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CERONE’S GENERALIZATIONS
OF STEFFENSEN’S INEQUALITY

Josip PECARIC — ANAMARIJA PERUSIC — KSENIJA SMOLJAK

ABSTRACT. In this paper, generalizations of Steffensen’s inequality with bo-
unds involving any two subintervals motivated by Cerone’s generalizations are
given. Furthermore, weaker conditions for Cerone’s generalization as well as
for new generalizations obtained in this paper are given. Moreover, functionals
defined as the difference between the left-hand and the right-hand side of these
generalizations are studied and new Stolarsky type means related to them are
obtained.

1. Introduction

Since its appearance in 1918, Steffensen’s inequality has been applied to a wide
range of topics across mathematics and statistics. Well-known Steffensen’s
inequality reads (see [10]):

THEOREM 1.1. Suppose that f is nonincreasing and g is integrable on [a, b] with
0<g<land \= f g(t) dt. Then, we have
a-+\

/f £ dt < f dt</f (1.1)

The inequalities are reversed for f nondecreasing.

Over the years, Steffensen’s inequality has been generalized in many ways.
Some of these generalizations were given by Cerone, Mercer, Pecarié,
Wu and Srivastava (see [I], [3], [6], [LT], respectively). Extensive overviews
of generalizations of Steffensen’s inequality can be found in [5] and [9].
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First, let us recall Cerone’s generalization of Steffensen’s inequality which
allows bounds involving any two subintervals instead of restricting them to in-
clude the end points. Cerone’s generalization is given in the following theorem

(see [I).

THEOREM 1.2. Let f,g: [a,b] — R be integrable functions on [a,b], and let f

be nonincreasing. Further, let 0 < g <1 and \ = f g(t)dt = d; — ¢;, where
[ci,di] C [a b| fori=1,2 and dy < dy. Then

/f dt — 7“ Cg,dg /f dt </f dt+R(Cl,d1) (1.2)

holds, where .

r(ca, dy) = / (Fle2) — F(8)g(t)dt > 0

and ds

Rlcr,dy) _/(f(t) — f(d))g(t) dt > 0.

As noted by Cerone in [, if in Theorem [[2 we take

cp=a andso dy=a+ A, then R(a,a+ ) =0.
Further, taking
dy=b andso ca=0b—A, then r(b—A\0b)=0.

Thus, we obtain Steffensen’s inequality.

Since
b

)\:/g(t)dt and 0<g<1,
then a
ca=b—A>a and di=a+A<b giving [¢,d;] C |a,b].

Hence, Theorem is a generalization of Steffensen’s inequality for two equal
length subintervals that are not necessarily at the ends of [a, b].

The aim of this paper is to give generalizations of Steffensen’s inequality with
bounds involving any two subintervals motivated by generalizations given in [§].
Moreover, the aim is also to give weaker conditions for Cerone’s generalization
as well as for new generalizations obtained in this paper.

First, let us recall some notions; log denotes the natural logarithm function,
id is the identity function on the actual set, and by dx we denote the Lebesgue
measure on R.
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2. Main results

To generalize Cerone’s result for the function f/k, we need the following lemma.

LEMMA 2.1. Let k be a positive integrable function on [a,b], and let
fyg,h:[a,b]— R be integrable functions on [a,b]. Further, let [c,d] C [a,b] with

fcd h(t)k(t)dt = f;g(t)k:(t) dt, and let z € [a,b]. Then, the following identity
holds

d b c
[Jromo -~ [s0g0ae=[ (% - %) g(t)k() i

10 1)
+/(W - %> k(t)[h(t) — g(t)]dt

b
+/(% — %) g(t)k(t) dt. (2.1)
Proof. We have ¢
d b
[riomae [ rrge)
¢ 4 @ b
= [k(t) [h(t)—g(t)]%dt— /%g(t}k(t) dt + %g(t}k(zﬁ) dt]
c a d
c d
_[(1&) _ @O fO) =) _
_a/(k(z) k(t)>g(t)k(t) dt +C/( 0 (z))k(t) [h(t) — g(t)]dt
b
() f@)
+ [ = — = )g(t)k(t)dt
k(z t
) ( ( )d ()) ) b
4 % [ k(E)h(t) dt — / g@k(t) dt — [ g(t) dt — [gt)k() dt] (2.2)
c a c d
Since d b
/k:(t)h(t) dt = [k(t)g(t) dt
we have ¢ ¢
d c d b
% [/k(t)h(t) dt —/g(t)k(t) dt — [k(t)g(t) dt —/g(t)k(t) dt] =0
c a c d
Hence, [2.7) follows from ([2.2)). O
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In the following theorems we will give a generalization of Cerone’s result for
the function f/k.

