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ON SEMIREGULARIZATION
OF SOME ABSTRACT DENSITY TOPOLOGIES
INVOLVING SETS HAVING THE BAIRE PROPERTY
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ABSTRACT. Some kind of abstract density topology in a topological Baire
space is considered. The semiregularization of this type of topology on the real
line in many cases is the coarsest topology for which real functions continuous
with respect to the abstract density topology are continuous.

Let (X, 7) be a topological Baire space and K(7), Ba(7) denote the family
of all meager sets and the family of all sets having the Baire property in (X, 7),
respectively. By B(7) we shall denote the family of Borel sets in (X, 7). If A C X,
then A is 7-closure of A and int,(A) is 7-interior of A.

Let 19 stand for the natural topology on R. The family of meager sets, sets
having the Baire property and Borel sets in (R, 79) will be denoted by K, Ba
and B, respectively. Then A is 7o-closure and int(A) is 7o-interior of the set
ACR.

Let A be the Lebesgue measure on R and £ the family of Lebesgue measurable
sets. We write |J| for the length of an interval J. We denote by ®4 the density
operator on £ and by 7; the density topology on R.

If C, D are families of subsets of X, then

CoD={ACX:A=C\D,CeC,DeD}.

As usual, AA B=(A\B)U(B\ A) for any sets A, B C X.
By C({X, 7)) we shall denote the family of all continuous transformations from
(X, 7) to (R, 70). At this moment, it is worth mentioning the following theorem.

THEOREM 1 (cf. [9]). Let (X,7) be an arbitrary topological Baire space and J
be a proper o-ideal of subsets of X free from nonempty T-open sets and such that
the family T © J forms a topology. Then,

C((X, 7)) =C((X, 70 T)).
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It is also worth adding that this theorem is true not only for real functions
but also for functions with value in an arbitrary topological regular space.

In the sequel, we will consider the topology generated by the so-called lower
or almost lower density operator, therefore we briefly recall these notions.

Let (X,S8,J) be a measurable space where S is a o—field and J C S is
a proper o—ideal.

We shall say that an operator ®: § — S is a lower density operator

n (X,S,J) if

(1) @(0) =0, ®(X) = X;

(2) Ya,Bes ®(AN B) = &(A) N &(B);
(3) Va,Bes (AABEJ:><1>( )= q;(B));
(4) Vaes ®(A) n A€ J.

Replacing condition (4) with its weaker form
(4) Vaes®(A)\A €T,
we get the so-called almost lower density operator on (X,S,.J).
We shall say that the pair (S, 7) has the hull property if

% 3 V (HeS=HeJ).
ACX BES,ACB HCB\A

The following theorem is well-known.

THEOREM 2 (cf. [2], [0]). If ®: S — S is a lower density operator on (X,S,J)
and (S, J) has the hull property, then the family

To={AeS: AC ®(A4)}
s a topology on X such that
a) A e J if and only if A is a Te-nowhere dense and Te-closed set;
b) K(7s) = J;
c) Ba(Te) =B(Ts) =S
d) (X, Ts) is a Baire space.
If @ is an almost lower density operator, then we have the following theorem.

THEOREM 3 (cf. [0]). If ®: S — S is an almost lower density operator
on (X,8,7) and (S, J) has the hull property, then the family

%:{AES:AC@(A)}
s a topology on X such that
a) if A€ J, then A is a Te-nowhere dense and Tg-closed set;
b) K(7s) D J;
c) if K(Te) = J, then B(Ts) C S
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A topology obtained in Theorem [l is called an abstract density topology
generated by operator ® on (X,S,J).

More interesting properties of topologies generated by lower or almost lower
density operators one can find in [6]. Moreover, this paper contains examples
of abstract density topologies generated by lower density operators and also
by almost lower density operators.

Now, we shall consider a topological Baire space (X, 7) and the measurable
space (X, Ba(7),K(7)). It is well-known that the pair (Ba(7),K(7)) has the hull
property. Thus, every lower density operator ® on (X , Ba(T),K(T)) generates
an abstract density topology on (X, Ba(7),K(7)).

We are going to introduce the lower density operator on (X, Ba(T),K(T))
which is supported by an operator defined only on the family of 7-open sets.

