o and J. B. M c L e o d [12] described the asymptotic and oscillatory properties of (1.1) with m = 1 and α_0 = α_1 = 0. Later, many papers generalizing these results have appeared. Among numerous papers we can mention at least those by E. B.L i m [15], L. P a n d o l f i [18], A. I s e r l e s [10] and [11], Y. L i u [16], G. M a k a y and J. T e r j e k i [17], [2], [3] and many others. For further related results we refer, e.g., to papers by O. A r i n o and M. P i t u k [1], J. D i b lí k [6] or I. G y ő r i and M. P i t u k [8]. In particular, the asymptotic investigation of differential equations with polynomial coefficients and linearly compressed arguments was the subject of papers published by G. D e r f e l [4] and G. D e r f e l and F. V o g l [5].

The recapitulation of some relevant results will be carried out in Section 2. Here we also outline, how these results can motivate us in the asymptotic investigation of equation (1.1). As it might be expected, we have to distinguish the cases a_0 positive (Section 3) and a_0 negative (Section 4).

As it is customary, by a solution of (1.1) we understand a real valued function y, which is defined and continuous on an interval [σ^∗, ∞), where σ^∗ > 0, continuously differentiable on [σ, ∞), where σ = σ^∗ max(λ^{−1}_1 , . . . , λ^{−1}_m ) and satisfying (1.1) on [σ, ∞). We note that all the results of this paper remain valid also for solutions of (1.1) defined on [0, ∞).

2. Some auxiliary results

In this section, we first recall some related results concerning the delay equation (1.1). If we consider (1.1) with constant coefficients and a single delay, i.e.,

ẏ(t) = a_0y(t) + a_1y(λt), 0 < λ < 1, t > 0 , (2.1)

then we have (see ([12]).

Theorem 2.1. (i) Let a_0 > 0, a_1 ≠ 0. Then for any solution y of (2.1) there exists a constant L such that

lim_{t→∞} exp{−a_0t}y(t) = L .

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

(ii) Let a_0 < 0, a_1 ≠ 0. Then

y(t) = O(t^γ ), as t → ∞, γ = log^{|a1|}_{−a0} log λ^{−1} for any solution y of (2.1).

Considering the nonautonomous equation (2.1), i.e.,

ẏ(t) = a_0(t)y(t) + a_1(t)y(λt), 0 < λ < 1, t > 0 , (2.2) we can recall the following result derived in [17], which is relevant with the respect to the asymptotic investigation of (1.1).

Theorem 2.2. Consider equation (2.2), where the functions a_0, a_1 ∈ C ( (0, ∞) ) are such that |a_1(t)| ≤ −Qa_0(t) for a suitable Q > 0 and all t large enough and a_0(t) ≤ −mt^{−α} for all t large enough, where m > 0 and α < 1 are suitable constants. If y is a solution of (2.2), then

y(t) = O(t^γ ) as t → ∞, γ = log Q log λ^{−1} . As we remarked above, the asymptotic investigation of differential equations with power coefficients and proportional delays was the subject of papers [4] and [5]. We recall here the following asymptotic result from [4], which we reformulate for equation (1.1). Let us emphasize that the assumption λ_0 = 1 is now replaced by 0 < λ_0 < 1.

Theorem 2.3. Consider equation (1.1), where a_j, α_j , λ_j are real scalars such that a_j ≠ 0 and 0 < λ_j < 1 (j = 0, . . . , m). Then there exists δ̃ >^1_{2 log λ−1j} (j = 0, . . . , m) such that any solution y of (1.1) satisfies the estimate y(t) = O ( exp{δ log^2 t} ) as t → ∞ , where δ > δ̃.

