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ON CERTAIN TYPES OF FUNCTIONS

VIA GENERALIZED OPEN SETS

Bishwambhar Roy

ABSTRACT. The aim of this paper is to introduce some new classes of functions
termed as somewhat (μ, λ)-continuous functions, somewhat (μ, λ)-open functions
and hardly (μ, λ)-open functions. Some properties of these newly defined functions
are discussed in this paper. Relationships among these functions are also being
studied.

1. Introduction

The concepts of continuous functions and open functions are the most im-
portant ideas in the branch of mathematics. In the past few years, mathemati-
cians turned their attention towards the generalization of different open like sets,
continuous like functions, and open like functions. In fact, in the last decade,
Á. C s á s z á r [3]–[5] and many other mathematicians (see [1], [2], [9], [11], [12])
have extensively studied generalized topology and developed theories for this
particular branch of mathematics. In this paper, somewhat (μ, λ)-continuous,
somewhat (μ, λ)-open and hardly (μ, λ)-open functions are introduced in gener-
alized topological spaces.

Let expX denote the power set of a non-empty set X. A class [3] μ (� expX)
is called a generalized topology, (briefly, GT) if ∅ ∈ μ and μ is closed under
arbitrary union. The elements of μ are called μ-open sets and the complements
of μ-open sets are known as μ-closed sets. A set X with a GT μ is known as
a generalized topological space (briefly, GTS) and is denoted by (X,μ).

For any A � X, the generalized μ-closure of A is denoted by c
μ
(A) and

is defined by cμ(A) = ∩{F : F is μ-closed and A � F}, similarly, iμ(A) =
∪{U : U � A and U ∈ μ} (see [3], [5]). Throughout the paper, μ, λ will always
mean GT on the respective sets.
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2. Somewhat (μ, λ)-continuous functions

���������� 2.1� A function f : (X,μ) → (Y, λ) is said to be somewhat (μ, λ)-
-continuous if, for each λ-open set V with f−1(V ) �= ∅, there is a non-empty
μ-open set U such that U � f−1(V ).

���������� 2.2� A function f : (X,μ) → (Y, λ) is said to be (μ, λ)-continuous
[3] if f−1(V ) is μ-open in X for each λ-open set V of Y.

Remark 2.3�

(i) It follows from Definition 2.1 and 2.2 that every (μ, λ)-continuous function
is somewhat (μ, λ)-continuous. The converse is not true (even for topolo-
gies) as has been shown in [7].

(ii) If f : (X,μ) → (Y, λ) is a somewhat (μ, λ)-continuous function and ν is
a GT on X with μ � ν, then f is somewhat (ν, λ)-continuous.

(iii) If f : (X,μ) → (Y, λ) is a somewhat (μ, λ)-continuous function and η is
a GT on Y with η � λ, then f is somewhat (μ, η)-continuous.

���������� 2.4� A subset A of a GTS (X,μ) is called μ-dense [6] if c
μ
(A) = X.

It is easy to observe that A is μ-dense if and only if there is no μ-closed set
C in X such that A � C � X.

	
����� 2.5� For a function f : (X,μ) → (Y, λ), the followings are equivalent:

(i) f is somewhat (μ, λ)-continuous.

(ii) For a λ-closed set C of Y with f−1(C) �= X, there is a μ-closed subset
F �= X of X such that f−1(C) � F.

(iii) The image of a μ-dense set in X is λ-dense in f(X).

P r o o f.

(i) ⇒ (ii): Let C be a λ-closed subset of Y such that f−1(C) �= X. Then
Y \ C is a λ-open set in Y , where f−1(Y \ C) �= ∅. By (i), there exists
a non-empty μ-open set U in X such that U � f−1(Y \ C). This means
that f−1(C) � F where F = X \U is a μ-closed set in X different from X.

(ii) ⇒ (i): Let V be a λ-open set and f−1(V ) �= ∅. Then Y \V is λ-closed and
f−1(Y \ V ) = X \ f−1(V ) �= X. By (ii), there exists a μ-closed set F �= X
of X such that f−1(Y \ V ) � F . This implies that X \F � f−1(V ) where
X \ F is non-empty μ-open.

