e

VERSITA TATRA
MOUNTaINS

Mathematical Publications

DOI: 10.2478/v10127-011-0010-8
Tatra Mt. Math. Publ. 48 (2011), 101-116

OSCILLATION RESULTS FOR SECOND-ORDER
NEUTRAL DIFFERENTIAL EQUATIONS
OF MIXED TYPE

ToONGXING L1 — BLANKA BACULIKOVA — JOZEF DZURINA

ABSTRACT. Some oscillation theorems are established for the second-order lin-
ear neutral differential equations of mixed type

(r(Df2(t) + p1(B)a(t — o1) + p2()z(t + 02)]') +a1 ()2 (t—03) +a2(t)z(t+04) = 0.

Several examples are also provided to illustrate the main results.

1. Introduction

This paper is concerned with the oscillatory behavior of the second-order
linear neutral differential equation of mixed type

(r®)[2(t) + pr(Ba(t —00) + palt)a(t + )] )
+q1(t)x(t — o3) + q2(t)x(t + 04) = 0, t > tg. (1.1)

Throughout this paper, we will assume the following conditions hold:
A1) e C'([to,0),R), r(t) > 0 for ¢ > to;
Az) pi € C([to, ), [0,a;]), where a; are constants for i = 1,2;
A3) qj € C([to, ), [0,00)), for j =1,2;
A4) o0; > 0 are constants, for i = 1,2, 3,4.

By a solution of Eq. (II]), we mean a function = € C([Tx, 00), R) for some
T, > to which has the properties [2(t) 4+ p1(t)z(t — 01) + p2(t)z(t + 02)] €

C1 ([T, 00), R) and r(t)[z(t) + p1(t)z(t — 01) + p2(t)x(t + 02)] € C* ([T, 00),R)
and satisfying Eq. (L)) on [T}, 00). As is customary, a solution of Eq. (1)) is

(
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(
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called oscillatory if it has arbitrarily large zeros on [ty, 00), otherwise, it is called
nonoscillatory. Eq. (I.J)) is said to be oscillatory if all its solutions are oscillatory.

Neutral functional differential equations have numerous applications in elec-
tric networks. For instance, they are frequently used for the study of distributed
networks containing lossless transmission lines which rise in high speed com-
puters where the lossless transmission lines are used to interconnect switching
circuits; see [1].

In recent years, many results have been obtained on oscillation of nonneutral
differential equations and neutral functional differential equations, we refer the
reader to the papers [2]-[7] and [§]-[30], and the references cited therein.

Philos [2] established some Philos-type oscillation criteria for the second-
-order linear differential equation

(r(t)2' (1)) + q(t)x(t) = 0.
In [3]-[5], the authors gave some sufficient conditions for oscillation of all
solutions of second-order half-linear differential equation

_ -1
(r@®l' @2 () + a()] 2 (7)) " 2 (7 (1)) =0,
by employing a Riccati substitution technique.

Dzurina [7] presented some sufficient conditions for the oscillation of the
second-order differential equation with mixed argument

1, ’ -
<@u (ﬁ) +p)u(r(t))+ q(t)u(o(t)) =0, -

Han et al. [14], [I5] examined the oscillation of second-order neutral differ-
ential equation

(r(t) [:v(t) + p(t)x(r(t))}/>/+ q(t)z(o(t)) =0, (1.2)

where 7/(t) = 79 > 0,0 < p(t) < pp < oo, and the authors obtained some
oscillation criteria for (L2)) when

/rit)dt ~ (1.3)

and
o0

/ gt < . (1.4)

/ r(t)

Some oscillation criteria for the following second-order neutral differential
equation

(r®1 )12 ®) +a(t)|z(e®) [ 2 (0 () =0,
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with z(t) = z(t) 4+ p(t)z(7(t)) were established by [16]-[20].

However, there are few results regarding the oscillatory problems of neutral
differential equations with mixed arguments, see the papers [23]-[30]. In [23],
the authors established some oscillation criteria for the following mixed neutral
equation

(z(t) + pra(t — 1) + paz(t +72))" = @2t — 1) + @2(t)x(t + 02),

here g1 and g2 are nonnegative real-valued functions. Y an [24] considered the
oscillation of even-order mixed neutral differential equation

(z(t) — cr(t — hy) — con(t + hZ))(n)+ qz(t — g1) + px(t + g2) = 0,

where ¢1 and ¢y are nonnegative, p and g are positive real numbers. Grace [25]
obtained some oscillation theorems for the odd order neutral differential equation

(.Z‘(t) +p1x(t — 7'1) +p2x(t + T2))(n)

where n > 1isodd. Grace [26] and Y an [27] obtained several sufficient condi-
tions for the oscillation of solutions of higher order neutral functional differential
equation of the form

(@(t) + ca(t — h) + Ca(t + H)" 4 qz(t — g) + Qu(t + G) =0,  (1.5)
where ¢ and () are nonnegative real constants.