Let ®: 7 — 2% be an operator satisfying the following conditions:
i) 0) =0, o(X) = X;
ii) Va,per (AN B) = &(A) N ®(B);
iil) Vaer A C ®(A).
It is easy to prove the following fact:

Remark 1. ®(V) c V' for every Ve 7.

Let ®(X, 1) stand for the family of all operators satisfying the above condi-
tions. This set is called the family of all admissible operators on 7.
It is well-known that in a topological Baire space (X, T) every set A € Ba(r)
has the unique representation:
A=G(A) A B,

where G(A) is regular open set in (X, 7) and B € K(7) (see [11]).
Let ® € ®(X, 7). Let us define the operator ®,.: Ba(r) — 2% in the following
way':
AEBVG(T;IDT(A) = @(G(A)).
In the virtue of properties of regular open sets, it is easy to prove the following
theorem.

THEOREM 4. For every ® € ®(X, 1), the operator ®,. is a lower density operator
on (X,Ba(t),K(7)) and the family

To, = {A€Ba(r): AC ®,.(A)}
is an abstract density topology on (X, Ba(r),K(7)).

Let us notice the following property concerning an arbitrary lower density
operator on (X, Ba(1),K(1)).
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THEOREM 5. If ® is a lower density operator on (X, Ba(T), K(T)) and the family
To ={A€Ba(r): AC ®(4)}
is an abstract density topology on (X, Ba(r), K(T)), then the following conditions
are equivalent:
a) 7 C To;
b) Vacpa(r) G(A) C @(A) C G(A)"
Proof. Let 7 C T and A € Ba(7). Then, A = G(A) A B, where G(A) is

T-regular open set and B€K(7). As G(A) €7, we have G(A) C ®(G(A)) =D (A).
Simultaneously,

(A)\ G(A) € B(A4) \ G(A4) = B(G(A)) \ G(A) € K(7).

It implies that ®(A) \ G(A) € To NK(7) = {0}. Therefore, ®(A) C G(A), and
condition b) has been proved.

Let V € 7. Then, V = G(V) \ C, where C is a T-nowhere dense and 7-closed
set (see [11]). Hence, V.C G(V) C ®(G(V)) = ®(V). It implies that V € Tp. O

Taking into account Remark [Il we obtain
COROLLARY 1. If ® € &(X,7), then

el GA) € @1(4) = @(G(A) € G(AT,

and thus, 7 C Tap,..
Moreover, we have

Remark 2. If (X, 7) is a topological discrete space, then for every operator
® € ®(X,7) we get that Tp, =7 = 2%

Remark 3. If (X,7) is a topological Baire space containing a dense subset
AeK(r) and ® € ®(X,7), then X \ A € Tp, \ 7, so that Tg, \ 7 # 0.

Remark 4. If (X, 7) is a topological Baire space and ®(A) = A for every A € T,
then ® € ®(X,7) and Tp, = 7 & K(7).
Proof. Obviously, 7 © K(r) C Tp,. Let A € Tg,. Then, A € Ba(r) and
A = G(A) A B, where B € K(7). Since

A=G(A) s BC ®,.(A) =2(G(A)) = G(A),
we get that A = G(A)\ B € 1 & K(7). O

In many cases, a topological space (X, T, ) is not completely regular and even
not regular. Namely, we have
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THEOREM 6 (compare [3]). If (X, 7) is a topological Baire space such that there
exists a T-dense set A € K(7), then for every ® € ®(X,7) topological space
(X, Ts,) is not regular.

If a topological space (X,7s,) is 11 and not completely regular, then 7,
is not the coarsest topology for which real 7, -continuous functions are contin-
uous. Therefore, we are looking for the coarsest topology 7 C T, such that

C{X,Ts,)) = C((X,T)).

PROPERTY 1. Let (X, 7) be a topological Baire space, ® € ®(X, 1) and let
To, ={ACX:A=VUB,Ver,BC®V)},
Toy = {ACX: A=VUB,VerBc @(G(V))}.

Then Te: , Tor are topologies on X such that Te: C Ter C To, .

