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STATISTICAL ASSESSMENT OF THE TYPOGRAM DATA OF THE
PUPIN’S CLASSIFICATION OF ZIRCONS

(3 Figs., 5 Tabs.)

Abstract: The morphometrical data on zircons when processed accordingto Pupin’s
classification, yield significant data on parent rock history. The concept of TET (Trend of
typological evolution) and TETM (Mean TET) are important parts of the P u p i nsystem.
This paper gives practical schemes for their calculation (including references to available
computer programs written at the author’s Laboratory) in a way that gives optimal results.

Pesome: O6paboTka MOpPOMETPHUECKMX TaHHBIX O MeTOAe kiaccudukauun Iy -
11 ¥ H & 1a€T UHTEPECHBIE laHKble O UCTOPHM MaTo4HbIX nopoy. Konuenuun TET (Tpenn
Tunojiornueckoi 3posrouun) U TETM (cpennuit TET) SBASIIOTCS Ba)KHOM YacThIO
cuctembl Pupina. B mpennaraemoit ctatbe NMPHUBOAMTCS NPAKTHYECKasl CXeMa ISl UX
NPaBUJILHOTO BbIMMCIIEHHA. B 3TOli cxemMe NpUHMMaeTcss BO BHMUMAaHHME AMCKPETHHA
XapakTep MOpHOMETPHUYECKHX AAHHDIX.
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The Pupin— Turco classification of the morphological parameters of zircons (Pupin,
1976) is a system that correlates the chemical and PT conditions of rock crystallization on the
basis of the character of development of prismatic and pyramidal faces of zircon crystals
separated from the investigated rocks. The history of development of this classification is
briefly outlined by Matsuura— Aoki (1989).

The classification is performed by matching the morphology of the investigated zircon
crystals with tabulated zircon forms. The basic classification scheme recognizes 64 main zircon
types and tens of subtypes. To every zircon type field two (X-and Y-wise) numerical values
ranging from 100 to 800 are ascribed. The rows are called Agpaicity indices (IA), the columns
are called Temperature indices (IT). After completing the assessment of the number of zircon
grains falling into the defined type fields, the numbers are summed up both row- and
column-wise. These data are used for the calculation of the coordinates of the “Mean point”
of the distribution of typological data. The mean point is calculated according to Pupin (1980)
o 800
1A =3 1A . nja &

100
- 800
IT = Z IT . nt (2)

100

where IA are the values of the Agpaicity index (columns) and IT are the values of the
Temperature index (rows) (Tab. 1a). Here a field with higher IA value represents a more
alcaline millieux, a field with higher IT values represents the zircons formed under higher
temperature.

* Ing. G. M. Tim ¢4k, CSc., Department of Geology and Mineralogy, Mining Faculty, Technical
University, 043 84 Kosice.
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Table la
Calculation of the mean point of zircon population shown in Fig. 1.

1 ]
A — (3 IAf) = 1/95 (300 x 8 + 400 x 77 + 500 x 10) = 402.1

N 1
I 1 &
IT — (X ITf) = 1/95 (400 x 20 + 500 x 15 4+ 600 x 58 + 7000 x 2) = = 468.4

N 1

Note: Zero members are omitted.

After completing the calculation of the mean point, the original Pupin technique
proceeded with the calculation of the angle of the typological trend vector (TET1). For this
calculation Pupin used the values of X- and Y-wise standard deviation of the typological
distributions projected to X and Y axis. He used the formulae:

tga = Sp/Sp 3)

where o is the angle of the TET1. The sr and s, values are calculated here as:

1
st = ((A—A)/N)? (4a)
1
sa = ((T=T)*/N)? (4b)
where N is the number of observed zircon grains. This number should not be smaller than
100—-150, but Pupin (1985) considers 50 grains as sufficient in case of “Fairly uniform
populations with few different subtypes™.

Since the mid eighties, Pupin started using exclusively the TET2 vector, evidently to avoid
the problems in calculating st and s, though the TET1 has a definite merit in its simplicity of
interpretation (Tim¢dak, 1989) and in reflecting the properties of both (TA- and IT-wise)
projected distributions.

The TET? is calculated by row-wise assessing the IA mean values. For the example shown

in Fig. 1, the IT* calculation is shown in Tab. 1b.