The purpose of this paper is to study the oscillation problem of (II]). The

organization of this paper is as follows: In Section 2, by using Riccati substitution

technique, some oscillation criteria are obtained for (LI]). In Section 3, we give
some examples to illustrate the main results.

= qz(t — o1) + gz (t + 02),

In the sequel, for the sake of convenience, when we write a functional in-
equality without specifying its domain of validity we assume that it holds for all
sufficiently large t.

2. Main results

In this section, we will establish some oscillation criteria for Eq. (T]).
Throughout this paper, we let

Q(t) = Q1(t) + Qz(t)an( ) mln{fh t),q(t—o1),qut+02)},
Q2(t) = min{qg(t),qg(t — t+ o9 }, (p’(t ) = max{O,p’(t)},

5(;5):/%5)% and  C(t) = 8(t + 02).

t+oy
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THEOREM 2.1. Suppose that (IL3) holds and o3 > o1. Moreover, assume that
there exists p € C! ([to, 00), (0, oo)) such that

/ a1 +as r(s—o (s 2
1igsogp/[p(s)c2(s)—1+ 411+ 2 7( 3/))&?())# ds =0 (2.1)

to
holds. Then every solution of Eq. (LT)) oscillates.
Proof. Letx be anonoscillatory solution of (L.T]). Without loss of generality, we

assume that there exists t; > to such that z(t) > 0, x(t —o1) > 0, z(t+02) > 0,
x(t —o3) >0 and x(t + o4) > 0 for all ¢ > ¢;. Define

z(t) = x(t) + p1(t)x(t — 1) + p2(t)z(t + o2).
Then z(t) > 0 for t > t1. In view of ([I.T), we obtain

(r(t)2' (1)) = —q (D) (t — 03) — ga(D)x(t +04) <O, >ty (2.2)

Thus, 7(t)2(t) is nonincreasing function. By (L3), there exists a ty > ¢; such
that
2Z'(t)>0,2'(t—01) >0 and 2'(t+02) >0, (2.3)
for t > to.
By applying (L)), for all sufficiently large ¢, we obtain

ay (r(t —o1)2'(t — 01))/+ a1q1(t — o1)z(t — o1 — 03)

+G1QQ(t — al)x(t—f— 04 — 0‘1) =0
and

ag (r(t+ 02)2'(t + 02))/—1— asqy (t + o2)x(t + 09 — 03)
+ a2qe(t + o2)x(t + 09 + 04) = 0.

Combining the previous two equalities with (L)), we have

(r()2' (1)) + a1 (r(t — 01)2'(t — 1)) + ag (r(t + 02)2' (t + 02))’
+ Q1 (t)Z(t — 0'3) + QQ(t)Z(t + O'4> <0. (24)
Since #'(t) > 0, we have z(t + 04) > z(t — 03). Then,
(r(6)2' (1)) + a1 (r(t — 01)2"(t — 01)) + ag (r(t + 02)2' (t + 02))
+ Q(t)z(t —o3) <0. (2.5)

Using the Riccati transformation

i) = p) ZDEO oy (2.6)
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Then wy (t) > 0 for t > to. Differentiating ([2.6]), we obtain
r(t)z'(t) (r(1)2'(t))’

z(t — o3) z(t — o3)

r(t)z' (t)2'(t — o3)
22(t — 03)

W (t) = o/ (t)

+ p(t)

By (232)), we have r(t — 03)2'(t — 03) > r(t)2'(t). Thus, from (2.6]), we get

= p(t)

/ W)+ (r@®)z'®)  (wi(t)?
R Bt e e ey R
Next, define function wsy by
wnlt) = pny =) sy 23)

Z(t — 0'3)
Then wo(t) > 0 for t > t5. Differentiating (2.8]), we see that

(t —01)2'(t —o01) (r(t —o1)2'(t — o1))

wh(t) = p (1) +p(t)

z(t — o3) z(t — o3)
B p(t)r(t — 01);((1;—_113))2 (t—o3)

Note that o5 > 01. By [2.2)), we have r(t — 03)2'(t — 03) > r(t — 01)2'(t — 01).
Hence, by ([2.8)), we get

/ (¢ (t)+ (rt —o)2'(t—01))"  (wa2(t))”
B R O N
In the following, we define another function ws by
wn(t) = p(pyEE O o) (2.10)
Z(t — 0'3)

Then ws(t) > 0 for ¢ > t,. Differentiating (2.10), we see that

ooy | (r{t+ 02) (o))
wy(t) = p'(t) P + p(t) (it —o3)
r(t+ 092)2'(t + 02)2'(t — 03)
—p(t) : 22(t — 023) .

