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MICROSCOPIC SETS
WITH RESPECT TO SEQUENCES OF FUNCTIONS

GRAZYNA HORBACZEWSKA

ABSTRACT. Consequences of replacing the geometric sequence with another
in the definition of microscopic sets are considered.

The notion of a microscopic set on the real line was introduced by J. Appell
in [I] at the beginning of the 21st century. Thereafter, some papers were devoted
to this topic ([7], [9]-[L1]). Lately, a chapter on microscopic sets was published
in a monography [g].

DEFINITION 1. A set £ C R is microscopic if for each ¢ > 0 there exists
a sequence of intervals {I,}, . such that

ECUIn and A(I,) < ¢€" for neN.
nEN

The family of all microscopic sets will be denoted by M.
A special role in this definition is played by a geometric sequence. A question

about the consequences of replacing this specific sequence with another one was
raised by J. Appell, E. D’Aniello and M. Vath in [3].

If we consider an arbitrary sequence here, we get a definition of a family
of strong measure zero sets ([5]), denoted by S.

DEFINITION 2. A set £ C R is of strong measure zero if for each sequence
of positive reals {e,}, . there exists a sequence of intervals {I,,}, .y such that

Ec|JI. and AI,)<e  for neN.
neN

Obviously, S € M. An example of a microscopic set which is not a strong
measure zero set is given in [6].
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Let (fn), N be a sequence of increasing functions f,,: (0,1) — (0, 1) such that
lim, _,o+ fn(z) = 0, and there exists 2o € (0, 1) such that for every x € (0, z) the
series ) fa(7) is convergent and the sequence ( fn(x))n cN Is nonincreasing.

DEFINITION 3. A set £ C R belongs to My, ) if for each z € (0,1) there exists
a sequence of intervals {/,}, _n such that

EcC U I, and A(I,) < fo(x) for neN.
neN

FOI‘ f’l’b(x) - ',L.'n,7 n e N, we have M(fn) = j\/l
If H denotes the family of all sequences of functions with properties described

above, then
() M) =S
(fn)EH

Now, we may ask several questions. We would like to know for which sequences
we get microscopic sets, when different sequences give different families of sets,
under which condition My, ) is a o-ideal.

The next theorem gives a sufficient condition for getting microscopic sets.
THEOREM 4. If there exists k € N such that for every n € N and for every
x € (0,1) we have z™* < f,,(x) < 2", then

Mgy =M.

Proof. Since the inclusion My, )y C M is obvious, we have to justify only the
inverse one.

Let £ € M.Fixx € (0,1). Since E € M for 2y = 2**1 there exists a sequence
of intervals {1}, .y such that

Ec |J I, and M\I,) < (z0)" for neN.
Therefore neN
AI) < (@FF)" = 2™ <™ < f (x), s B e My, O

The above condition is not necessary, for example, for a sequence f,(x) = 22",

n € N, the assumption of the above theorem is not satisfied, but My, ) = M.

More examples of sequences of functions leading to microscopic sets can be
given for:

€T n
folz) = (5) , where a >0,
folz) = 2™, where a > 0,
fulz) = T , where a > 1,
na

the family My ) is exactly the family of microscopic sets.
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For reader’s convenience we show that in the last case every microscopic set
belongs to My, ). Let A € M. Fixz € (0,1) and find ng € N such that 1/ng < z.
For € := # there exists a sequence of intervals {1}, such that

ECUI and  A(I,) <€ for neN.

Then neN
1 1 1 x"

Alp) <€ = — = < et < —
(ngtHn  (ng)mng  (ng)e ne

since ng > n for ng > 1. Therefore, a € M, ).
One can observe an obvious sufficient condition for an inclusion between the
families My, ) and My, ) for sequences (fn), N> (9n),cN from the family H :

Vaec0,1) YpeN 9n() < fulz) = Mg,y C M,y -
The next theorem gives a not so obvious sufficient condition.

THEOREM 5. If for every x € (0,1) there exists y € (0,1) such that there exists
a sequence (Py,), N of pairwise disjoint, nonempty subsets of N such that

y)< Z fi(z) for every m €N,

then i€,

Mg,y € My, -

Proof. Let £ € M(,). Let z € (0,1). By our assumption, there exists
y € (0,1) and a sequence {P,} of pairwise disjoint nonempty subsets of N
such that g, (y) <> ;cp fi(®). Since E€ M, ), for y there exists a sequence
of intervals (I,,), . such that

EcC U I, and A(Ip) < gm(y).
meN

Since A1) < gm(y) < D iep, fi(z), we may divide the interval I,,, into
nonoverlapping intervals JZ-(m), i € P, , such that
AT < fi(x)  for i€ P,

Let n € N. If n belongs to none of P,,, m € N, then J, := (0. If n € P,,,
then J,, := J,(Lm). Therefore,

Ec |JIn=Jn and (o) < falz), so E€My,).
mEN neN
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THEOREM 6.
Mgy \S#0  for every (fn),cN € H.