Our aim is to generalize or extend some of the previous results to equation (1.1). For some preliminary ideas it can be useful to note that the functions exp{a_0t} and t^γ , γ =^{log}

|a1| −a0 log λ^{−1} appearing in the asymptotic relations of Theo-

rem 2.1 are solutions of equations ẏ(t) = a_0y(t), t > 0 and a_0ω(t) + |a_1|ω(λt) = 0, t > 0 , respectively. A similar interpretation can be done also for the function t^γ appearing in the O-term presented in Theorem 2.2. These connections lead us to the

JAN ČERMÁK

question, whether the asymptotic behaviour of solutions of (1.1) can be related (under specified sign condition imposed on a_0) to the behaviour of a solution of the differential equation

ẏ(t) = a_0t^{α0} y(t), t > 0

or to the behaviour of a solution of the mth order functional equation m∑ j=1 |a_j |t^{αj} ω(λ_jt) = −a_0t^{α0} ω(t), t > 0 . (2.3)

As we shall see in the next sections, this conjecture is true and, moreover, instead of the functional equation (2.3) we can consider the corresponding inequality m∑ j=1 |a_j |t^{αj} ω(λ_jt) ≤ −a_0t^{α0} ω(t), t > 0 . (2.4)

Hence, our next step is to find a particular solution of the functional inequality (2.4) so that the corresponding asymptotic result could be effective. To simplify the process of solving (2.4) it is enough to find a solution of the first order functional equation

t^β φ(λt) = bφ(t), t > 0 (2.5)

with suitable reals b > 0, 0 < λ < 1 and β. There is no general method how to explicitly solve linear functional equations in a single variable; solutions of these equations are usually expressed by means of iterative formulas (see, e.g., M. K u c z m a et al. [13]). However, in some particular cases, it is possible to find a solution in the required explicit form.

Equation (2.5) was solved in the particular case β = 1 in the paper by M. L. H e a r d [9], where this equation arised in the context of the qualitative investigation of an advanced differential equation. The method of solving is based on the Mellin integral transformation Φ(s) = ∞∫ 0 φ(t)t^{s−1} dt and its

properties. Although we can modify this method to obtain a solution of (2.5), we shall proceed in a different way and propose an alternative method of solving (2.5) which seems to be much more simple that the method described in [9].

One of the most important equations of linearization is that of Abel. Particularly, in the case of (2.5) its form becomes

ρ(λt) = ρ(t) − 1

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

and admits the solution ρ(t) =^{log t}_{log λ−1} . If we set s =^{log t}_{log λ−1} , ψ(s) = φ(t) in (2.5), then ψ(s) defines a solution of the difference equation

ψ(s) = ψ(s − 1) bλ^{βs}

. (2.6)

Now considering this relation with s replaced successively by s − 1, s − 2, . . . , we can conclude that equation (2.6) admits the solution

ψ(s) = 1 b^sλ^β(^{s+12} ) . We note that another way of solving (2.6) is to take the logarithm in (2.6) to obtain a linear difference equation with constant coefficients and a polynomial forcing term. Then applying the method of undetermined coefficients (see, e.g., S. E l a y d i [7]) we can arrive at the same form of ψ.

Substituting this back we get the required solution of (2.5) in the form

φ(t) = exp { β log^2 t 2 log λ^{−1} + ( β 2 − log b log λ^{−1} ) log t } . (2.7)

This solution is eventually nondecreasing provided β > 0 or β = 0 and b ≤ 1, and it is eventually decreasing otherwise (i.e., if β < 0 or β = 0 and b > 1).

Now we consider relations (2.4), (2.5) and put

β := max(α_1, . . . , α_m) − α_0, b :=

−a_0 m∑ j=1 |a_j |

(2.8)

and

λ := max(λ_1, . . . , λ_m) if β > 0 or β = 0 and b ≤ 1 , min(λ_1, . . . , λ_m) if β < 0 or β = 0 and b > 1 .

(2.9)

Summarizing our previous calculations we can deduce

Proposition 2.4. The function φ given by (2.7) with the above specified parameters β, b and λ defines an infinitely many differentiable and eventually monotonic solution of (2.4) on (0, ∞).

JAN ČERMÁK

3. Asymptotic behaviour in the case a_0 > 0

In this section, we mention some asymptotic properties of equation (1.1) provided the coefficient a_0 is positive. The following result shows that the presence of delayed terms has no essential influence on the asymptotic behaviour of (1.1).

Theorem 3.1. Consider equation (1.1), where a_j, α_j , λ_j are real scalars such that a_0 > 0, λ_0 = 1, a_j ≠ 0 and 0 < λ_j < 1 (j = 1, . . . , m). Further assume that either α_0 > −1 and α_j is arbitrary or α_0 ≤ −1 and α_j < −1 (j = 1, . . . , m).