By ([22), we have r(t — 03)2'(t — 03) > r(t + 02)2'(t + 02). Then, from (ZI0),
we get
(r(t + 02)2'(t + 02))’ (ws(t))?

+
w3(t)+p(t) Z(t—O'g) - p(t)r(t—ag,)' (211)

105



TONGXING LI — BLANKA BACULIKOVA — JOZEF DZURINA
Therefore, by (Z71), (29) and ([ZI1]), we obtain

w1 (1) + a1wh (t) + asws(t)
(r(t)2' (1)) + a1 (r(t —o1)2'(t — 01)) + az(r(t + 02)2' (t + 02))’

< p(t) o)
z g3
CO o @®F G (@)
0 O e T 0w Y T - o)
EO )
T W ey (212)
Thus, from (ZI) and [ZI2]), we get
Wi (t) + a1wy(t) + aswy(t)
) CO @O (@)
= O O S T o
o @®)? e (@)
O (R () M L e ey (2.13)

Then, by (213), we find that

wi (t) + arws(t) + asws(t) < —p(H)Q(t) + 1+a+axr(t - 03)(%}/( )+ )2.

4 (

Integrating the above inequality from t5 to ¢, we obtain

/{P(S)Q(S) Lt ajl +agrls = Ug)gg( 5)+) ds

to
<wi(t2) + arwa(te) + asws(ts),

which contradicts (Z.I]). The proof is complete. d

As an immediate consequence of Theorem 2.1l we get the following.

COROLLARY 2.1. Let assumption ([27]) in Theorem[21] be replaced by

t

lim sup/p(s)Q(s)ds = 00,

t—o0
to

and .

/T(S —3) (¢ (9))+)”
)

p(s
to

Then every solution of Eq. (L1)) oscillates.

ds < oo.

lim sup
t—o0
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From Theorem 2] by choosing the function p, appropriately, we can obtain
different sufficient conditions for oscillation of Eq. (I.1]), if we define a function
p by p(t) =1, and p(t) = t, we have the following oscillation results.

COROLLARY 2.2. Suppose that (L3)) holds and o3 > 1. If

t—o0

t
lim sup/Q(s)ds = 00, (2.14)

then every solution of Eq. (1)) oscillates.
COROLLARY 2.3. Suppose that (I3)) holds and o3 > o1. If

t
1 —

lim sup/ [sQ(s) _ltatarr(s—oy) ds = oo, (2.15)
t—o00 4 S

to

then every solution of Eq. (IT)) oscillates.

In the following theorem, we present another oscillation criterion for Eq. (L))
when o1 > o3.

THEOREM 2.2. Suppose that (IL3) holds and o1 > o3. Moreover, assume that
there exists p € C! ([to, 00), (0, oo)) such that

_— /{p(S)Q(S)_1+a1+a2r<s—al><<p'<s>>+>2 G (210

t—00 4 P(S)
to

holds. Then every solution of Fq. (1)) oscillates.
Proof. Let 2 be a nonoscillatory solution of (LI]). Without loss of generality, we

assume that there exists t; > to such that z(t) > 0, x(t —o1) > 0, z(t+02) > 0,
x(t —o3) >0 and x(t + o4) > 0 for all ¢ > ¢;. Define

2(t) = x(t) + pr()x(t — 1) + p2(t)z(t + 02).
Then z(t) > 0 for t > t;. Proceeding as in the proof of Theorem 2] we obtain

Z2)—-@Z3), for t >ty > t;.