Table 1b
Calculation ot the IT-wise TET2

2o = 0, Zfagp = 0, 23y = 0, Zfyge = 20, Zfsy = 15
Steo = 58. Sfr0n = 2 values ITY, of IT%, = 0

— 1

ITho = =5 (20x400) = 400

= 1

ITS = ST (300 + 14 x 400) = 393.3

Tk = % (7 % 300 + 41 x 400 + 10 x 500) = 405.2

= 1
I = —— (2X.400) = 400

Note: In our case TET2 is nearly linear as the given population is narrowly spread and the
typological fields with maximal frequency are located in the same column (IA = 400). In case
of a wider population spread the TET2 consists of connected line segments of different orientation.
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Fig. 1. A Pupin typogram for a smaller zircon population.
The frequency data, coded class numbers, mean point and TET1 vectors are shown. It can be seen that the
TET1 vectors calculated assuming a Gaussian (TET1G), binomial (TET1B) and Poisson (TET1P)
projected IA-IT distribution are different. From Tabs. 3b., 4b., it follows that TET1B characterizes the
evolution trend better than the TET1P. The optimum result is obtained here, however if for IA data
a Gaussian model is used and for IT a binomial one (TET1GB).

If one works with more data sets, two types of mean TET can be calculated (TETM]1,
TETM?2). The TETML1 is calculated from the values of mean points (TA, IT) and of o’s for
a given set of data (say 25 zircon populations from one district). The calculation procedure is
shown in Tab. 2a. Thus

E'IE"IMI = (= mn)/ﬂ (5a)
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TTemmt = (2 ITy)/n (5b)
tg & TeTM1 = (% ant)/n (6)

where n is the number of TETs and o'F" are the TET1 angles of the studied zircon
populations. The starting and ending point levels of the vector is always given by the lowest
and highest nonzero typological field.

The calculation of the TETM2 coordinates involves the calculation of TETM for every row
(Fig. 2). The coordinate of the i-th level of the TETM2 polygon is obtained as (X TET2 values
of ith row/number of TET?2 values in that row). The IT-wise coordinate of the TETM2 points
is at the middle of the given IT class. Tab. 2c gives an example of the calculation procedure.
Pupin, in his earlier papers used also a third type of TETM, obtained by fitting a curve to the
scattergram of mean points from the investigated region.

{A
100 200 300 400 500 600 700 800
100 TETM 1
TET | TET /
p 3 o)
20 ° NS /
300 iy >//TET
V/ [e]
TET TETgACTET]
IT 400 o |5
N
o
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-
€
600 / TET’xTET
700 TETM[2
800

Fig. 2. Example of TETM1 and TETM2 calculations. In this case the mean points (TET) of a hypothetical

population of specimens were first considered to be the TET1 mean points and subsequently to be TET2

mean points, as it was required by the calculation procedure, depending on whether the TETM1 or
TETM2 was calculated. In case of real populations these points would not be identical.

The TET as well as the TETM vectors indicate the evolution trend of zircons, i.e. the change
of the chemistry of the magmas as well as of the temperature and pressure conditions with
time. The time “axis” is formed by the directional component latent in the scattergram (cf.
Tim &4k, 1989). The magnitude of angle o thus indicates the speed of cooling of the melt. The
greater the o, the greater is — according to this hypothesis — the cooling rate. A high cooling
rate thus results also in a low IA standard deviation value (narrow projected distribution).

The practical value of the various types of TET and TETM is demonstrated by the papers of
Pupin (1976, 1980, 1985 etc.) and others (eg. Caironi, 1985).
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Table 2a

Calculation of variance and « for a binomial type of distribution

TA = (5 fK)/N = 3.0211 where K, = O0.1....7
! N = 95
n =25

TIA,/n
3.0211/5 = 0.6042

o TAk = np; thus p
1A p
q=1-p=0.3958

Sic =npg = 5 x 0.6042 x 0.3958 = 1.196

Spr = 1.094

__ n
IT, = (£ {K))/N where N = 95
1

= 4.4421 n =7
_ IT, = np; from this we calculate p and thus
IT p = 4.4421/7 = 0.6346
q = 0.3654
St =

npq = 7 x 0634 x 0.3654 = 1.6232
1

Se— 274

I

tge = Syp/Spx = 1.274/1.094 = 1.165
« = 49°21'