THEOREM 2.1. Let k be a positive integrable function on [a,b], and let
fig,h : a,b] — R be integrable functz’ons on [a, b] such that f/k is nonincreasing.

Further, let 0 < g < h and fcd h(t)k( f g(t)k(t) dt, where [c,d] C [a,b].
Then
b d
109t dt < [ (e de + Ryfe. (23

holds, where

Ry(c,d) _/(% - %)g(t}k(t) dt > 0. (2.4)

a

If f/k is a nondecreasing function, then the inequalities in ([23) and 24) are
reversed.

Proof. Since f/k is nonincreasing, k is positive and 0 < g < h, we have

d
[ fld) B
C/(k(t) k(d)) k(t) [h(t> g(t)] dt > O, (2_5)
b p ,
J(Ha 1) atowceyde = 0 o)
d

and Ry(c,d) > 0. Now, from () for z = d, ([2.0) and (2.0]), we have

/ t)dt /bf dt+/c<%—%>g()() =

b

d
f@t)  f(d) fld) — f(®)
/(W - m)k(t) [h(t) — g(t)] dt +d <k— - ﬁ>g(t)k(t) dt>0. (2.7)
Hence, (23] holds. O

THEOREM 2.2. Let k be a positive integrable function on [a,b], and let
frg,h : [a,b] — R be integrable functions on [a, b] such that f/k is nonincreasing.

Further, let 0 < g < h and fcd h(t)k( f g(t)k(t)dt, where [c,d] C |[a,b].
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Then
d b
Jron@ de—rye.d < [ 10900 (2.8)
holds, where ,
fle)  f(®)
rele,d) = [ == — = |g(t)k(t) dt > 0. (2.9)
d/ (k(C) k(ﬂ)

If f/k is a nondecreasing function, then the inequalities in ([Z8) and Z3) are
reversed.

Proof. Since f/k is nonincreasing, k is positive and 0 < g < h, we have

[(f®) fe)

a

d [0 1 )
/(k(c) k:(t))k(t)[h(t) g®)]dt > 0 (2.11)

c

and 74(c,d) > 0. Now, from (1)) for z = ¢, (210) and (ZIT)), we have

/ £ dt /df £ dt + (%— %)g(t)k(t) it =

/(% - %) /d< z - f—z>k’(t) [h(t) — g(t)] dt > 0. (2.12)

a

Hence, (2.8)) holds. O

Remark 2.1. If we take ¢ = a and d = a + X in Theorem Il we obtain
a Mercer’s generalization of the right-hand Steffensen’s inequality (see [3l The-
orem 3]). If we take ¢ = b — A and d = b in Theorem [2.2] we obtain a similar
generalization of the left-hand Steffensen’s inequality which is obtained in [§]
from a generalization given by Pec¢ari¢ in [6] (see [8, Theorem 2.7]).

In [8], the authors proved a generalization of Wu and Srivastava
refinement of Steffensen’s inequality for the nonincreasing function f/k. In the
following theorems we will generalize these results to obtain bounds which
involve any two subintervals.
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THEOREM 2.3. Let k be a positive integrable function on [a,b], and let
frg,h : Ja,b] = R be integrable functions on [a,b] such that f/k is nonincreasing.

Further, let 0 < g < h and fcd h(t)k(t)dt = f;g(t)k:(t) dt, where [c,d] C [a,b].
Then

b d d
/}umunﬁs/}umawﬁ—/(£%§—{%%)uwvww—g@ﬂdv+RAad>

d
< [ (o) de + Ry(e.d) (2.13)

holds, where Ry(c,d) is defined by (2.4).
If f/k is a nondecreasing function, then the inequality in (ZI3) is reversed.

Proof. Similar to the proof of Theorem 211 O

THEOREM 2.4. Let k be a positive integrable function on [a,b], and let
frg,h:Ja,b] = R be integrable functions on [a,b] such that f/k is nonincreasing.