Using the Riccati transformation

ar(t) =l [

Then w(t) > 0 for t > t5. Differentiating (217, we see that

wi(t) = p’(t)% + p(t)% - p(t)r(t)z;(ft) Z_(;_) &

t>ts. (2.17)
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By [22)), we have r(t — 01)2'(t — 01) > r(t)2'(t). Then, from (ZI7), we get
(r@)2'(1))" (wi(t))

/ (
T B A T O T e
Next, define function ws by
w(t) = py itz F =) (2.19)
z(t —o01)
Then wa(t) > 0 for t > t5. Differentiating (2.19), we find that
fin a Tt —01)2 (t = 01) (r(t —o1)2'(t — o1))
ylt) = /() HETE L ) T
r(t —o1)z'(t —01)2'(t — 01)
_p(t) 22(t—0'1) :
Hence, from (219), we get
/ (' (1) + (r(t—o1)2'(t—01))  (w2(t))?
p(t) < L) + plt) T . @)
In the following, we define another function ws by
ws(t) = py L 2)FEFoz) (2.21)

z(t —o01)
Then w3 (t) > 0 for t > t5. Differentiating (Z.21]), we obtain

wé(t) :P/(t) r(t + 02)2'(t + 02) o) (r(t + 02)2' (t + 02))

z2(t — o) z(t —o1)
- e o)

By 22), we have r(t — 01)2'(t —01) > r(t + 02)2'(t + 02). Thus, by (2.2I]), we
get

: (r(t+02)2 (t+02))  (ws(t))?
wh(t) < ws(t) + p(t) Z(j_al) : —p@f&_gl)' (2.22)

Therefore, by (2.18), (2:20) and ([2.22]), we obtain

Wi (t) + arwh(t) + asws(t)

< (1) (r(t)2' (1)) + ar(r(t — o1)z (Et—_ﬂ(;))) + ax(r(t +02)2'(t + 02))’
CO o @®? G (@)
T R (s T Ty Bt R L R s ey
o (ws(1))?
Fem o) (229)
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Thus, by (23) and (223), we get
Wi (t) + a1wy(t) + asws(t)

(o' (1) (w1 (t))? (o' (1)
< p(t)Q(t) + m(t) p(t)r(t = 01) + ai p(t) w
N 1 0) S VA O) (ws(#))?
Yotyr(t—ar) TP p(t) 2p(tyr(t — o)
Then, by (224]), we find that

(2.24)

l+ai+a r(t—o01)((p'(t)+)?
4 p(t)
Integrating the above inequality from t5 to ¢, we obtain

w (1) + arwy(t) + paws(t) < —p(t)Q(t) +

/ {P(S)Q(S) s ajl Tazrls - 01;Ei/))’(s))+) ds

< wi(tz) + arwa(te) + asws(tz),
which contradicts ([Z.16]). The proof is complete. O

ta

Remark 2.1. From Theorem 2.2, we can obtain some oscillation criteria for
Eq. (1) by choosing different p, the details are left to the reader.

Remark 2.2. By (212), (2:23) and the techniques given in [2], we can establish
some Philos-type oscillation criteria for Eq. (1)), the details are left to the
reader.

Now, we will establish some oscillation results for Eq. (II) under the case
when (L4) holds.

THEOREM 2.3. Suppose that (IL4) holds and o3 > o1. Moreover, assume that
there exists p € C*([to, 00), (0,00)) such that @I) holds. If
t
1
/[C(S)Q(s) 1+ a1)7’(z +04) + agr(s + o9 + 04) d
4r2(s + o2 + 04)((s)

lim sup
t—o0

s =00, (2.25)
to

then every solution of Eq. (L)) oscillates.

Proof. Letx be anonoscillatory solution of (L.T]). Without loss of generality, we

assume that there exists t; > to such that z(t) > 0, x(t —o1) > 0, z(t+02) > 0,
x(t —o3) > 0 and x(t + o4) > 0 for all ¢ > ¢1. Define

z(t) = x(t) + p1(t)x(t — 1) + p2(t)z(t + o2).

Then z(t) > 0 for ¢t > t;. In view of (LI]), we obtain that (2:2)) holds. From (2.2)),
we see that there exist two possible cases for the sign of z/(t).
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Assume that 2/(t) > 0, 2/(t —o1) > 0 and 2/(t + 02) > 0, for t > t3 > t;.
Then (2) holds. Proceeding as in the proof of Theorem [21], we can obtain
a contradiction with (2.1]).