Before the calculation, it is more advantageous, however, to rewrite the equations given by
Pupin so that

_ 8
TA = (SIAfL)/N (7a)

1
where i = 1 to 8 and N is the total number of analysed zircon grains in the investigated

specimens; should one use percentual data, N = 100. IA, is the value for the midrange (i.e.
100 to 800) and f, is the sum of grain numbers falling into a given column. By analogy

T = (%IT,f,)/N (7b)
1

where f, is the sum of grain numbers falling into a given row. Tab. 1a contains an example of
such calculation.

Should the distribution be continuous and Gaussian, the calculation of the standard
deviation (sy, s,) would have to be done according the the formulae shown below:

i
Sr = (4, (IT, - TT)/N)® (8a)
1

Sa = ((xzf, (1A, - TA)))/N) * (8b)
1
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Table 2b

Example of TETMI and « calculation (cf. Fig. 2)

TET1 TETMI1 coordinates
coordinates
N A T A T
1 300 200 —
2 600 200 IA = 5105/10 _
3 500 300 = 510.5 IT = 3860/10
4 730 330 = 386
5 400 400
6 480 400
7 570 370
8 600 500
9 430 570
10 495 590
Sum 5105 3860
1 =
N O(TETI(:/ aues OTETMI
1 29
2 30 Note: The orer; as well as the 1A and
i 4312 = 2Za IT values were taken from 10
5 50 «= N ! typograms chosen for this de-
6 23 = 37°06’ monstration.
7 32
8 41
9 51
10 37
Sum 371
Table 2c¢c
Calculation of the TETM2 coordinates (cf. Fig. 2)
= = 300 + 600
IT = 200 A= — =450
2
= = 500 + 730
IT =300 IA = —2—=615
— = 400 + 480 + 570
IT =400 A= — =483
3
= = 600
IT =500 IA = =600
= = 430 4495
IT =600 IA = —2—- =462.5

Note: Fig. 2 shows also the mean points of TET1s. The differences of IT coordinates of these mean
points against mid-range points were not taken mto consideration (they are meaningful only for

TETM1 calculation).
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where N is the total number of analysed grains, £, is the number of grains in the given row (for
s7) or column (for s, ), the IT, as well as IA, vary from 100 to 800 (step 100) and the IT and
TA values are the ones calculated according to Eqs. 7a and 7b.

The number of grains falling into the typogram fields are, however, discrete values and thus
are not Gaussian, even though in case of symmetrical distributions, where the first 3 moments
satisfy the conditions of normality, or when the rank correlation between the model and
experimental distribution is sufficiently high, the angle a calculated from s and s, obtained by
formulae (8a, b) does not show a significant deviation from the a calculated for an appropriate
discrete distribution (for the typogram shown in Fig. 1 the 0,18 53°1' to 66°42' according to
whether the projected IT distribution is deconvoluted or not (D 4 vid, manuscript, 1988, cf;
Tab. 2a and 4a).

In a significant proportion of cases, the distribution is too narrow or assymetric (3; # 0) or
has an excess {3, # 3, thus the above mentioned approximation is not applicable. Then the use
of binomial, negative binomial, Poisson distribution or some other discrete distribution type is
necessary.

The courses of the original and model distributions are shown in Fig. 3.

In case of the use of a binomial model, the variance (s?) is calculated as it is shown in Tab. 2a.
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Fig. 3. Projected IA and IT value frequency distributions for data from Fig. 1 shown together with the
model distributions.