Further, let 0 < g < h and fcd h(t)k(t) dt = f;g(t)k(t) dt, where [c,d] C [a,b)].
Then

d
/ F)h(t) dt—rg(c, d)
‘ d

g/f(t)h(t) dt +/<% — %) k(t)[h(t)—g(t)] dt —rg(c, d)

< [gte) de (2.14)

holds, where r4(c,d) is defined by (2.9).
If f/k is a nondecreasing function, then the inequality in (2.14)) is reversed.

Proof. Similar to the proof of Theorem O

Remark 2.2. If we take ¢ = a and d = a + X in Theorem 23] or ¢ = b — A\
and d = b in Theorem 2.4] we obtain generalizations of Wu and Srivastava
refinement of Steffensen’s inequality given in [§].

In [4], Milovanovié¢ and Pecarié¢ gave weaker conditions for the func-
tion g in Steffensen’s inequality. Motivated by their result, we will give weaker
conditions for the function g in our previous theorems.
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THEOREM 2.5. Let k be a positive integrable function on [a,b], and let
frg,h: a, b] — R be z'ntegmble functions on |a,b] such that f/k is nonincreasing.

Let fcd h(t)k( f g(t)k(t) dt, where [c,d] C [a,b]. If
/k(t)g(t) dt g/k(t)h(t) dt, c<z<d (2.15)
and ‘ ‘
b
/k:(t)g(t) dt > 0, d<z<b, (2.16)
then )

/ t) dt </f t) dt +/(% — %)g(t)k(t) dt. (2.17)

Proof. Using the identity (27) and applying integration by parts, we obtain

/ b dt /f ) dt +/(% - %)mwk(o it =

_/d(]k(t) [h(t)—g(t)] dt)d (%) —/b(/bg(t)k(t) dt)d (%) >0, (2.18)

c c d T
when (ZI6) holds. O
Taking ¢ = a and d = a+ X in Theorem 23] we obtain the following theorem.

THEOREM 2.6. Let k be a positive integrable function on [a,b], let f,g,h
[a,b] — R be integmble functions on [a b] such that f/k is nonincreasing. Let A

be defined by [*T h(t = [V g(t)k(t) dt. If

]k(t)g(t) dt §/k:(t)h(t) dt, a<z<a+\ (2.19)
and ab ’

/k(t)g(t) dt > 0, a+ X<z <b, (2.20)
then ) atr

/ b dt </f (2.21)
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Remark 2.3. In [§], the authors proved that, for a non-negative function h,
the conditions (2I9) and (Z20) are equivalent to

T T b

/k(t)g(t) it < /k(t)h(t) dt and /k:(t)g(t) dt >0, forall z€[ab].
Hence, in Theorem [Z6] we obtain the sufficient conditions given in [8, Theo-
rem 2.17].

THEOREM 2.7. Let k be a positive integrable function on [a,b], and f,g,h
[a,b] — R be integmble functz’ons on [a,b] such that f/k is nonincreasing.

Let fcd h(t)k( f g(t)k(t) dt, where [c,d] C [a,b]. If
d
/ k(8)g(t) dt < /k(t)h(t) dt, c<a<d (2.22)
and mz '
/k(t)g(t) dt >0, a<z<ec, (2.23)
then @
d b . ) b
Jriomaae - [(£9 - Z) g ar < frogoa. @20
c d a

Proof. Using the identity (ZI2)) and applying integration by parts, we obtain

/bf(t) ) dt /f t) dt + (%—%)g(t}k(t)dt_

_/c(/zg(t)k’(t) dt>d <%) —/d(/dk(t) [n(t)y-9(1)] dt) d (%) >0, (2.25)

a a c x

when (2.23) holds. d

Taking ¢ = b— X and d = b in Theorem 27 we obtain the following theorem.

THEOREM 2.8. Let k be a positive integrable function on [a,b], and let

frg,h : Ja,b] — R be integrable functions on [a,b] such that f/k is nonincreasing.

Let A be defined by
b

/g

y?@
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If

b b

/k(t)g(t) dt §/k(t)h(t) dt, b—AX<z<b (2.26)
and x

/k(t)g(t) dt > 0, a<x<b-—) (2.27)
then a

b b
Jram e < [t ar (2.28)
b a

Remark 2.4. In []], the authors proved that for a non-negative function h,
the conditions ([Z26) and (227) are equivalent to

b b T

/k(t)g(t)dtg /k(t)h(t)dt and /k:(t)g(t)dtz(), for all z € [a,1].

xT x a

Hence, in Theorem 28 we obtain the sufficient conditions given in [8, Theo-
rem 2.18].