Proof.
Let I := [0,1]. We will define by induction the sequence of open intervals
{Jni},i€{1,...,2"7 1} n €N, in the following way.

Let ky := min{k : fgk(,m) < 33 Put Jig = (fom (kb 1= foms (58))
Then, of course, A(J1,1) > 3.

Let K1, K12 denote successive components of the set I\ Jj 1. Obviously,
MK 1i) = for (375) for i e {1,2}.

Let ko := mln{k for (k+1) < %kal (ﬁ)}

Let Ja 1, J2,2 be two open intervals concentric with K ; and K 2, respectively,
such that A(Jz,1) = A(Ja.2) = A(K11) — 2foes (57)-

Let Ka1, Koo, Ko3, and Ko 4 denote successive components of the set

I\ (Jl,l U J271 U Jg)g). Notice that )\(K27i) = f2k2(ﬁ) for 7 € {1,2,3,4}.

Let m > 2. Assume that we have constructed the open, nonempty inter-
vals Ji1,.. ., J; 211 concentric with K1 1,..., K;_; o1-1, respectively, such that
A1) = MEi—11) = 2for (7) for 1€ {2,...,m}, i € {1,...,2!7"}, where

ki = mln{k f2k(k+1) < %kal,l (ﬁ)}, forl € {2,...,m}.

1—
Let Ky 1, .., Ky om be successive components of the set I\ UZTL U?le Jii-
Notice that MK, ;) = form (,C +1) forie{1,...,2m}.

Now, let k41 := mln{k for (k+1) < % oo (m)} and Jpq11, -5 Jmg1,2m
be open intervals concentric with K, 1,..., K, oam, respectively, such that
)\(Jm-i-l,i) = )\(Km,l) — 2f2km+1 (m) for i e {1, ey Qm}.

Let Kinq1,1,- -3 Kpyp1,2m+1 be successive components of the set

m+1 271
n U U
=1 i=1

Obviously, A(Kp+1,i) = fokmia (m) for i € {1,...,2m*1}.

Let us put M := (1, N Uiml Ko i
Now, let € (0,1). There exists mg € N such that —— < .

Let I; := Ky, for i € {1,...,2™} and I; := () for i > 2™, Obviously,

MCU?:; Kmovi:UieN IZ and A(I’L):A( mo, ’L) fzkmo ( +1)<f2m0< Emg +1)<
famo (z) < fi(x) for i € {1,...,2™0}. Hence, M is a Cantor type set from M(fn)-
As a perfect set, M cannot be a strong measure zero set (compare [5, Corollary
8.1.5]), s0 M € My )\ S.

140



MICROSCOPIC SETS WITH RESPECT TO SEQUENCES OF FUNCTIONS

0

THEOREM 7. Let (fn), (9n) € H and let k, be a sequence of natural numbers
chosen as in the proof of the previous theorem. Suppose that there exists 6 > 0
such that g, (x) < fn(z) for every n € N and for every x € (0,9). If there exists
a point xg € (0,1) such that g,(xo) < forn (ﬁ), for every n € N, then

Mgy & My, -

Proof. Since the inclusion M, ) C My, ) is obvious, we only need to show
that these families are different.

Consider the set M from the proof of the previous theorem.

Let {I,}, N be any sequence of intervals such that A(I,,) < gn(0).

As A1) < g1(z0) < for (%), I1 cannot have common points with both sets
K171 and K1,27 since f2k1 (%) < % < )\(Jl,l) = diSt(Kl,l,KLQ).

Put PO = [O, 1]

Let P, := Ky 4,, where 41 € {1, 2} and [ N Ky 4, = 0.

Let n > 2. We assume that for [ € {1,...,n — 1} we have already chosen
an interval P, such that P, := Kj;,, where i; € {1,...,2'}, [ N K;;, = () and
P CP_.

The interval I,, satisfies a condition

M) < gn(z0) < forn ( !

m) = MKn,i)

fori € {1,...,2"} and by the construction of M, precisely by the way of defining
kn, we have A(K,, ;) < A(Ji;), where J; ; is a gap between the intervals K, ;
and K, ; contained in P,_;, so one of them has no common points with I,,.
We denote it by P,.