Suppose that 2/(t) < 0, 2/(t —01) < 0 and 2/(t + 02) < 0, for t > t3 > t;.
Also, we have (Z4)). From z'(t) < 0, we have z(t + 04) < z(t — 03). Then,

(r(t)2' (1)) + ar (r(t — 01)2'(t — o1))
+aa (r(t + 09)2 (t + 09)) + Q1) 2(t + 04) < 0. (2.26)

!/

Define function w; by

w1 (t) = %, t Z tg. (2.27)

Clearly, wy(t) < 0 for t > to. Noting that r(¢)z'(¢) is nonincreasing, we have

/ r(t)z'(t)
2'(s) < 77“(5) ,

Integrating it from ¢ + o4 to [, we obtain

s>t 2> ta.

l

2(1) < z(t+04) + (1) (1) /

t+0’4

ds
r(s)’

I >t+04.

Note that lim;_, o 2(I) > 0. Letting I — oo in the above inequality, we have

0<z(t+o4)+7(t)"()(t), t>ta.

Therefore,
!
OO sy > 1, >t
z2(t+ 04)
From (2.27), we have
—1 < wi(H)8(t) <0, t>t. (2.28)
By ([22)), we obtain
r(t)z'(t)
(bt oa) < r((t n (54)

Differentiating (2.27)), we get
(r®)2' ()" (w1(1)?

wi(t) < : 2.29
1B = z2(t+04) r(t+ o4) (2.29)
Next, we introduce another function
t— "t —
wa(t) = rt—o) (t—o) oy (2.30)

z2(t+ o4)
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Obviously, wa(t) < 0 for t > to. Noting that r(¢)z’(t) is nonincreasing for ¢ > t1,
we get r(t — 01)2'(t — o1) > r(t)2'(t), for t > to. Thus wa(t) > wi(t), for t > to.
By (2:28), we obtain
— 1< wy(t)8(t) <0, t>t. (2.31)
It follows from (Z2) that
’I’(t — 0'1)2/(75 — 0'1)
r(t+ o4)

2 (t+04) <

Differentiating (Z30), we have
(r(t—o1)2'(t—01))"  (wa(t))?

why(t) < . 2.32
2(t) < 2(t+ 04) r(t+ 04) (2:32)
Similarly, we introduce substitution
t "(t
wp(t) = LU0 o0) oy (2.33)

2(t + o2+ 04)

Clearly, w3(t) < 0 for ¢ > t5. In view of the definition of wy and (Z28), we find
that w3 (t) = wi(t + 02) and

—1 SW3(t)5(t+02) <0, t > ts. (2.34)
By ([22), we have 2/(t+o02+04) < r(t+02)2 (t+02)/r(t+02+04). Differentiating
233)), we get
, (r(t 4 02)2' (t 4+ 02))’ (w3(t))?
w(t) < 2(t+ o2 + 04) B r(t+ o2+ 04)
(r(t + 02)2'(t + 02))' (wa(t))?
= 2(t + o4) Cr(tt+oytog) (2.35)
Note that 6(t) > 6(t 4+ 02). Then, we have
—1<w(B6(t+02) <0, >t (2.36)
and
—1<w®6(t+02) <0, t >t (2.37)
From (2:29), (2:32) and (2:33]), we can obtain
wi(t) + a1wy(t) + asws(t)
< @ ®)) +ar(r(t — 01)2'(t = 01))" + as(r(t + 02)2'(t + 02))'
- z(t+04)
) )? (s 055

r(t + 04) 1r(t+a4) 2r(t+02 +o04)
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Therefore, by (2.26) and (2.38), we have
Wi (t) + a1wh (t) + aswh(t)

(wi(t)? (wa(t))? (ws(t))?
S R i R T g § (2:39)

Multiplying ([2:39) by ((¢), and integrating over [ta,t] implies

/ wi(s twl s)2C(s
1)~ ltahontin) + 72 s 0o [ R s

+arCEea(t) - ad(tonlts) + o [ s

i al/M ds + az((t)ws(t) — az((t2)ws(t2)

r(s+ 04)
ta
t t
w3(s) (ws(s))*¢( /
e\ _\TONP)) S\P <
+a2/r(s+02+04)d5+a2/r(s+02+04 ds + [C(5)Q(s)ds < 0.
t2 t2

From the above inequality, we obtain

(1+a1)r(s+ 04) + asr(s + o2 + 04)
/ {“S)Q(S) ) 125+ 05 + 0a)((5) ]ds

< —[¢()wi(t) + arC(t)wa(t) + azl(t)ws ()]
<l+4ai+as

due to ([2:34), (236) and (237). This contradicts (2.25]) and finishes the proof.
(]

Combining Theorem 2.2l with Theorem 2.3 we give the following criterion for
the oscillation of Eq. (IT) when the conditions o1 > o3 and (L4) hold.