Proof. Based on the properties of operator ®, it is easy to obtain that the
families T, , To are topologies and Tg, C Tor. If A € Tor, then A =V U B,
where V € 7, B C ®(G(V)). Let us assume that V N B = ). Then,
BC®(GW)\VcCGV)\V=V\V.
So, B € K(7) and A € Ba(7). Simultaneously,
®,.(VUB)=2,(V)=®(G(V))DG(V)DV

and
BC®(G(V)) =2,(V)=2,.(VUB).

Thus, A=V UBC ®.(VUB) =&,(A) and A€ To.. O

Remark 5. The inclusions in Property [l are proper. If (X, 7) is a topological
Baire space containing a 7-dense subset A € K(7), then from Remark [3] for every
operator ® € ®(X,7) we get that X \ A € Tp, \ Tar.

If ®(V) =V for every V € 719, then Tg, = 79 and Tgr \ 79 # 0. For example,
A= (-1, D\U,en{L} ¢ 70 but A= (A4\ {0}) U{0}, where A\ {0} € 7o and
{0} € ®(G(A\ {0})). Hence, A € Tor\ To: .

PROPERTY 2. If & € ®(X,7), then
To, OK(7) = Toy ©K(7) = To, .

Proof. Obviously, Ter © K(7) C Ts,. Let A € Tp,. Then, A = ®,.(A) \ B,
where B € K(7) and

0,(4) = 0(G(4)) = G(A) U (2(G(4)) \ G(4)).
Hence, ®,.(A) € Tp, and A € T, © K(7). O

This property implies the following corollary.
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COROLLARY 2. [f® € ®(X,7), then
C((X, Tar)) = C((X, Tay)) = C((X, Ta,)).
ExAMPLE 1. In [I0], R. O’Malley introduced a.e. topology on R. A set A is
a.c. open if A € Ty and A(A \ int(A4)) = 0.
Let T,... be the family of all a.e. open sets. If & = &, then ® € ®(R, 79) and
’7:1.6. - 7:I>; (See “m])

R. O'Malley in [I0] proved that the space (R, T,..) is completely regular.
Thus, in this case, Tg: is the coarsest topology such that

C((R, Te,)) = C((R, Te,))-

In the next part, we shall consider the topology 7Ts,, included in Tg .

Let (X, 7) be a topological Baire space and ® € ®(X,7). By RO(X, Ts,)
we denote the family of T3 -regular open sets.

Let 7g,, be a topology with RO(X, T, ) as an open base. Clearly, Tg, C To,.
The topological space (X, Tg, ) is called the semiregularization of the space
(X, Ta,)-

There is a useful characterization of the family RO(X, Ts,.).

THEOREM 7 (cf. [6]). A set A C X is a Tg,-reqular open set if and only if
A=9.(A).

THEOREM 8. If® € ®(X,7), then Ts,,C Tor and T, , ©K(7) = Ts, .

r

Proof. Let A€ RO(X,Ts,). By the previous theorem,
A=D,(A) = B(G(A)) = G(A) U ((I)EG(A)) \G(A)).

Since ®(G(A)) \ G(A) € ®(G(A)), we have A € To, .
Obviously, 7s, 6 K(7)C Ts,. If A€ Ty, , then A=®,(A)\ B, where BeK(7).
As @,(A) €e RO(X, Ts,.), we have A € Tp, © K(7). O

CoroLLARY 3. C((X,Te,,)) = C((X, Ta;)) = C({X, Tay)) = C((X, Ts,))-

In the case of operator & = ®,; and O’Malley topology 7,..., we obtain
To,, = Tae. Then Ty is the coarsest topology such that C((R,7s,,)) =
C((R, Ta.c.))-

The following example shows that semiregularization Tg,  does not have to be
the coarsest topology such that C((X, 7s,,)) = C((X, Ta,)).

EXAMPLE 2. The family 7 = {0,R, A, B,A U B}, where A = (1,00) and
B = (—o00, —1), is a topology such that C((X, 7)) consists of constant functions.