If α_0 ≠ −1, then for any solution y of (1.1) there exists a constant L (depending on y) such that

lim_{t→∞} exp { − a_0t^{α0+1} α_0 + 1 } y(t) = L . (3.1)

Conversely, for any real L there exists a solution y of (1.1) such that (3.1) holds.

If α_0 = −1, then for any solution y of (1.1) there exists a constant L such that

lim_{t→∞} y(t) t^{α0}

= L . (3.2)

Conversely, for any real L there exists a solution y of (1.1) such that (3.2) holds.

The proof of Theorem 3.1 essentially utilizes known results concerning the existence of asymptotic equilibrium for functional differential equations. For our next purposes it is enough to recall the following result which is due to M. P i t u k [19].

Theorem 3.2. Consider the equation

ż(t) = m∑ j=1 p_j (t)z ( τ_j (t) ) , t ∈ [t_0, ∞), (3.3)

where p_j, τ_j ∈ C ( [t_0, ∞) ) , τ_j (t) ≤ t for all t ∈ [t_0, ∞) and inf { τ_j (t), t

∈ [t_0, ∞) } > −∞ (j = 1, . . . , m). If^m ∑ j=1 ∞∫ t_0

|p_j(t)| dt converges, then every so-

lution z of (3.3) tends to a finite limit as t → ∞.

Moreover, if^m ∑ j=1 ∞∫ t_0

|p_j(t)| dt < 1 and L is a nonzero constant, then there exists

a function z satisfying (3.3) on [t_0, ∞) and tending to L as t → ∞.

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

P r o o f o f T h e o r e m 3.1. Let y be a solution of (1.1). If α_0 ≠ −1, we set z(t) = exp { −^{a0tα0+1}

α_0+1 } y(t). Then the function z is a solution of

ż(t) = m∑ j=1 a_j t^{αj} exp { a_0t^{α0+1} α_0 + 1

(λ_j − 1) } z(λ_jt) , (3.4)

i.e., (3.4) is equation (3.3) with p_j (t) = a_j t^{αj} exp

{_{a0tα0+1}

α_0+1 (λj − 1) } (j = 1, . . . , , . . . , m). If α_0 = −1, we set z(t) = y(t)/t^{a0} . Then z is a solution of

ż(t) = m∑ j=1 a_jλ^{a0}_j t^{αj} z(λ_jt) ,

which is equation (3.3) with p_j (t) = a_j λ^{a0}_j t^{αj} (j = 1, . . . , m).

By a simple calculation we can check that in both cases^m ∑ j=1 ∞∫ σ |p_j (t)| dt

converges for any σ > 0. Of course, considering σ large enough we have m∑ j=1 ∞∫ σ |p_j(t)| dt < 1. Now the both assertions follow from Theorem 3.2. □

4. Asymptotic behaviour in the case a_0 < 0

This section discusses the asymptotic behaviour of solutions of (1.1) provided a_0 is negative. As a main result, we confirm our conjecture posed in Section 2, namely that the asymptotic bound of the solutions of (1.1) can be expressed by means of a solution of the inequality (2.4).

Theorem 4.1. Consider equation (1.1), where a_j, α_j , λ_j are real scalars such that a_0 < 0, λ_0 = 1, a_j ≠ 0 and 0 < λ_j < 1 (j = 1, . . . , m). Let β, b and λ be defined as in (2.8), (2.9) and let Λ := max(λ_1, . . . , λ_m).

If either Λ = λ (i.e., max(α_1, . . . , α_m) > α_0 or max(α_1, . . . , α_m) = α_0 and m∑ j=1 |a_j | + a_0 ≥ 0) or α_0 > −1, then

y(t) = O ( exp { β log^2 t 2 log λ^{−1} + ( β 2 − log b log λ^{−1} ) log t }) as t → ∞

for any solution y of (1.1).

JAN ČERMÁK

If max(α_1, . . . , α_m) = α_0 = −1,^m ∑ j=1 |a_j |+a_0 < 0 and a_0 ≤−2 log b/(log λ^{−1}),

then

y(t) = O ( exp { β log^2 t 2 log λ^{−1} + ( β 2 + 1 log Λ^{−1} − log b log λ^{−1} ) log t }) as t → ∞

for any solution y of (1.1).