Therefore, we have inductively constructed a descending sequence of closed
intervals P, such that A\(P,,)= forn (knlﬁ) and P, NI, =0 for neN. By Cantor
Theorem, there exists a point x € (), .y Pn- Of course x € M and = ¢ |, . In,
so M §§ M(gn)-

THEOREM 8. For every (f,) € H, there exists (g,) € H such that
S -rC‘- M(gn) -rC‘- M(fn) N
Proof. Suffice it to put g,(z) = fn(z)for, (ﬁ), for n € N, where k, is

chosen as in the proof of Theorem [0l Then (g,) € H and (g,) satisfies the
condition from Theorem [7] since for every x € (0, 1)

onle) = ) o (7 ) < S (7 )

Therefore, by Theorem [l and Theorem [7, we are done. O
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Remark 9. If fo (%) < % and ;21(7711)) < % for [ > 2, then k,, = n and for such
2l-1\T

a sequence (f,) the condition from the Theorem [1is as follows

1
Fa0e(0.)V,eN 9n(20) < fon <n—+1> . (%)

The sequence f,(r) = ™ satisfies assumptions from the above remark, so for
the sequence g, (r) = (nfﬁ (see the proof of Theorem []), we have

Another sequence satisfying condition (%) for f,(z) = a™ is the sequence
gn(x) = 2™, more precisely, for zo = % and for every n > 2, we have

n

1
n+1

gn(z0) < (

The next theorem gives a sufficient condition for a family M, ) to be
a o-ideal.

) 5 SO M(mn") g M .

THEOREM 10. Let f,, € H for n € N. If there exists a bijection ®: N x N - N
such that for a fized k € N a function ®(n) := ®(n, k) is increasing and for
every x > 0 and for every k € N lim, f;l(ﬁp(n’k)(:c)) > 0, then My,
s a o-ideal.

Proof. Suffice it to show that a countable sum of sets from My ) belongs
to My,). Let {A}, N be a sequence of sets, such that Ay € My, ) for ke N.

Fix £k € N and 2 > 0. A sequence {f;l(fé(n,k)(x))}neN is monotonous,
so denoting ag := limy, 4 o0 £, ' (fo(nr) (%)), we have £ (foqnr) (2) > ar > %
for every n € N. By monotonocity of f,,, we get

Jomp (@) > fo (%k) .

For % there exists a cover {I,(Lk)}neN of the set Ay such that )\(I,(Lk)) <

ak

fn (%). Arrange intervals {L(lk)}neN weN in a sequence {[,} _N, where
m = ®(n, k). Then {J, .N Ar C U, ,eN Im and

a
) = Mo iy) = M) < fu (5°) < ot (@) = fnla)
Therefore, J, .y Ak € M(s,)- O

It is known that if 7 is a o-ideal containing all singletons and Gs-generated
then a family Z* := {A C R : 3pcr,nzA C B} is also a o-ideal ([4]). We do not
know if M 2 is a o-ideal, but we can proove that M’(“zw)—a family of sets
which can be covered by F}, sets from M2y is a o-ideal.
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LEMMA 11. Let Ay € M,2ny and Ay be compact for every k € N. Then,

U A € M(xzn).
keN

Proof. Let x € (0,1). For x; := z there exists a cover {L(Il)} of A; such
that )\(L(Ll)) < (1)?" for every n € N. By compactness of A;, we can choose
a finite subcover {Iy(ll)}zlzl. For 3 := 22" there exists a cover {IT(ZQ)} of Az such

that )\(I,(LQ)) < (z2)?" for every n € N. By compactness of Ay, we can choose

no 2"k —

a finite subcover {I,(I2 n2 .. And so on, for zp = (rg_1) ' we find a finite
cover {L(Lk)}zk:l of Ay such that )\(L(Lk)) < (z)?" for every n € N.

Now, for every k € N, there exists ¢ € N such that %_jn; < k < SiEin,,
where ng := 0, and there exists [ € {1,...,n411} such that k =ng+---+n,+ 1.
Let Jp = Il(H_l). Then, UkEN A C UkGN Jr and

(x2"1+nz+---+nt)2l o x2n1+nz+---+nt+l ok

AJy) = /\(Il(t+1)) < (xt+1)2l _ _ = 22"
SO UkGN Ak € M(m2") O

LemMmA 12. If A, eM?m27z) for every n €N, then there exists a sequence of com-
pact sets { Dy}, .y C M y2ny such that

U 4. c U Dx.

neN keN

Proof. Since A4, € /\/l’(“zzn) for every n € N then, for every n € N, there exists
By, € FoN M ,2ny such that A, C B,,. Then, B, =, BY", where B{" is closed,
hence it is a countable union of compact sets Dt(l’n) for t € N, so

U4, cU U Ub = b

neN neN1eN+eN keN
Obviously, {Dk}keN - M(Z2") . U

THEOREM 13. M?ﬁ") is a o-ideal.

Proof. It suffices to show that M’(*IW) is closed under a countable union.
Let A, € Mazn) for n € N. By Lemma [[2] there exists a sequence {Dy}, N
such that Dy € Mgeny and Dy is compact for |J, .y An C Upen D and
for every k € N. By Lemma [l we have | J, .y Dr € M,2n) and, of course,
UkEN Dy € F,, so UnEN A, € Mazn). O
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