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IMPULSIVE COHEN-GROSSBERG NEURAL
NETWORKS WITH S-TYPE DISTRIBUTED DELAYS

HAYDAR AKGA — VALERY COVACHEV

ABSTRACT. We study impulsive Cohen-Grossberg neural networks with S-type
distributed delays. This type of delays in the presence of impulses is more general
than the usual types of delays studied in the literature. Using analysis techniques
we prove the existence of a unique equilibrium point. By means of simple and effi-
cient Lyapunov functions we present some sufficient conditions for the exponential
stability of the equilibrium.

1. Introduction

An artificial neural network is an information processing paradigm that is
inspired by the way of biological nervous systems, such as the brain, process
information. The key element of this paradigm is the novel structure of the
information processing system. It is composed of a large number of highly in-
terconnected processing elements (neurons) working in unison to solve specific
problems. Although the initial intent of artificial neural networks was to explore
and reproduce human information processing tasks such as speech, vision, and
knowledge processing, artificial neural networks also demonstrated their supe-
rior capability for classification and function approximation problems. This has
great potential for solving complex problems such as systems control, data com-
pression, optimization problems, pattern recognition, and system identification.

Cohen-Grossberg neural network [6] and its various generalizations with
or without transmission delays and impulsive state displacements have been the
subject of intense investigation recently [2], [4], [5], [12], [14], [15]. In a Cohen-
-Grossberg neural network model, the feedback terms consist of amplification
and stabilizing functions which are generally nonlinear. These terms provide the
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model with a special kind of generalization wherein many neural network models
that are capable for content addressable memory such as additive neural net-
works, cellular neural networks and bidirectional associative memory networks
and also biological models such as Lotka-Volterra models of population dynamics
are included as special cases.

In the present paper we study impulsive Cohen-Grossberg neural networks
with finite S-type distributed delays. This type of delays in the presence of
impulses is more general than the usual types of delays studied in the litera-
ture. In fact, concentrated delays correspond to the points of discontinuity of
the bounded variation functions. Neural networks with S-type delays without
impulses were considered, for instance, in [3], [8], [10], [13]. Using analysis tech-
niques we prove the existence of a unique equilibrium point. By means of simple
and efficient Lyapunov functions we present some sufficient conditions for the
exponential stability of the equilibrium. Some examples are given.

2. Preliminaries

We consider the impulsive Cohen-Grossberg neural network with S-type de-
lays consisting of m elementary processing units (or neurons) whose state vari-
ables z; (i = 1, m) are governed by

da;;t(t) = a;(zi(t)) | =bi(z:(t)) +>_ eij fi(w;(1)) (1)

j=1

m 0
+Zdij/gj(xj(t+9))dmj(9)+Ii, t>tg=0, t+#tg,
j=1

—T

0
Axi(tk) = — Bikxi(tk) +/$i(tk + 9) de(G) + Yik, (2)

i=T,m, keN=1{1,2,3,..1,

with initial values prescribed by piecewise-continuous functions z;(s) = ¢;(s)
with discontinuities of the first kind for s € [—7,0]. In (), a;(z;) denotes an am-
plification function; b;(z;) denotes an appropriate function which supports the
stabilizing (or negative) feedback term —a;(z;)b;(x;) of the unit ¢; f;(z;), g;(z;)
denote activation functions; the parameters c;;, d;; are real numbers that rep-
resent the weights (or strengths) of the synaptic connections between the jth
unit and the i¢th unit; the real constant I; represents an input signal intro-
duced from outside the network to the ith unit; the past effect of the jth unit
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on the ith unit is given by the Lebesgue-Stieltjes integral fET 9; (2 (t+0)) dni; (0);
Az;(ty) = zi(tx + 0) — z;(tx — 0) denote impulsive state displacements at fixed
moments of time ¢, k € N, involving Lebesgue-Stieltjes integrals. Here it is as-
sumed that x;(ty + 0) = limy_yy, 40 2i(t) and z;(tx — 0) = limy_yy, —o 2;(t), and
the sequence of times {¢;}72, satisfies 0 = tg < ¢ <ty < -+ <t — 00 as
k — oo.

As usual in the theory of impulsive differential equations, at the points of
discontinuity ¢j of the solution ¢ +— x;(t) we assume that z;(tx) = z;(tx — 0).
It is clear that, in general, the derivatives #;(t;) do not exist. On the other
hand, according to (IJ) there exist the limits #;(t; F 0). According to the above
convention, we assume %;(tx) = ;(tx, — 0).