P r o o f. Let y satisfy (1.1) on [σ, ∞), σ > 0. We introduce the substitution s = log t log Λ^{−1}

, z(s) = y(t) φ(t) , where φ is given by (2.7). Then z is a solution of

z^′(s) = [ a_0Λ^{−α0s}Λ^{−s} log Λ^{−1} − ( φ(Λ^{−s})

)_′

φ(Λ^{−s}) ] z(s)

+ m∑ j=1 a_j Λ^{−αj s}Λ^{−s} log Λ^{−1} φ(λ_j Λ^{−s}) φ(Λ^{−s}) z(s − c_j ) ,

(4.1)

where ”^′” means the derivative with the respect to s and c_j := log λ^{−1}_j / log Λ^{−1} ≥ 1 (j = 1, . . . , m). Relation (4.1) is equivalent to [ z(s)φ(Λ^{−s}) exp { −a_0

Λ^{−(α0+1)s} α_0 + 1 }]′

= m∑ j=1 a_jΛ^{−αj s}Λ^{−s} log Λ^{−1}φ(λ_jΛ^{−s}) exp { −a_0

Λ^{−(α0+1)s} α_0 + 1 } z(s − c_j) . (4.2)

Now let η > 0 be such that φ is monotonic for all t ≥ η and put s_0 := max (_{log σ}

log Λ^{−1} , log η log Λ^{−1} ) , s_{−1} := s_0 − max(c_1, . . . , c_m), J_0 := [s_{−1}, s_0], J_k := [s_0 +

k − 1, s_0 + k] and S_k := sup { |z(s)|, s ∈^k ⋃ i=0 J_i } (k = 1, 2, . . . ). Then [s_0, ∞) = ∞⋃ k=1 J_k and s − c_j ∈^k ⋃ i=0 J_i for every s ∈ J_{k+1} (j = 1, . . . , m).

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

Now we consider arbitrary s̃ ∈ J_{k+1} and integrate (4.2) over [s_0 + k, s̃]. Then

z(s̃) = φ ( Λ^{−(s0+k)} ) φ(Λ^{−s̃}) exp { a_0 α_0 + 1 ( Λ^{−(α0+1)s̃} − Λ^{−(α0+1)(s0+k)} )} z(s_0 + k)

+ s̃∫ s_0+k m∑ j=1 a_j Λ^{−αj s}Λ^{−s} log Λ^{−1} φ(λ_jΛ^{−s}) φ(Λ^{−s̃})

× exp { a_0 α_0 + 1 ( Λ^{−(α0+1)s̃} − Λ^{−(α0+1)s} )} z(s − c_j ) ds .

Taking the absolute value and using (2.4) with t replaced by Λ^{−s} we arrive to

|z(s̃)| ≤S_k ( φ ( Λ^{−(s0+k)} ) φ(Λ^{−s̃}) exp { a_0 α_0 + 1 ( Λ^{−(α0+1)s̃} − Λ^{−(α0+1)(s0+k)} )}

+ s̃∫ s_0+k

−a_0Λ^{−α0s}Λ^{−s} log Λ^{−1} φ(Λ^{−s}) φ(Λ^{−s̃})

× exp { a_0 α_0 + 1 ( Λ^{−(α0+1)s̃} − Λ^{−(α0+1)s} )} ds )

≤S_k ( φ(Λ^{−(s0+k)}) φ ( Λ^{−s̃}

) exp { a_0 α_0 + 1 ( Λ^{−(α0+1)s̃} − Λ^{−(α0+1)(s0+k)} )}

+ exp {_{a0}

α_0+1 Λ

−(α_0+1)s̃}

φ(Λ^{−s̃}) s̃∫ s_0+k

φ(Λ^{−s}) d ds [ exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }] ds ) . (4.3)

Denote I_1 := s̃∫ s_0+k

φ(Λ^{−s})^d_{ds} [ exp { −^{a0}_{α0+1} Λ^{−(α0+1)s} }] ds and integrate this by

parts to get

I_1 = [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }]s̃ s_0+k − s̃∫ s_0+k d ds [ φ(Λ^{−s}) ] exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} } ds .