(ii) ⇒ (iii): Let A be a μ-dense set in X. Suppose that f(A) is not λ-dense
in f(X). Then there exists a λ-closed set C in X such that f(A) � C �
f(X). Clearly, f−1(C) �= X. By (ii), there exists a μ-closed subset F in X
such that A � f−1(C) � F � X. This is a contradiction to the fact that
A is μ-dense in X.
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(iii) ⇒ (ii): Suppose that (ii) is not true. This means that there exists a λ-closed
set C in Y such that f−1(C) �= X but there is no μ-closed set F �= X such
that f−1(C) � F. This means that f−1(C) is μ-dense in X. But by (iii),
f
(
f−1(C)

)
= C must be λ-dense in Y, which is a contradiction to the

choice of C. �
���������� 2.6� Two GT’s μ and ν on X are said to be weakly equivalent if,
for each non-empty μ-open set U, there exists a nonempty ν-open set V such
that V � U, and for each non-empty ν-open set U, there exists a non-empty
μ-open V such that V � U.

	
����� 2.7� If f : (X,μ) → (Y, λ) is a somewhat (μ, λ)-continuous function
and ν is a GT on X weakly equivalent with μ, then f : (X, ν)→ (Y, λ) is some-
what (ν, λ)-continuous.

P r o o f. Let V be a λ-open subset of Y such that f−1(V ) �= ∅. Since f : (X,μ)→
(Y, λ) is somewhat (μ, λ)-continuous, there exists a nonempty μ-open set U in X
such that U � f−1(V ). However, by hypothesis, μ is weakly equivalent with ν.
Therefore, there exists a nonempty ν-open set U∗ in X such that U∗ � U . Then
U∗ � f−1(V ). Hence, f : (X, ν) → (Y, λ) is somewhat (ν, λ)-continuous. �
	
����� 2.8� Let f : (X,μ) → (Y, λ) be a somewhat (μ, λ)-continuous surjec-
tion and ξ be a GT on Y weakly equivalent with λ. Then f : (X,μ) → (Y, ξ) is
somewhat (μ, ξ)-continuous.

P r o o f. Let V ∗ be a ξ-open subset of Y such that f−1(V ∗) �= ∅. Since λ
is weakly equivalent with ξ, there exists a nonempty λ-open set V in Y such
that V � V ∗. Now, ∅ �= f−1(V ) � f−1(V ∗). Since f : (X,μ) → (Y, λ) is
somewhat (μ, λ)-continuous, there exists a nonempty μ-open set U in X such
that U � f−1(V ). Then U � f−1(V ∗). Hence, f : (X,μ) → (Y, ξ) is somewhat
(μ, ξ)-continuous. �
Example 2.9. Let X = {a, b, c}, μ =

{
∅, {a, b}, X}

, λ =
{
∅, {c}, X}

, and

ν =
{
∅, {c}, {a, c}}. Then μ, λ and ν are three GT’s on X. It can be checked

that λ and ν are weakly equivalent. The function f : (X,μ) → (X, λ) defined
by f(a) = a, f(b) = b and f(c) = b is a surjective, somewhat (μ, λ)-continuous,
however, f : (X,μ) → (X, ν) is not somewhat (μ, ν)-continuous.

	
����� 2.10� If f : (X,μ) → (Y, λ) is somewhat (μ, λ)-continuous and
g : (Y, λ) → (Z, ν) is (λ, ν)-continuous, then g ◦ f : (X,μ) → (Z, ν) is some-
what (μ, ν)-continuous.

P r o o f. Let U ∈ ν. Suppose that (g ◦f)−1(U ) �= ∅. Since U ∈ ν and g is (μ, ν)-
-continuous, g−1(U ) ∈ λ. As f is somewhat (μ, λ)-continuous, there exists a non-
-empty μ-open set V in X such that V � f−1

(
g−1(U )

)
. We have f−1

(
g−1(U )

)
=

(g◦f)−1(U ), which implies that V � (g◦f)−1(U ). Therefore, g◦f is a somewhat
(μ, ν)-continuous function. �
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3. Somewhat (μ, λ)-open and hardly (μ, λ)-open functions

���������� 3.1� A function f : (X,μ) → (Y, λ) is said to be somewhat (μ, λ)-
-open if, for each non-empty μ-open set U in X, there exists a non-empty λ-open
set V in Y such that V � f(U ).

���������� 3.2� A function f : (X,μ) → (Y, λ) is called (μ, λ)-open [8] if f(U )
is λ-open in Y for each μ-open set U in X.

According to the two above definitions, it follows that every (μ, λ)-open func-
tion is somewhat (μ, λ)-open, however, as it is well-known, the converse is not
true.