The assumptions that accompany the impulsive network (), (2] are given as
follows:

A;: The amplification functions a;: R — R are continuous and bounded in
the sense that

0<g; <ai(zx)<a for xeR,i=1m.

As: The stabilizing functions b;: R — R are continuous and monotone increas-
ing, namely,

< bi(x) — bi(y)

0<d < for z#y, z,y € R, i =1,m.
-y
A3: The activation functions f;,g;: R — R are Lipschitz continuous in the
sense of
(x) = f. (z) — a5
Fy—sup |10 LW o M‘ for 7.y €R, j = Tm,
zHy r—=Yy Ty r—y

where F}, G; denote positive constants.

Ay ni(0) (4,5 = 1,m), (x(0) (k € N) are nondecreasing bounded variation
functions on [—7,0], tx41 — tx > 7 for k € {0} UN and fST dni;(0) =1
(without loss of generality), fST dCx(0) = By

Under these assumptions and the given initial conditions, there is a unique
solution of the impulsive network (), (2). The solution is a vector z(t) =

(z1(t), z2(t), ... ,xm(t))T in which z;(t) are piecewise continuous for ¢ € (0, 3),
where f3 is some positive number, possibly oo, such that the limits x; (¢ +0) and
x;(tr, —0) exist and x;(t) are differentiable for ¢ € (tx_1,%;) C (0, 5). An equilib-

rium point of the impulsive network (@), ) is denoted by z* = (z%,z5,...,2%)7
whereby the components x] are governed by the algebraic system
m m
bi(x]) =Y ciifi@) +> dijgi(@}) + L, i=Tm, (3)
Jj=1 Jj=1
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and satisfy the linear equations
(=B + Br)z; +vir = 0, keN,i=1m. (4)

DEFINITION 1. The equilibrium point z* = (a3, z5,...,2%)7 of the impulsive
network (Il), (2)) is said to be globally exponentially stable with a Lyapunov
exponent A if there exist constants M > 1 and A > 0 and any other solution
z(t) = (21(t), z2(t), ...,xm(t))T of (), @) is defined for all ¢ > 0 and satisfies

the estimate
m

D lwi(t) — 2| < MeMY " sup fa(s) — 7], t>0. (5)
=1

i—1 S€[-7.0]

3. Existence and exponential stability of an equilibrium
point

Our first task is to prove the existence and uniqueness of the solution x* of
the algebraic system (3). To this end we will need the following lemma.

LEMMA 1 ([7]). A locally invertible C° map ®: R™ — R™ is a homeomorphism
of R™ onto itself if and only if it is proper.

In fact, this assertion is due to Hadamard [9]. A mapping is proper if the
pre-image of every compact is compact. In the finite-dimensional case it suffices
to show that ||®(x)| — oo as ||z|| — oo.

THEOREM 1. Let the assumptions A1—-Ay4 hold. Suppose, further, that the fol-
lowing inequalities are valid:

m m
bi—FiZ‘Cji|—GiZ|dji| >O, Z:L
j=1 j=1

Then the system without impulses ([Il) has a unique equilibrium point z* =

(%25, ..., 25)T

s

(6)

Proof. Let us define a mapping ®: R™ — R™ by ®(z) = (®1(z), P2(z),...
- @m(x))T for z € R™, where

1,m.

Oi(x) = =bi(w) +)_cijfi(z) +Y_digg(ay) + L, i=
j=1 j=1

The space R™ is endowed with the norm ||z|| = Y., |z;|. Under the assumptions
Ay, Aj, ®(x) € C Tt is known that if ®(z) € C° is a homeomorphism of R™,
then there is a unique point z* = (x§,23,...,2%)T € R™ such that ®(z*) = 0,
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that is, ®;(z*) = 0,7 = 1,m. The last equalities are, in fact, @), so z* =
(w3, 25, ...,25)7T is the equilibrium point we are looking for.
To demonstrate the one-to-one property of ®(z), we take arbitrary vectors

z,y € R™ and assume that ®(z) = ®(y). From

bi(wi) — bi(y:) = Zcij (fi(x) = £i(y;)) +Zdij (95(x5) = gi(y;)), i=T,m,
Jj=1 Jj=1
one obtains
bilzi —yil <Y legl Fylay —ys| + Y |dis|Gylay — s, i=1,m,
Jj=1 j=1

under the given assumptions. Adding together the above inequalities, we derive

S bz =il <0 {ley | Fy + |di |Gy} g —
=1

i=1j=1
m m m
= SEY el + Gy ldjil g e — wil,
i—1 =1 =1
that is,
m m m
Db E Y el = Giyldjil ¢ lwi — il 0.
i=1 j=1 j=1