JAN ČERMÁK

If max(α_1, . . . , α_m) > α_0 or max(α_1, . . . , α_m) = α_0 and^m ∑ j=1 |a_j |+a_0 ≥ 0, then

φ(Λ^{−s}) is nondecreasing for all s ≥ s_0, hence

I_1 ≤ [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }]s̃ s_0+k . Substituting this estimate into (4.3) we have |z(s̃)| ≤ S_k, hence S_{k+1} ≤ S_k and (S_k) is bounded as k → ∞.

If φ(Λ^{−s}) is decreasing for all s ≥ s_0, then

I_1 = [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }]s̃ s_0+k

+ I_2 ,

where

I_2 := s̃∫ s_0+k d ds [ −φ(Λ^{−s}) ] exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} } ds

= s̃∫ s_0+k

−φ^′(Λ^{−s}) φ^′(Λ^{−s}) − a_0Λ^{−α0s}φ(Λ^{−s}) d ds [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }] ds .

Our next step is to estimate I_2. A repeated integration by parts yields

I_2 = [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s}

} −φ′(Λ−s) φ^′(Λ^{−s}) − a_0Λ^{−α0s}φ(Λ^{−s})

]_{s̃}

s_0+k + s̃∫ s_0+k

φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} } d ds [ φ^′(Λ^{−s}) φ^′(Λ^{−s}) − a_0Λ^{−α0s}φ(Λ^{−s}) ] ds

≤ [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s}

} −φ′(Λ−s) φ^′(Λ^{−s}) − a_0Λ^{−α0s}φ(Λ^{−s})

]_{s̃}

s_0+k

+ φ(Λ^{−s̃}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s̃}

}[ φ′(Λ−s)

φ^′(Λ^{−s}) − a_0Λ^{−α0s}φ(Λ^{−s})

]_{s̃}

s_0+k = [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }]s̃ s_0+k × −φ^′(Λ^{−(s0+k)}) φ^′(Λ^{−(s0+k)}) − a_0Λ^{−α0(s0+k)}φ(Λ^{−(s0+k)}) ,

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

where we utilized the monotonicity of the term φ(Λ^{−s}) exp { −^{a0}_{α0+1} Λ^{−(α0+1)s} } following either from the assumption α_0 > −1 or the from the assumptions α_0 = −1, β = 0, b > 1 and a_0 ≤ −2 log b/(log λ^{−1}). The estimate of I_2 implies that

I_1 ≤ [ φ(Λ^{−s}) exp { − a_0 α_0 + 1

Λ^{−(α0+1)s} }]s̃ s_0+k × ( 1 + −φ^′ ( Λ^{−(s0+k)} ) φ^′ ( Λ^{−(s0+k)} ) − a_0Λ^{−α0(s0+k)}φ ( Λ^{−(s0+k)} ) ) . Substituting this into (4.3) we obtain

|z(s̃)| ≤ S_k ( 1 − φ^′ ( Λ^{−(s0+k)} ) φ^′ ( Λ^{−(s0+k)} ) − a_0Λ^{−α0(s0+k)}φ ( Λ^{−(s0+k)} ) ) , hence

S_{k+1} ≤ S_k ( 1 − φ^′ ( Λ^{−(s0+k)} ) φ^′(Λ^{−(s0+k)}) − a_0Λ^{−α0(s0+k)}φ ( Λ^{−(s0+k)} ) )

≤ S_1 k∏ i=1 (1 − d_i) ,

where

d_i := φ^′ ( Λ^{−(s0+i)} ) φ^′ ( Λ^{−(s0+i)} ) − a_0Λ^{−α0(s0+i)}φ ( Λ^{−(s0+i)} ) .

To estimate the product we utilize the inequality^k ∏ i=1 (1 − d_i) < exp { −^k ∑ i=1 d_i } and calculate d_i = pi + q pi + q + rΛ^{−(1+α0)i} , where p = β log Λ^{−1}, q = ps_0 +^β_2 log λ^{−1} − log b, r = −a_0 log λ^{−1}Λ^{−(1+α0)s0} .

If α_0 > −1, then^k ∑ i=1 d_i converges as k → ∞, hence (S_k) is bounded as k → ∞.