1 — original distribution, 2 — equivalent binomial distribution, 3 — equivalent Poisson distribution,

4 — equivalent Normal distribution. Coded class numbers are shown on the X-axis.
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Table 3a

Calculation of the original and equivalent binomial distribution

X n—x in—x p Expected frequency for IA and IT
x+1 |x+1 q f (x) = Np (x)
0 5 7.633 f(0) = Np(0) = 0.9228 =1
- 1 2 3.053 F(1) = 0.9228 x 7.633 = 7.044 = 7
1A 2 1 1.5265 f(2) = 7.044 x 3.053 = 21.505 = 22
3 0.33 0.5088 f(3) = 32.83 = 33
4 0.2 0.3053 f(4) = 16.705 = 17
f(5) =51 =5
0 7 12.157 f(0) = Np(0) = 0.0826 =0
1 3 5.21 f(1) = 0.0826 x 12.157 = 1
2 1.7 2.895 f(2)=52=5
1T 3 1 1.737 f(3) = 15.15 = 15
4 0.6 1.04 f(4) = 26.3 = 26
5 0.33 0.58 f(5) = 27.36 = 27
6 0.14 0.248 f(6) = 15.87 = 16
f(7) =39=4
Auxiliary calculations:
_ f(0) = Ng" = 95 x q° = 95 x 0.00974 = 0.9228
1A where N=95an=35
p/q = 1.5265 (see Tab. 2a)
_ f(0) = Nq" = 95q” = 0.0826
IT where N=95an=7
p/q = 1.5265 (see Tab. 2a)

The class values should, however, be changed from (100 to 800) to (0,1... to 7). The
distribution is considered to terminate where the first zero frequency value occurs on its high
tail. ,

The basic equations for the calculation of TA and Sia are:

IA =np (10a)

St = NPq (10b)

where n is the number of classes (in our case for TA n=5,for IT n= 7), p is the
probability of occurrence of zircon grains; q = 1-p. As the data for the determination of iA
are known, we can use Eq. 7a for the calculation, but instead of 1A, we should use the coded
midpoint values (K, = 0,1,2,..,n). The calculation of « is done as before (Tab. 2a). The
correlation of the experimental and model distribution can be evaluated by rank correlation.
For this, we have to calculate the expected frequency values (f) of the equivalent binomial
distribution, for an identical N and for the calculated p (Tab. 2).

The whole procedure is illustrated in Tab. 3a-b. Tab. 3b presents the calculation of the rank
correlation. In case of repeated ranks a correction is necessary (cf. Gupta—Kapoor,
1977). Thus if there are more identical f, values, we ascribe to them an identical, mean f, value.
Thus if there are 3 equal f, values and their order is 4, 5, 6, the mean f, = 5. The next rank
would be, however 7.
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Table 3b

Rank correlation of the results shown 1n Tab. 3. a (Binomial distribution)

1A
class f, f RC1 RC2 d d
0 0 1 5 5 0 0
1 0 7 5 4 1 1 n=>5
2 8 22 3 2 1 1 RCI1, RC2 — rank
3 77 33 1 1 0 0 coefficient
4 10 17 2 3 -1 1
Sum 3
IT
class f, f, RC1 RC2 d d?
0 0 0 6 7 -1 1
1 0 1 6 6 0 0
2 0 5 6 5 1 1
3 20 15 2 4 -2 4 n=7
4 15 26 3 2 1 1
5 58 27 1 1 0 0
6 2 16 4 3 1 1
Sum 8
n
fa=1-6( d+ m)/n(n’> - 1) m = 2
1 m’ = m(m? -1)/12
= 0.825 = 0.5
= 1-6(8 +2)/(7(49 — 1)) m =3
m = 3(9-1)/12
= 0.821 =2

Should the rank correlation coefficient have a value lower than 0.7, the Poisson model
should be tested. Here

A =) (11a)

S
T (11b)

where A is calculated according to the scheme given in Tab. 4a. The calculation of the Poisson
distribution equivalent to the experimental one is shown in Tab. 4b. A test of goodness of fit is
given in Tab. 4c. As it is shown in Fig. 3, for our data the binomial distribution appears to be
a better equivalent.