	
����� 3.3� A function f : (X,μ) → (Y, λ) is somewhat (μ, λ)-open if and
only if, for any A � X, iμ(A) �= ∅ implies that i

λ

(
f(A)

) �= ∅.

P r o o f. It follows from Definition 3.1. �
	
����� 3.4� For a function f : (X,μ) → (Y, λ), the followings are equivalent:

(i) f is somewhat (μ, λ)-open.

(ii) Inverse image of λ-dense subset of Y is μ-dense in X.

P r o o f.

(i) ⇒ (ii): Suppose that D is a λ-dense set in Y. We need to show that f−1(D)
is a μ-dense subset of X. Suppose that f−1(D) is not μ-dense in X. Then
there exists a μ-closed set B in X such that f−1(D) � B � X. As X \B is
a non-empty μ-open set, by (i), there exists a nonempty λ-open subset E
in Y such that E � f(X \B). Therefore, E � f(X \B) � f

(
f−1(Y \D)

)
�

Y \D. It follows that D � Y \ E � Y. Thus, Y \ E is a μ-closed set and
D � Y \ E � Y. This implies that D is not a λ-dense set in Y, which is
a contradiction. Therefore, f−1(D) is a μ-dense subset of X.

(ii) ⇒ (i): Suppose that U is a nonempty μ-open subset of X. We need to show
that i

λ

(
f(U )

) �= ∅. If possible, let i
λ

(
f(U )

)
= ∅. Then c

λ

(
Y \f(U )

)
=Y.

Thus, Y \ f(U ) is λ-dense in Y. Therefore, by (ii), f−1
(
Y \ f(U )

)
is

μ-dense in X. But, f−1
(
Y \ f(U )

)
� X \ U. Now, X \ U is μ-closed.

Thus, X = c
μ

(
f−1(Y \ f(U ))

)
� X \ U. This implies that U = ∅ which is

a contradiction to the fact that U is non-empty. Therefore, i
λ

(
f(U )

) �= ∅.
This proves that f is somewhat (μ, λ)-open. �

	
����� 3.5� For a bijective function f : (X,μ) → (Y, λ), the followings are
equivalent:

(i) f is somewhat (μ, λ)-open.

(ii) For a μ-closed subset C of X with f(C) �= Y, there is a λ-closed subset
F � Y such that f(C) � F.
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P r o o f.

(i) ⇒ (ii): Let C be any μ-closed subset of X such that f(C) �= Y. Then X \C
is a μ-open set in X and X \ C �= ∅. Since f is somewhat (μ, λ)-open,
there exists a non-empty λ-open set V in Y such that V � f(X \C). Put
F = Y \ V. Clearly, F is λ-closed in Y and F �= Y. Since, V � f(X \ C),
f(C) =

(
Y \ f(X \ C)

)
� Y \ V = F.

(ii) ⇒ (i): Let U be any nonempty μ-open subset of X. Then C = X \ U
is a μ-closed set in X and f(X \ U ) = f(C) = Y \ f(U ) implies that
f(C) �= Y . Therefore, by (ii), there is a λ-closed set F of Y such that
F �= Y and f(C) � F. Clearly, V = Y \ F is λ-open and V �= ∅. Also,
V = Y \ F � Y \ f(C) = Y \ f(X \ U ) = f(U ). �

	
����� 3.6� If f : (X,μ) → (Y, λ) is a (μ, λ)-open map and g : (Y, λ) → (Z, ν)
is a somewhat (λ, ν)-open map, then g ◦f : (X,μ) → (Z, ν) is a somewhat (μ, ν)-
-open map.

P r o o f. Let U ∈ ν and U �= ∅. Since f is a (μ, λ)-open map, f(U ) is λ-open and
f(U ) �= ∅. Since g is a somewhat (λ, ν)-open map and f(U ) ∈ λ with f(U ) �= ∅,
there exists a ν-open set V such that V � g

(
f(U )

)
, which implies that g ◦ f is

a somewhat (μ, ν)-open function. �

���������� 3.7� A function f : (X,μ) → (Y, λ) is said to be hardly (μ, λ)-open
if, for each λ-dense subset A of Y that is contained in a proper λ-open set,
f−1(A) is μ-dense in X.

From Theorem 3.4 and Definition 3.7, it follows that every somewhat (μ, λ)-
-open function is hardly (μ, λ)-open. The converse is false as shown in the next
example.