If α_0 = −1, β = 0, b > 1 and a_0 ≤ −2 log b/(log λ^{−1}), then d_i = d ∈ [−1, 0) for all i, hence −^k ∑ i=1 d_i ≤ k and S_k = O ( exp{k} ) as k → ∞.

Summarizing our previous calculations we note that the boundedness of (S_k) implies the boundedness of z, hence y(t) = O ( φ(t) ) as t → ∞

JAN ČERMÁK

for any solution y of (1.1). Similarly, if S_k = O ( exp{k} ) as k → ∞, then z(s) = O ( exp{s} ) as s → ∞ and

y(t) = O ( φ(t) exp

{ log t

log Λ^{−1} }) as t → ∞ . □

REFERENCES

[1] ARINO, O.—PITUK, M.: More on linear differential systems with small delays, J. Differential Equations 170 (2001), 381–407.

[2] ČERMÁK, J.: The asymptotic bounds of solutions of linear delay systems, J. Math. Anal.

Appl. 225 (1998), 373–388.

[3] ČERMÁK, J.: The asymptotics of solutions for a class of delay differential equations, Rocky Mountain J. Math. 33, (2003), 775–786.

[4] DERFEL, G.: Functional-differential equations with compressed arguments and polynomial coefficients: asymptotics of the solutions, J. Math. Anal. Appl. 193 (1995), 671–679.

[5] DERFEL, G.—VOGL, F.: On the asymptotics of solutions of a class of linear functionaldifferential equations, European J. Appl. Math. 7 (1996), 511–518.

[6] DIBLÍK, J.: Asymptotic behaviour of solutions of linear differential equations with delay, Ann. Polon. Math. LVIII (1993), 131–137.

[7] ELAYDI, S. N.: An Introduction to Difference Equations, Undergraduate Texts in Mathematics, Springer-Verlag, New York, 1995.

[8] GYŐRI, I.—PITUK, M., Comparison theorems and asymptotic equilibrium for delay differential and difference equations, Dynam. Systems Appl. 5 (1996), 277–302.

[9] HEARD, M. L.: A family of solutions of the IVP for the equation x^′(t) = ax(λt), λ > 1, Aequationes Math. 9 (1973), 273–280.

[10] ISERLES, A.: On the generalized pantograph functional-differential equation, European J. Appl. Math. 4 (1993), 1–38.

[11] ISERLES, A.: Exact and discretized stability of the pantograph equation, Appl. Numer.

Math. 24 (1997), 295–308.

[12] KATO, T.—McLEOD, J. B.: The functional differential equation y^′(x) = ay(λx) + by(x), Bull. Amer. Math. Soc. 77 (1971), 891–937.

[13] KUCZMA, M.—CHOCZEWSKI, B.—GER, R.: Iterative Functional Equations, Encyclopedia of Mathematics and its Applications, Cambridge University Press, Cambridge, 1990.

[14] LEHNINGER, H.—LIU, Y.: The functional-differential equation y^′(t) = Ay(t)+By(qt)+ Cy^′(qt) + f(t), European J. Appl. Math. 9 (1998), 81–91.

[15] LIM, E. B.: Asymptotic behavior of solutions of the functional differential equation x^′(t) = Ax(λt) + Bx(t), λ > 0, J. Math. Anal. Appl. 55 (1976), 794–806.

[16] LIU, Y.: Asymptotic behaviour of functional-differential equations with proportional time delays, European J. Appl. Math. 7 (1996), 11–30.

[17] MAKAY, G.—TERJÉKI, J.: On the asymptotic behavior of the pantograph equations, Electron J. Qual. Theory Differ. Equ. 2 (1998), 1–128 (electronic).

ON THE DIFFERENTIAL EQUATION WITH PROPORTIONAL DELAYS

[18] PANDOLFI, L.: Some observations on the asymptotic behaviors of the solutions of the equation x^′(t) = A(t)x(λt) + B(t)x(t), λ > 0, J. Math. Anal. Appl. 67 (1979), 483–489.

[19] PITUK, M.: On the limits of solutions of functional differential equations, Math. Bohem. 118 (1993), 53–66.

Received November 2, 2006 Institute of Mathematics FME BUT Technická 2 616 69 Brno CZECH REPUBLIC E-mail: cermak.j@fme.vutbr.cz