Taking k = 1 and h = 1 in Theorems 2.5 and 2.7 we obtain weaker conditions
for the function g in Cerone’s generalization of Steffensen’s inequality.

THEOREM 2.9. Let f,g: [a,b] — R be integrable functions on |a,b] such that f
is nonincreasing. Let A =d — ¢ :f:g(t) dt, where [c,d] C [a,b]. If
T b

/g(t)dtﬁa:—c, c<zx<d and /g(t)dtz(), d<ax<b,
then ‘ b d c ’
Jrwgtear < [ra + [(706) - r@)ate)ar (2.20)

THEOREM 2.10. Let f,g: [a,b] — R be integrable functions on [a,b] such that
f is nonincreasing. Let A\ =d — ¢ :f;g(t) dt, where [c,d] C [a,b]. If
d T

/g(t)dtgd—x, c<z<d and /g(t)dtZO, a<uz<ec, (2.30)

a

then d

/f(t) dt —

C

b

(F(e) — F()g(t) dt < /f(t)g(t) d. (231)

a

Se—
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In the following theorems, we will give weaker conditions for Theorem and
Theorem 24

THEOREM 2.11. Let k be a positive integrable function on [a,b], and let
fyg,h < [a,b] — R be integrable functions on [a,b] such that f/k is nonincreasing.

Let [*h(t)k(t)dt = [ g(t)k(t) dt, where [¢,d] C [a,b]. If @IF) and @I0) hold,
then

g/f(t)h(t) dt +/(¥ - i(—?) g(8)k(t) dt. (2.32)

Proof. Using the identity (21 for z = d and applying integration by parts,
we obtain

b/ b
f(@)
=— g(t)k(t) dt —=1>0 (2.33)
when
b
/k:(t)g(t) dt > 0, d<z<hb. (2.34)
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Furthermore,

J (29— 2D ) o] =

(&

when

/ k(D)g(t) dt < / KOh()dt, c<z<d. (2.36)

(& (&

Hence, ([2:32)) holds when (ZI6]) holds. O

THEOREM 2.12. Let k be a positive integrable function on [a,b], and let
frg,h : Ja,b] — R be integrable functions on [a,b] such that f/k is nonincreasing.

Let [“h(t)k(t) dt = [* g(¢)k(t) dt, where [c,d] C [a,b]. If

b
/k(t)g(t) dt >0 for d <z <0, (2.37)
then
b d c ’ J
Jrsoa < [ronwa+ [(£3 - LD )awro
d
—/(% — %)k(t) [h(t) — g(t)] dt.  (2.38)
If we additionally have
/k(t)g(t) dt < / KOh(t) dt for c<a<d, (2.39)
then [232) holds.
Proof. Similar to the proof of Theorem 2.11] O
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THEOREM 2.13. Let k be a positive integrable function on [a,b], and let
frg,h : Ja,b] = R be integrable functions on [a,b] such that f/k is nonincreasing.

Let ["h(t)k(t) dt = [* g(t)k(t) dt, where [c,d] C [a,b]. If @22) and E23) hold,

then
d b
fle)  f(®)
FOR@) dt — [\ 7= — 55 )9(B)k(t) dt
C/ d/ <’f(0) k‘(ﬂ)

d b
fle) f(®)
gc/f(t)h(t) dt —d/<@ - m)g(t)k(t) di
d

k

ICINI0
+J(59 — 2 ko) b0 - st

b
< [0 . (2.40)

Proof. Similar to the proof of Theorem [Z1T] using the identity (21 for z=c.
U

THEOREM 2.14. Let k be a positive integrable function on [a,b], and let
frg,h: Ja,b] = R be integrable functions on [a,b] such that f/k is nonincreasing.
Let [“n(t)k(t) dt = [° g(t)k(t) dt, where [c,d] C [a,b]. If

/k:(t)g(t) dt >0 for a<z<e, (2.41)
then a
; CIR
POy dt — [ (55 — 220 g(t)k(t) dt
C/ d/<k(0) k(ﬂ)
d b
fle)  f(t)

+[(53 - L)k vio) - sto)) e < [re0gter v, (242

(& a

If we additionally have

x

d d
/k(t)g(t) dt §/k(t)h(t) dt for c¢<ax<d, (2.43)

then (2.40) holds.
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Proof. Similar to the proof of Theorem 213 O

3. n-exponential convexity and exponential convexity

First, let us recall some definitions and properties of exponentially convex
functions. For more details, see [2] and [7].