Let 7/ = 7 © J,, where J, is the o-ideal of countable sets on R. Then, 7’ is
a topological T7 Baire space.
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Putting ®(W) = W for W € 7/, we get that ® € ®(R,7’) and, by Remark [
To, = 7 ©K(7"). Hence, by Theorem [I]

C((X,Te,)) = C({X, 7)) = C((X,T)).
Simultaneously, A € Ts,,, because A is 7/-regular open and
B, (A) = B(G(A)) = G(A) = A.
Similarly, B € Ts,,. So, T, is not the coarsest topology such that
C{X,Ts,,)) = C((X, Ts,)),
because the coarsest topology is 7 = {0, R}.

The next theorem shows that under additional assumptions semiregulariza-
tion T, is the coarsest topology such that

CUR, Te,,)) = C((R, Ta,)).

To formulate this theorem, we need the concept of an interval set, so we recall
this notion.
Either of the sets
U (@n,0n), U lan, bl
neN neN
is a right interval set at a point zq if ¢ < bp41 < a, < b, for n € N and

lim a,, = zg.
n—oo

A left interval set at a point z is defined in the same way.

The union of a right interval set and a left interval set at the same point g
will be called a both interval set at a point xy. A set A is an interval set
at a point z( if it is a right interval or a left interval or a both interval set
at a point xg.

THEOREM 9. Let & € ®(R,79) and for every set A € 7, every x € ®(A) be
a both-side accumulation point of A. If for every ty-reqular open set V and
every x € ®(V) there exists an interval closed set F' at x such that F C V and
T € @(int(F)), then semiregularization Tg,, is the coarsest topology such that
C(R, Ta,,)) = C((R, Ta, ).

Proof. (Compare Theorem 2.7.5 in [1]). By Theorem[[land Theorem[8 we have
C((R,Ts,,)) = C((R,7s,)). It is sufficient to prove that the topological space
(R, Ts,,) is completely regular, because then the topology 7g,, is the coarsest
topology for which real 7, ~continuous functions are continuous. Let A € Ty,
and o € A.

We shall define a function f € C((R, Ts,,)) such that

f(zo)=1 and (R\ A) c f~1{0}).
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Clearly, there exists a Tg,-regular open set V' such that zop € V = &, (V) C A.
It implies zg € @(G(V)). By assumption, there exists a closed interval set F'
at x¢ such that F C G(V) and z¢ € ®(int(F)). Also by the assumption, every
point of the set ®(A), where A € 79, is the both-side accumulation point of A.
We get that ®,((a,b)) = (a,b) for every a < b, a,b € R. Hence, 19 C Tg,,.
Moreover, int(F') U{xo} € Ts,, because

@, (int(F) U {wzo}) = <I>(G(int(F) U {xO})) = @ (int(F)) = int(F) U {0}

Define
1 for x = xg,

flz) = dist(z, R\ G(V))
dist(z, F') + dist(z, R\ G(V))
Since G(V) C ®(G(V)) = ©,(V) C A, we have (R\ A) C R\ G(V) C f~1({0}).
Obviously, f is mo-continuous on R\ {zo} and f is 7, -continuous at xy, because
(int(F) U {zo}) C f~*({1}) and int(F) U {xo} € Ts,, . O

for x # xp.

The above theorem has application for operators:

e &, ®(R,7,) (W. Wojdowski, see [15]);

e &; € ®(R,7,) (E. Lazarow, W. Poreda, E. Wagner-Bojakow-
ska, see [§], [12]);

e &, c ®R,7,) (W. Wilczynski, W. Wojdowski, see [14]);

o &;5) € (R, 7,) (R. Wiertelak, see [13]).

We give another example in which Theorem [9 can be applied.

Let A € £ and J = {J,}nen be a sequence of intervals tending to zero.
It means that
|J.| — 0Ae(J,) — O,
n—oo n—oo

where ¢(J,,) is a centre of the interval J,,, for n € N.
We shall define an operator ®;: £ — L in the following way:

A n
o€ ®y(A) ifandonlyif lim A0 (ntT0))

n— 00 |Jn|

=1.

IftJ= {[—l l] }n N then we get an ordinary density point. It was proved

n’n
that operator ®; is an almost lower density operator and the family

Tr={AcL:ACd;A))

is a topology on R containing 7y (see [7]).
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We say that a sequence of intervals

J = {[anabn]}neN’

is right-side (left-side) tending to zero if there exists ny € N such that
bp, > 0 (a, < 0) for n > ny and

lim min{0, a, } _o <lim max{0, b, } _ 0>.

n—00 by, n—00 an

A sequence of intervals J is one-side tending to zero if it is right-side or
left-side tending to zero.
We have the useful property.