Example 3.8. Let X = {a, b, c}, μ =
{
∅, {a}, {c}, {a, c}, X}

and λ =
{
∅, {c},

{a, c}, {a, b}, X}
. Then μ and λ are two GT’s on X. It can be checked that

the identity mapping f : (X,μ) → (X, λ) is hardly (μ, λ)-open but not somewhat
(μ, λ)-open.

	
����� 3.9� A function f : (X,μ) → (Y, λ) is hardly (μ, λ)-open if and
only if, for each set A � Y containing a non-empty λ-closed set with i

λ
(A) = ∅,

we have i
μ

(
f−1(A)

)
= ∅.

P r o o f. First, assume that f is hardly (μ, λ)-open. Let A � Y be such that
i
λ
(A)=∅ and let F be a nonempty λ-closed set contained in A. Since, i

λ
(A) = ∅,

Y \A is λ-dense in Y. As F � A, Y \A � Y \F �= Y, f−1(Y \A) is μ-dense in X.
Thus, X = cμ(f

−1
(
Y \A)) = cμ

(
X \ f−1(A)

)
= X \ iμ

(
f−1(A)

)
which implies

that i
μ

(
f−1(A)

)
= ∅. Conversely, assume that i

μ

(
f−1(A)

)
= ∅ for every A � Y

having the property that iμ(A) = ∅, and A contains a nonempty λ-closed set.
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Let A be a λ-dense subset of Y that is contained in the proper λ-open set U.
Then i

λ
(Y \A) = ∅ and ∅ �= Y \U � Y \A. Thus, Y \A contains a nonempty

λ-closed set, and hence, i
μ

(
f−1(Y \ A)

)
= ∅. Then ∅ = i

μ

(
f−1(Y \ A)

)
=

i
μ

(
X \ f−1(A)

)
= X \ c

μ

(
f−1(A)

)
, and hence, f−1(A) is μ-dense in X. �

	
����� 3.10� Let f : (X,μ) → (Y, λ) be a function. If i
λ

(
f(A)

) �= ∅ for
every A � X having the property that i

μ
(A) �= ∅ and if there exists a nonempty

λ-closed set F for which f−1(F ) � A, then f is hardly (μ, λ)-open.

P r o o f. Let B � U � Y, where B is λ-dense and U is a λ-open set. Let
A=f−1(Y \B) and F =Y \U. Obviously, f−1(F )=f−1(Y \U ) � f−1(Y \B) = A.
Also, i

λ

(
f(A)

)
= i

λ

(
f(f−1(Y \B))

)
� i

λ
(Y \B) = ∅. Therefore, we must have

∅ = i
μ
(A) = i

μ

(
f−1(Y \ B)

)
= i

μ

(
X \ f−1(B)

)
which implies that f−1(B) is

μ-dense. Hence, f is hardly (μ, λ)-open. �
	
����� 3.11� If f : (X,μ)→ (Y, λ) is hardly (μ, λ)-open, then i

λ

(
f(A)

) �=∅,
for every A � X having the property that iμ(A) �= ∅ and f(A), contains
a nonempty λ-closed set.

P r o o f. Let A�X be such that i
μ
(A) �=∅ and let F be a nonempty λ-closed set

for which F �f(A). Suppose that i
λ

(
f(A)

)
=∅. Then Y\f(A) is λ-dense in Y and

Y \f(A) � Y \F where Y \F is a proper λ-open set. Since f is hardly (μ, λ)-open,
f−1(Y \f(A)) is μ-dense in X. But, f−1

(
Y \f(A)) = X \f−1

(
f(A)

)
, and hence,

i
μ

(
f−1(f(A))

)
= ∅. It follows that i

μ
(A) = ∅ which is a contradiction. �

The converses of Theorems 3.10 and 3.11 are true provided that f is surjective.
Thus, we have the following characterizations for surjective hardly (μ, λ)-open
functions.

	
����� 3.12� If f : (X,μ) → (Y, λ) is surjective, then the following conditions
are equivalent:

(i) f is hardly (μ, λ)-open.

(ii) i
λ

(
f(A)

) �= ∅ for every A � X having the property that i
μ
(A) �= ∅ and

there exists a nonempty λ-closed set F � Y such that F � f(A).

(iii) i
λ

(
f(A)

) �= ∅ for every A � X having the property that i
μ
(A) �= ∅ and

there exists a nonempty λ-closed set F � Y such that f−1(F ) � A.