In case the distribution modus is markedly shifted to the left, it is possible to model the
distribution by a negative binomial one (Tab. 5a-d). The goodness of fit can be tested eg. by
rank correlation. Note that Tab. 5 contains input data different from the previous ones.
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Table 4a
Calculations of the equivalent Poisson distribution and of «
A
X p(x) Expected frequency
x + 1 Np(x) N=95
0 3.021 0.0488 4.6 =5
1 1.5105 0.1474 13.99 = 14
1A 2 1.007 0.222705 21.15 =21
3 0.7553 0.22426 213 =21
4 0.6042 0.1694 16.09 = 16
0.10235 9.5=10
0 444” 0.01177 1.1 =1
1 2.22 0.0523 495 =5
_ 2 14807 0.1161 11.03 = 11
IT 3 1.1105 0.172 16.331 = 16
4 0.8884 0.191 18.1 = 18
5 0.74 0.1697 16.12 = 16
6 0.635 0.126 11.97 = 12
0.079 7.6 =28
Xia = (Efx)/N = 3.021 A =3.021
p(x) = (e7*A¥)/x! n=>5
p(x + 1) = (A/(x + 1))p(x) p(0) = e™ = 0.0488
p(1) = 3. 021 x 0.0488 = 0.1474
Xir = 4.442 A =4.442
p(0) = 0.01177 n=7

p(1) = 4.442 x 0.01177 = 0.0523

Calculation of « for the original distribution assuming that it is of Poisson type:

S— = (4m)"* Sm = U-IA)O5
tg « = Syr/ Stz (ha)"’
o 5 108/1.738 = 12126
o« = 50°29’
Table 4b
Rank correlation of the original and equivalent Poisson distribution
class f, fs RC1 RC2 d d
0 0 5 5 6 -1 1 n==6
1 0 14 5 4 1 1
2 8 21 3 1.5 1.5 2.25
IA 3 77 21 1 1.5 —-0.5 0.25
4 10 16 2 3 -1 1
5 0 10 ) 5 0 0 Sum 5.5
0 0 1 6 8 2 4 n=7
1 0 5 6 7 -1 1
2 0 11 6 5 1 1
IT 3 20 16 2 2.5 -0.5 0.25
4 15 18 3 1 2 4
5 58 16 1 2.5 -1.5 2.25
6 2 12 4 4 0 0 Sum 12.5
rma=1-—6(55+2+ 0.5)/(6(36 — 1)) m, =3 m, = 2
= mi =2 ms = 0.5
rr = 0.738 m; =3 m, = 2
m} =2 mi = 0.5
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Table Sa

An example of projected IA and IT distributions that can be modelled by negative binomual distribution

IA 100 200 300 400 500 600 700 800 Sum
K, 0 1 2 3 4 S 6 7
£, 70 15 10 1 4 0 0 0 100

Note: K, are the coded midranges, f, are the numbers of grains in the columns of the typogram

1T 100 200 300 400 500 600 700 800 Sum

K, 0 I 2 3 4 5 6 7

f, 0 70 10 10 6 4 0 0 100
Table Sb-1

Calculation of variance and the parameters ot the negative binomial distribution for 1A values taken

from Tab. Sa

First moment
(mean)

u =2 EK/2f = 54/100 = 0.54
Further
ui =rq/pwhereq=1—-p

Second moment
around the origin

ph = (Z 1 (z + w))/N

uh = (S £K})/N = 128/100 = 1.28

where z, = x, — X
and X = A + uj
where in our case A = 0

Second moment

o = ph — ) = 1.28 — 0.292 = 0.988

around the mean Further

(variance) u> = 1q/p°

Probability (rq/p) x (1/p) = ui/p
p thus

p = /> = 0.5/0.988 = 0.546

Probability q

q=1-p=04537

Value of r

r=pui/q
r = 0.6503

It may happen that the distribution of IA and IT is different, thus eg. IA may follow

a binomial and IT a negative binomial distribution. In this case o should be calculated from the
standard deviations calculated for those model data.

Sometimes, from the 8 IA or IT classes, only 3 or less contain nonzero values. This seems to
happen most often in cases where the number of analysed grains is low, though it may also
reflect real crystallization phenomena. In these cases the reliability of the TET1 is lower and it
is better to use the TET2. In case the zircons are grouped into one row or column, the standard
deviation has a zero value for IT or IA projected distribution. The a is 0° or 90° in these
cases.