DEFINITION 3.1. A function ¢: I — R is n-exponentially convex in the Jensen

sense on [ if n S
> &g (7 5 ]> >0 (3.1)
i,j=1

holds for all choices §; e Rand z; € I,i=1,...,n.

A function ¥: I — R is n-exponentially convex if it is n-exponentially convex
in the Jensen sense and continuous on I.

Remark 3.1. n-exponentially convex function in the Jensen sense is k-expo-
nentially convex in the Jensen sense for every k € N, k < n.

DEFINITION 3.2. A function ¢: I — R is exponentially conver in the Jensen
sense on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥: I — R is exponentially conver if it is exponentially convex
in the Jensen sense and continuous.

Remark 3.2. A positive function is log-convex in the Jensen sense if and only
if it is 2-exponentially convex in the Jensen sense.
A positive function is log-convex if and only if it is 2-exponentially convex.

ProProOSITION 3.1. If f is a convex function on I and if x1 < y1, 22 < s,
T1 # To, Y1 £ Y2, then the following inequality

flxo) = fz1) _ fy2) = F(y1)

To — I o Y2 —

1s valid.
If the function f is concave, the inequality is reversed.

DEFINITION 3.3. Let f be a real-valued function defined on [a, b]. The nth order
divided difference of f at distinct points xg,x1,...,2, in [a,b] is defined
recursively by
25 f) = fe),  G=0,...om,
and
[T1,.. 20 fl = [0y oy @15 f]
T — 2o '

[0, 1, .., 20 f] =
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Remark 3.3. The value [zg,21,...,2,; f] is independent from the order
of the points xg,...,z,. The previous definition can be extended to include
the case in which some or all of the points coincide by assuming that
ro < - <z, and letting

(7)
[fl?,,.’l?,f] = f '(x)7
N — ]
J+1 times

provided that () exists.

Motivated by inequalities (2.3)), (2.8), (2I3) and (ZI4)), under the assump-
tions of Theorems .11, 222] and 224 we define the following functionals:

n= /bf(t) ) dt /f ) dt - Ry(c,d), (3.2)
/f 1) dt — 7y (c,d) /f (3.3)

d b
J©) 10 PR
+/ (k(c) k(t)) k() [1(t) = g(8)] dt = ry(c, d) / Ftgt)dt.  (3.5)

c

Remark 3.4. The functionals L; and Lo can also be considered under the
assumptions of Theorems 2h] and [Z7] respectively. The functional L3 can also be
considered under the conditions of Theorems[Z.11land 212} and the functional L4
can also be considered under the assumptions of Theorems and 2141

Remark 3.5. L;(f) >0,i=1,...,4 for all nondecreasing functions f/k.
Now, we give mean value theorems for defined functionals.

THEOREM 3.1. Let f, g, h and k be integrable functions on [a,b] with k > 0, and
let f/k € C'a,b]. Further, let 0 < g < h and

d
/ h(t)k(E) dt = / gkt dt,  where [e,d] C [a,b].
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Then, there exists £ € [a,b] such that

b d
Lﬂwmmv/wmwﬁ—@@@
_ POKE — SR E)

()

b d c

« [ /tk(t)g(t) dt — /tk:(t)h(t) dt — / (t — d)k(t)g(?) dt] (36

that is,

1 (EKk(E) — FEK(E)
k2(€)

Li(f) = Ly (id - k).

/
Proof. Since <£) is continuous on [a, b], there exist

Pk J@RE) L fke) - [k ()
m_zE[a,b] k2(x) d M z€lab] k2(x) '

Now, we consider the functions Fi, Fy: [a,b] — R defined by
Fi(z) = Mzk(z) — f(z) and Fy(z) = f(x) — mak(z).
Note that Fy/k, Fy/k are nondecreasing functions, so, by Remark B.5 we have
Li(F) >0, Li(Fy)>0.
Further, from Theorem 21| we get
Li(f) < MLy(id - k), (3.7)
Li(f) = m L1(id - k), (3.8)

that is,
m Li(id - k) < Li(f) < MLy (id - k).