PROPERTY 3. Let J = {[an, by}, oy be a sequence of intervals tending to zero.
Then, for an arbitrary set A € L, every point x € ®;(A) is a both-side accumu-
lation point of A if and only if the sequence J is not one-side tending to zero.

Proof. Necessity. We assume that for an arbitrary set A € L every point
x € ®;(A) is a both-side accumulation point of A. Suppose that sequence J is
right-side tending to zero and let b > 0. Then 0 € ®;([0, b)), but 0 is not a both-
-side accumulation point of [0,b). For the sequence J left-side tending to zero,
we obtain contradiction in the similar way:.

Sufficiency. Let us assume that J is not one-side tending to zero. Let A € £
and x € ®;5(A). Suppose that 0 € ®;(A). We show that 0 is left-side accumula-
tion point of A. Since J is not right-side tending to zero, we have two cases.

1° There exists a subsequence {n,}men such that b, < 0 for m € N.
Since 0 € @ ;(A), we have

A n n
fy MAN [0, b0, )

m=—00 | [an7n ’ bn'ln] |

=1.

It implies that 0 is a left-side accumulation point of A.
2° There exists a subsequence {n, }men such that a,,, <0 <b,, and

. —An
lim = =qa > 0.
m—r0o0 n
m

Since O S (I) ](A), we haVe
A anm bnm

m=—00 | [an7n ’ bn'ln] |

=1.

Therefore, 0 is a left-side accumulation point of A.

By the similar argument, we prove that if a sequence J is not left-side tending
to zero, then 0 is a right-side accumulation point of A. O
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THEOREM 10. Let J = {J, }nen be a sequence of closed intervals tending to zero.
For every To-regular open set A and every x € ®;(A), there exists an open
interval set B C A at x such that x € ® ;(B).

Proof. If x € A, then the set B exists by Theorem 14 from [5].

Let A be a 1g-regular open set. Then A = UieN A;, where A; are pairwise
disjoint open intervals. It is sufficient to consider 0 € ®;(A) \ A. For n € N
define the set

I(n)={ieN: A;nJ, #0}.
We have two cases.

1° Only a finite number of sets I(n) is infinite. Without loss of generality
we can assume that all sets I(n) are finite. Then, we put B =,y Uicr(n) Ai-
This set is an open interval set, and obviously, 0 € ® ;(B).

2° There exists a subsequence {n,,}men such that the set I(n,,) is infinite
for m € N and I(j) is finite for j & UJ,,cx{7m}. Then, for every m € N, we can
find a finite set K (n,,) C I(n,,) such that

M o Uaind, | =2 UAind, |<27m 7l

€I (ngy) €K (nm)

For j & U, en{nm}, we put K(j) = I(j). Then, we define B = (J,, oy UieK(n) A;.
As in the case 19, this set is an open interval set. Moreover, 0 € ® ;(B). Indeed,

ABNT) =M | Ainda | >a| | And.| =277
)

i€K(n icI(n)
=AANJT,) = 27" T,
Hence,
nh_{go )\(]TJ:|Jn) S nh—{%o AAN Jn)|t]—n|2_“_1\Jn\ .
Since 0 € ®;(A), it follows that 0 € ®;(B). O

Paper [5] contains the following theorem helpful in our considerations.

THEOREM 11. Let J = {J,, }nen be a sequence of closed intervals tending to zero
and A be an open interval set at 0 such that 0 € ®;(A). Then there exists
an interval set B C A composed of closed intervals such that 0 € ® ;(B).
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Summarizing Theorems [ [0, [T and Property Bl we obtain the following

theorem.

THEOREM 12. Let J = {J, }nen be a sequence of closed intervals which is not
one-side tending to zero. If & = @, then

e PR, 7,), 70CTs,,

and semiregularization Tg,, is the coarsest topology such that

[9]
(10]

(11]
(12]

(13]

C(R, Te,,)) = C((R, Ta,))-
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