To have a truly reliable s, and/or sy value (ie. a robust o and TET1) it is necessary for the
projected IA and IT distributions to have at least 5 nonzero adjacent classes each. In case that
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Table 5b-2

Calculation of variance, standard deviation, and the parameters of the equivalent negative binomial
distribution for IT values given in Tab. 5a and the calculation of « for IA and IT from Tab. 52 under

the same assumption

First moment
(mean)

W) = 44/100 = 0.44
Further uy = r1q/p

Second moment
around the origin

wh = (= fK2)/N = 168/100 = 1.68

Second moment
around the mean
(variance)

fr = b — 2 = 1.68 — 0.19 = 1.49

Probability p

p = 0.44/1.49 = 0.295

Probability q

q = 0.705

Value of r r = 0.295 x 0.44/0.705 = 0.184
Angle « for tga = Sit/Sia
data from Tab. Sa Sia = (,uIzA)”: = 0.994
(u» values were taken sir= (W)t = 1.22
from this and the tga = 1.22/0.994 = 1.228
preceding Table) a = 50°50’

Table 5¢

Calculation of the frequency values of the equivalent negative binomial distribution for the projected

IA frequency values (the calculation for the IT values is analogous)

£ (r+(@G-1)qf G-1) () £ Rounded frequency values of the equivalent
! -1 +1 v distribution

fo p' = 0.675 67.5 68

f, 0.199 19.9 20

f; 0.029 2.9 3

f3 0.012 1.2 1

f, 0.05 0.5 1

Note: (1) The expression in the 2nd column appears to be complicated, so note that for the 2nd
row it is ((r + 0)/1) x qfy; = f; is 100 in this case.

Table 5d

Rank correlation of the projected IA and equivalent negative binomial distribution

class X1 X2 RCl1 RC2 d &
0 70 68 1 1 0 0
1 15 20 2 2 0 0
2 10 3 3 3 0 0
3 1 1 5 4 1 1
4 4 1 4 5 -1 1
r=1-((6Zd})/(n(n*> - 1)) Sum 2
r=1 - 0.000012 = 0.999
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the first analysed set of grains does not yield such distribution, the analysis of additional sets of
grains may bring the desired result. Pupin (1985) states that unaltered zircons belonging to
different size classes may be used for complementary measurements, without causing
a difference in TA and IT greater than the half width of a class. If the increment of the
analysed grain number still does not change the width of the projected IA and IT distribution,
the TET2 or 3TET (Timcak, 1989) may be used instead of TET1.

As it was already hinted at, the third (u,) and fourth (u,) moments around the mean may be
used to characterize the closeness of the projected IA and IT distribution to the course of
a Gaussian or other distribution. They can also be used as measures of similarity of various
zircon populations. These moments can be used also for a one-number characterization of the
chemical and PT conditions of the crystallization of the most significant part of zircon grains.
For a Normal type of distribution

800 —
s = (N3 f (IA, — TA) (12)
100

800
where N = 2 f, and f, is the number of
100

zircon grains falling into the individual classes, r is the order of the moment. The measure of
skewness 3, = u3/u3. The measure of kurtosis 5, = u,/u. (13) (14)

For a binomial distribution the

us = npq (q-p) (15)
and the measure of skewness is
By = (1-2p)*/npq (16)
ws = npq (1+3 (n-2) pq) a7
and the measure of kurtosis is
B2 = (3+(1-6pq))/npq. (18)

As it was mentioned above, for a symmetrical distribution 3; = 0, for a Normal distribution
{3, = 3. If the modus of the distribution is shifted towards the origin, (3, is positive, if it is shifted
to the opposite direction, {3, is negative. If the distribution is flatter than the normal (ie. is
platycurtic), 3, < 3, if its peakedness is greater than that of the Normal distribution (ie. is
leptocurtic), [3, > 3.

Thus if for a projected IA distribution {3; > 0, the majority of zircons have crystallized
under relatively acid conditions. If {3; < O for the projected IT distribution, the crystallization
of the majority of zircon grains had occurred under higher PT conditions. A 3, << 3 for the
projected IA distribution indicates a quick cooling rate and a {3, > 3 indicates a slow cooling
rate. A 3, < 3 for the projected IT distribution indicates considerable changes in the PT
conditions during crystallization and a {3, >>> 3 indicates relatively constant PT conditions of
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cooling. The {3, and f3, coefficients may be used also for simple numerical assessing of the
similarity of the sets of typograms.

For an easy calculation of the mean point coordinates, a, TET2 and 3TET points and of the
equivalent model distributions, the PUP1 and PUP3 computer programs were developed.

Translated by I. Tim¢dkova
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