P r o o f.

(i) ⇒ (ii) : This is proved in Theorem 3.11.

(ii) ⇒ (iii) : Since f is surjective, F � f(A) implies that f−1(F ) � A.

(iii) ⇒ (i) : This is proved in Theorem 3.10. �
	
����� 3.13� Let f : (X,μ) → (Y, λ) be a hardly (μ, λ)-open bijection and
H be a μ-closed subset of X such that f(H) is contained in a proper λ-open set
in Y. Then f(H) is contained in a proper λ-closed set in Y.
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P r o o f. Let H be a μ-closed subset of X and U ( �= Y ) be a λ-open subset of Y
with f(H)�U. Then ∅ �=Y \U�f(X\H). Thus, f(X \H) contains a non-empty
λ-closed set of Y. So, by Theorem 3.12, i

λ

(
f(X \H)

) �= ∅ (as i
μ
(X \H) �= ∅).

Hence, by the injectiveness of f , f(H) � Y \ f(X \ H) � Y \ i
λ

(
f(X \ H)

)
.

Thus, f(H) is contained in a λ-closed set. �

The bijection in the above theorem is essential as the following examples
show.

Example 3.14.

(a) Let X = {a, b}, μ = {∅, {b}, X}, Y = {a, b, c}, λ =
{
∅, {b, c}, {a, c}, Y }

.
Then μ and λ are two GT’s on X and Y, respectively. Let f : (X,μ) →
(Y, λ) be defined by f(a) = a and f(b) = b. It can be checked that f
is hardly (μ, λ)-open injection, however, if H = {a}, then f(H) is not
contained in any proper λ-closed set in Y.

(b) Let X = {a, b, c, d}, μ =
{
∅, {c}, {a, c}, {a, b}, {a, b, c}, X}

, Y = {a, b, c},
λ =

{
∅, {c}, {a, c}, {a, b}, Y }

. Then μ and λ are two GT’s on X and Y,
respectively. Let f : (X,μ) → (Y, λ) be defined by f(a) = a f(b) = b,
f(c)=c, f(d)=a. It can be checked that f is hardly (μ, λ)-open surjection,
however, if H = {b, d}, then f(H) is not contained in any proper λ-closed
set in Y.

���������� 3.15� Let (X,μ) be a GTS. Then a subset A of X is called
a μ-generalized closed set (or, for short, μg-closed set) [10] if and only if
cµ(A) � U whenever A � U where U is μ-open in X. A GTS (X,μ) is called
μ-T

1/2
if and only if every μg-closed set is μ-closed.

���� 3.16� A GTS (X,μ) is μ-T
1/2

if and only if, for each x ∈ X, {x} is
either μ-open or μ-closed.

P r o o f. Suppose that X is μ-T
1/2

and for some x ∈ X, {x} is not μ-closed.

Then X \ {x} is contained in the μ-open set X at most (in case if X ∈ μ). Thus,
X \ {x} is μg-closed and hence μ-closed. Hence, {x} is μ-open.

Let A be any μg-closed subset of X and x ∈ cµ(A). We have to show that
x ∈ A. If {x} is μ-closed and x �∈ A, then x ∈ cµ(A)\A. Thus, cµ(A)\A contains
a non-empty μ-closed set {x}, a contradiction to [10, Theorem 2.5]. So, x ∈ A.
Again, if {x} is μ-open then, since x ∈ cµ(A), it follows that x ∈ A. Hence,
in both the cases, x ∈ A. Thus, A is μ-closed. �

	
����� 3.17� Let (Y, λ) be λ-T
1/2

. Then a mapping f : (X,μ) → (Y, λ) is

hardly (μ, λ)-open if and only if it is somewhat (μ, λ)-open.

P r o o f. If f is somewhat (μ, λ)-open, then it is hardly (μ, λ)-open. Let
f : (X,μ) → (Y, λ) be hardly (μ, λ)-open. Let A be any λ-dense subset of Y.
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Suppose that y ∈ Y \ A. Since A is λ-dense, i
λ
(Y \ A) = ∅. Thus, {y} is not

λ-open. Hence, by Lemma 3.16, {y} is λ-closed (as Y is λ-T
1/2

). Therefore, A is

contained in the proper λ-open subset Y \ {y}. Since f is hardly (μ, λ)-open,
f−1(A) is μ-dense in X. Thus, by Theorem 3.4, f is somewhat (μ, λ)-open. �
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