If Ly(id - k) = 0, then Ly (f) = 0, and (B.6]) holds for all £ € [a, b]. Otherwise,

Li(f)
"L b S

Since (f(:c)/k(:c))/ is continuous, there exists £ € [a, b] such that (B8:6) holds and
the proof is complete. O
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THEOREM 3.2. Let f,g,h and k be integrable functwns on [ b] with k > O cmd
let f/k € Clla,b]. Further, let 0 < g < h and fc h(t = fag
where [c,d] C [a,b]. Then, there exists § € [a,b] such that

FUORE) — FOKE) .0
k2(£) LZ( d k)a

Li(f) = i =23, 4.

Proof. Similar to the proof of Theorem B11 O

THEOREM 3.3. Let f,f,g,h and k be integrable functwns on [a,b] with k > 0,

[a,
and let f(x)/k(z), f(z)/k(x) € C"[a,b] SUChthatf( J(z) = f(@)K(w) # 0 for
every x € [a,b]. Further, let 0 < g < h and fc h(t)k(t) dt f g(t)k(t) dt, where
[e,d] C [a,b]. Then, there exists £ € [a,b] such that

Lid) _ FORQ = JOFE) =gy (3.9)

Li(f)  f1@kE©) ~ FOKF(©)
Proof. For the functionals L;, ¢ = 1,...,4, we define

®i(t) = f(OL(f) = F(OLi(f)-

Note that

©) 0, o 0,
rn e ) T rp B €O

By Theorems 3] and B2] there exists £ € [a, b] such that

DR ~ OK(©) |
=1 Li(id - k).

Li(®;) =

From L;(®;) = 0 it follows that

P} (&)k(E) — ®i(HK(§) =0,
That is,

[F(OkE) — FOK©O]Li(f) — [F(©K(E) — FOK ()] Li(f) =0,
and ([B.9) is proved. O

Now, we will use an idea from [2] to give an elegant method of producing
n-exponentially convex functions and exponentially convex functions applying
defined functionals on a given family with the same property. The following
theorem and corollary are the same as in [8]; only for other functionals and
for the reader’s convenience, we will recall them without proof. In the following,
I and J will denote intervals in R.
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THEOREM 3.4. Let k be a positive function, and Q = {f,/k : p € J} be
a family of functions defined on I such that the function p — [zo,x1; fp/k]
is n-exponentially convex in the Jensen sense on J for mutually different points
xo,x1 € L Let L;, i = 1,...,4 be linear functionals defined by ([B.2)-B.5).
Then, p — L;(fp) is an n-ezponentially convex function in the Jensen sense on J.

If the function p — L;(f,) is continuous on J, then it is n-exponentially
convex on J.

Remark 3.6. If in Theorem B4l we have that p — [x¢, z1; f,/k] is exponentially
convex in the Jensen sense on J, then p — L;(f,) is an exponentially convex
function in the Jensen sense on J. If p — L;(f,) is continuous on J, then it is
exponentially convex on J.

COROLLARY 3.1. Let k be a positive function, and Q = {f,/k : p € J} be
a family of functions defined on I such that the function p — [zq,x1; fp/k] is
2-exponentially conver in the Jensen sense on J for mutually different points
xo,x1 € I. Let L;, i = 1,...,4 be linear functionals defined by B.2)—BI).
Then, the following statements hold:

(i) If the function p — L;(fp) is continuous on J, then it is a 2-exponentially
convex function on J. If p — L;(fp) is additionally strictly positive, then
it is also log-convexr on J. Furthermore, the following inequality holds true:

[Li(f)] " < (L)) [Laf)]" " (3.10)

for every choice r,s,t € J, such thatr < s <'t.

(ii) If the function p — L;(f,) is strictly positive and differentiable on J,
then, for every p,q,u,v € J such that p < wu and q¢ < v, we have

MPH(L'L'aQ) S Mu,v(LhQ)a (311)

where

My,q(Li, ) = (3.12)

for fp/k, fqo/k € Q2.

Remark 3.7. The results from Theorem [B.4] and Corollary B.1] still hold when
xo = x1 € I. This follows from Remark
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4. Applications to Stolarsky type means

In this section, we will apply general results from the previous section to sev-
eral families of functions which fulfill conditions of the obtained general results
to get other exponentially convex functions and Stolarsky means.

ExAMPLE 4.1. Let k be a positive integrable function, and let
Q1 = {fp/k: (0,00) > R: pe R}

be a family of functions where f, is defined by

_ ) Zk(a), p#0;
fol@) = {logr;;k(:v), p=0.