THEOREM 2.4. Suppose that (L4) holds and o1 > o3. Moreover, assume that
there exists p € C*([to, ¢), (0,00)) such that (ZI6) holds. If Z2H) holds, then
every solution of Eq. (1) oscillates.

Remark 2.3. The technique used in this paper can be extended to even-order
mixed neutral differential equations.

112



OSCILLATION OF SECOND-ORDER NEUTRAL DIFFERENTIAL EQUATIONS

3. Applications and examples

Grace [20] and Y an [27] investigated the oscillation behavior of Eq. (IL3]).
The authors gave some oscillation criteria when n > 1 is odd, ¢, C' and Q are
nonnegative real constants, and g, GG, h, H, and ¢ are positive real constants. It
is easy to find that the results given in [26], [27] cannot be applied to Eq. (L)).
Also, the results obtained in [23]-][25], [28]-[30] do not apply to Eq. (LI)).

In order to illustrate the main results, we will give the following examples.

ExAMPLE 3.1. Consider the second-order Euler differential equation:
g
2" (t) + t—2x(t) =0, t > to. (3.1)

Now a; = az = 0 and Q(t) = 7. Applying Corollary 23] we can obtain that
Eq. (B is oscillatory for v > %, which is a sharp condition for the oscillation

of Eq. (31).
ExXAMPLE 3.2. Consider the following linear neutral equation:
(z(t) +(t — (2n+ 1)m) + 2(t + (2n — 1)7))”
+ %m(t —2m+ 1)) + %x(t + (2m — 1)) =0, (3.2)

for t > tg > 0, where n and m are positive integers, m > n.
Obviously, all the conditions of Corollary hold. Thus, by Corollary 2.2]

every solution of Eq. ([B.2]) is oscillatory. It is easy to verify that x(t) = sint is
a solution of Eq. (B:2)).

ExAMPLE 3.3. Consider the following linear neutral equation:
/
(t [z(t) + p1(t)z(t — o1) + p2()z(t + az)}')
+ gl‘(t — 0'3) + %.Z‘(t + 0'4) =0, (33)

for t > tp > 0, where 03 > 01, 0 < p;(t) < a; fori =1, 2, a1 + a3 <3, f and 7
are positive constants.

We see that (L3) holds and Qq(t) = B/(t + 02), Q2(t) = v/(t + 02), and
Q(t) = (B8 +7)/(t+ 02). On the other hand, (2.14)) reduces to

/t(ﬁ + —1)s% + s(03 — 02) + 0203
s(s +02)

lim sup ds = oo,

t—o0
to

which holds for S+ > 1. Therefore, by Corollary 23] every solution of Eq. (B3]
is oscillatory provided that 8 4+ v > 1.
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ExAMPLE 3.4. Consider the following linear neutral equation:

(% [x(t) +p1(t)x(t —o1) + p2(t)x(t + 0—2)}’>

+alt = a3) + Salt+oi) =0 (3.4

for t > tg > 0, where o1 > 03, 0 < p;(t) < a;, fori =1, 2, a1 + a2 <3, f and 7
are positive constants.
We see that (I3) holds and Q1(t) = B/(t + 02)% Q2(t) = v/(t + 02)% and
Q(t) = (B+7)/(t + 02)2 Take p(t) = t, then (2.I6) takes the form
t

limsup/[(ﬁ—i_ws — ! ]ds:oo7

t—o00 (s+02)2 s(s—o1)
to

which is evidently true. Therefore, by Theorem 22 every solution of Eq. ([8.4)
is oscillatory.

ExAMPLE 3.5. Consider the following linear neutral equation:

<t2 [2(t) + 2(t — 27) + a(t + 27r)]’)/

+ 3t2x(t — 47) + 6tz (t + 37”) 0, (3.5)
for t >ty > 0.

The condition (I4) is fulfilled and a1 = as = 1, Q1(t) = 3(t — 2m)% Qa2(t) =
6(t—2m), Q(t) = 3(t—2m)2+6(t—2m), d(t) = 2/(2t+3w) and ((t) = 2/(2t+77).
Set p(t) = 1. Obviously, we get that (2I)) and (228) hold. That is, all the
assumptions of Theorem [Z.3 are satisfied. Hence, by Theorem 23] every solution
of Eq. (B0) is oscillatory. It is easy to see that z(t) = sint is a solution of

Eq. 5.

Remark 3.1. It is easy to find another example to illustrate Theorem 24 the
details are left to the reader.
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