Since

— I ppml — e Dlogr 5 g for g >0,
then f,,/k is a nondecreasing function for > 0 and p — % ];”(—(;) is exponentially
convex by definition. Similarly as in the proof of Theorem we have that
p — [xo, 15 fp/k] is exponentially convex (and so, exponentially convex in the
Jensen sense). Using Remark B.6] we conclude that p — L;(f,), i =1,...,4 are
exponentially convex in the Jensen sense. It is easy to verify that these mappings
are continuous (although the mapping p — f, is not continuous for p = 0),
so, they are exponentially convex.
For this family of functions, M, (L1, ) from BI2) becomes

for p # ¢

q Jy PR@)g()di—[ P k(Oh(t)di— [ (t"—d?)k(t)g(t)dt o
P [P tak(t)g(t)dt—[ " tak(t)h(t)dt—[ € (ta—da)k(t)g(t)dt

Mp,q(Lh Ql) = (

for p # 0:
Mpp(L1,f1) =
[ 17 log th(t)g(t)dt—[ tPlog th(t)h(t)dt— [ (t” log t—dP log d)k(t)g(t)dt 1
eXp( Ttk (8)g()di—] RO di—[ (7 — dr)k(t)g(t)dt - §>7
Mo,o(L1,1) =

1 J log® th(t)g(t)dt— [ log” th(t)h(t)dt— [ (log” t—log® d)k(t)g(t)dt
2 [Plogtk(t)g(t)dt—[ " log t k(t)h(t)dt—[ (log t—log d)k(t)g(t)dt )
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For other functionals, an explicit shape of M, ,(L;, 1), i = 2,3,4, can be
obtained in a similar way from the general functional notation given by

1
Li(fp) p=a .
(Li(fq)) ) P # G
Li(fpL2
Mpq(Li, 1) =  exp ( L(,fzfj) - %) pP=q#0;
Li(fo 12
exp ( 2£{?f§))>7 p=q=0.

Applying Theorem for functions f,/k, fy/k € Q1, we obtain that there
exists £ € [a, b] such that

g1 = —§E§z§ i=1,...,4.

Since the function £ — P77 is invertible for p # ¢, we have

a< <Li(fp)>p_qg b i=1,... 4

Li(fq)
which together with the fact that M, ,(L;, Q) is continuous, symmetric and
monotonic shows that M, ,(L;, 1), ¢ =1,...,4 are means.

EXAMPLE 4.2. Let k be a positive integrable function and let
Qo = {gp/k: R — (0,00): p € R}

be a family of functions where g, is defined by

%k(l‘), p # 0;

gp(2) =
xk(x), p=0.
Since % gé’((f)) = eP? >0, gp/k is a nondecreasing function on R for every p € R
and p — %g,f((;)) is exponentially convex by definition. As in Example EI]
we conclude that p — L;(gp), ¢ = 1,...,4, are exponentially convex.
For this family, from 3I12), we have
for p # ¢
Mp,q(LlaQ2) =

q Jo P k@)g(t)dt — [ e k(Dh(t)dt — [ — e™)h(t)g(t)dt \ 7T
P [P eatk(t)g(t)dt — [ eatk(t)h(t)dt — [ (et — edt)k(t)g(t)dt
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for p # 0:
Mp,q(LhQZ) =

[P erttk(t)g(t)dt — [F e tk()h(t)dt — [€(eP't — e®t)k(t)g(t)dt 1
TP\ P eortktg(t)dt — [T ertk(Oh(di — [*(er — et k(B)g()dt D)’

Mo, o(L1,9Q02) =

1 [y CR®)g(t)dt = [P R(Oh(t)dt = [2(#* — d®)k(t)g(t)dt
exp | 3 [P tk(t)g(t)dt — [T th(t)h(t)dt — [ (t — d)k(t)g(t)dt |

From (BI1)), it follows that M, 4(L1,$22) is monotonic in parameters p and q.
For other functionals, an explicit shape of M, 4(L;,$2), i = 2,3,4, can be
obtained in a similar way from the general functional notation given by

1
Li( p) P-q .
(—Li(jq)) ; P#q
My,q(Li 42) = 4 exp (% - %) » P=qF0;

L (id-
exp ( 2L(i(gi(3)) !

Theorem applied to the functions g¢,/k,g,/k € Q2 and functionals Lj;,
i=1,...,4, implies that
Sp,q(Li, QQ) = IOg Mp7q(Li, QQ)

satisfies a < Sy q(Li,Q2) < b, so Spq(Li, Q) is a mean, and by BII), it is
monotonic.

p=q=0.

ExaMPLE 4.3. Let k be a positive integrable function and let
Q3 = {¢p/k: (0,00) = (0,00) : p € (0,00)}

be a family of functions, where ¢,, is defined by

6p(a) = {—kU p# 1

xk(z), p=1.
Since %ip(—(;)) =p~® > 0 for p,z € (0,00), ¢,/k is a nondecreasing function
for x > 0. % %’((5)) = p~ ¥ is the Laplace transformation of a non-negative func-

tion, that is, p=* = ﬁ J et dt, so p %ip(—(;)) is exponentially convex

n (0,00). As in Example €] we conclude that p — L;(¢p), i = 1,...,4, are
exponentially convex.
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For this family of functions, from ([3I2)), we have
for p # ¢
Mp,q(LlaQ3) =

<1ogq S ot k(g (O)dt—[* p k(R d—[(pt ‘i)k(t)g(t)czt)ﬁ
gD [ tk()g(t)dt—f" ¢ kOh@)di—[ (¢ —q Dk()g(t)ds )

for p # 1:
Mpyp(LlaQ3) =

ex (ZE_ﬁfqptk(ﬂg(ﬂdt—jftptk@)h(wdt—[f@pﬁ—na‘6k(og(wdt__ 1 )
P [T k(g dt—[ ptk(Oh()dt—[(pt—p=k(t)g(t)dt  Plogp)”
Mi1(L1,Q3) =
—1 [) Ph()g)dt [ PR h()dt— [ (= d)k(t)g(t)dt
P2 P9 di— [Ttk Oh)d— [ (— k(g B)dt )

For other functionals, an explicit shape can be obtained from a general func-
tional notation given by

Li(¢p) ﬁ .
(Li(%)) ) p# G
My.a(Li; s) = oxXp (71512(;((2;?)17) - plggp)’ p=q#1L

—L;(id-¢1)
eXp( 2Li(¢1) )’

Again, using Theorem B3] it follows that
Sp.q(Li,Q3) = —L(p, q) log My (L;, 23)

satisfies a < S}, 4(Li, Q3) < b, so Sp 4(L;, 23) is a mean, and by (BII]), mono-
tonic. L(p, q) is the logarithmic mean defined by

pP—q .
Lip,q) = { Tvin P70
p, p=gq.

p=q=1.

EXAMPLE 4.4. Let k be a positive integrable function and let
Q= {1/Jp/k: (0,00) = (0,00) : p € (O,oo)}
be a family of functions, where v, is defined by
e T/P

Up(x) = 7 k(x).
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For every p > 0, 9, are nondecreasing functions for z > 0. Again, we conclude,
P> dci, dl’j’(g) = ¢~ *VP is the Laplace transform of a non-negative function, so it is
exponentially convex on (0, 00). As in Example[d.]] we conclude that p — L;(1,),
i =1,...,4, are exponentially convex. For this family of functions, from B.I2),
we have
for p # ¢

My,q(L1,Q4) =

\/_f VPRt g(t)dt—[ T e VPR h(t)dt—[ (6P — e VP k(t)g(t)dt 7
VP [P e tVak(t)g(t)dt—[ ¢ e=tVTk(E)h(t)dt — [ (e~ VT —e~ V) k(t)g(t)dt ’

M'pyp(Ll: Q4) =
( —1 [Pte VPk(t)g(t)dt—[ “te VPRt h(t)dt— [ Ct(eVP— e WP k(L) g(t)dt 1>

2P [PetvPk(t)g(t)dt—[ e~ tVPk(t)h(t)dt—[(e~tVP —e= WP k(t)g(t)dt  2P)
For other functionals, an explicit shape of
Mp)q(Li,Qél), i =2,3,4,

can be obtained in a similar way from the general functional notation given by

Li(v¥p) ﬁ .
(Li(wq)> ) PF G

—L;(id-¢p) L)7 p=q.

xp (wmi(wp) 2p

Theorem applied to the functions v, /k,¢/k € Q4 and functionals L,
i=1,...,4, implies that

Spog(Lis Q) = _(\/]_9 + \/6) log My, 4(Li, Qa),

satisfies
a < Sp,q(Lia Q4) < ba

s0 Sp q(L;,Q4) is a mean, and by (B.I])), it is monotonic.
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