Now the assertion z; = y;, i = 1, m, follows by virtue of inequalities (@]). Thus,
®(z) = ®(y) implies = = y.
Next we show that [[®(z)|| — oo as |lz[| — oo. It suffices to show that
|®(z)|| — oo, where ®(z) = ®(z) — ®(0). We have ®(z) = (®1(x), P2(z), ...
~ T
.y ()", where

m

O;(x) = — (bi(:) = b:(0)) +> iy (£i(x;) = £3(0)) +>_ dij(g5(x;) — g;(0)).
j=1

j=1

These equalities imply

(i ()| > bylwil =Y leij Fy lw] =D |dil Gy |
=1 j=1

As above we deduce

()| > > b= Fi Y lejil =G> Idjil p |al.
; =1 =1
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By virtue of inequalities (@) there exists a number p > 0 such that

m m
Qi—FiZ|Cji|—GiZ\dji|ZM; 1=1,m.
=1 =1

Then [|®(z)|| = pllz[| and [[@(z)]| = oo as [[z]| = oc.

According to Lemma [Il ®(z) € C° is a homeomorphism of R™ Thus, there
is a unique point z* € R™ such that ®(z*) = 0. The point represents a unique
solution of the algebraic system (). O

THEOREM 2. Let the assumptions A1—-Ay4 hold. Suppose, further, that the in-
equalities

m m

Qibi — F; Z |Cj7;‘aj — Gi Z ‘d]‘i|6]‘ > 0, =1, m, (7)
j=1 j=1

are valid and the system ([l has a unique equilibrium point x* whose components

xf, i = 1,m, satisfy the linear equations [A). Then there exist constants M > 1

and X > 0 and any other solution z(t) = (z1(t), z2(),.. .,xm(t))T of @), @)

is defined for all t > 0 and satisfies the estimate

m 4(0,t) 0
S lait) ~ il < M T | max 1= Bl + [ dau(6)
i=1 k=1 \ =bm 7.
X Z sup |z;(s) —x}], t>0, (8)
i—1 s€[—T,0]

where i(0,t) = max{k € {0} UN: t,, <t} is the number of instants of impulse
effect ty, in the interval (0,t).

Proof. Upon introducing the translations
uit) =zi(t) —af,  pi(s) = ¢i(s) — 2}

we derive the system

du;it) = a; (ui(t)) —b; (ui(t)) +Z cijfj (u;(t)) (9)
j=1
m 0
+ Zdw/gj(“j (t + 9)) dnz] (9) y t>tg=0, t 7& tk,
Jj=1

0
Au;(tr) = — Birui(te) +/Ui(tk +0)d¢(0), i=1,m, keN, (10)
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ui(s) = pi(s), s€[-7,0]
where
ai(u;) = a;(u; + ), bi(ui) = bi(u; + x7) — bi(z}),
fi(u;) = fi(u; + xy) — fi(x}), gj(uj) = gj(u; + z7) — g; (7).

This system inherits the assumptions A;—-A4 given before. It suffices to examine
the exponential stability characteristics of the trivial equilibrium point u* = 0

of system (@), (I0).

From equation (@) we derive an estimate for the upper right Dini derivative

dr e
[ O] < = aibfui(t)] +a; > leil Ey lui (1) (11)

j=1

+Elz|d”|G]/|u](t+9)|dm](9), Zzl,m
=1

Next we define the following functions of A > 0:

Il
3

m m 0
Hi) = b~ A— B lesla; — G S ldgil 3 /e—”dme), ;
j=1 j=1 o

By virtue of the inequalities ([7) we find

HZ(O) = gibi—FiZ\cjin—GiZ\dﬂ\@- >0, 2:1,m

By a lemma proved in [3] the integrals in H;(\) depend continuously on A. Since
H;(\) are a finite number of continuous functions, there is A* > 0 such that
H;(\) > 0 for X € [0, \*], that is,

m m 0
a bz - A= Fi Z |Cj7;‘ 6]- — Gi Z |dji‘ Ej/ew dnﬂ(ﬁ) > 0, 1= l,m. (12)
Jj=1 j=1 g

For any A € (0, \*] define y;(t) = e |u;(t)|. Then by virtue of (II]) we find

d+

Vi) < = (@b = Ayi(t) + @ > leij| Fyy;(t) (13)

Jj=1

m 0
+a Y |di / (t+0)dn;(0)  i=T1,m.
Jj=1 it
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We consider a Lyapunov functional

V() = Z{yz<t+az2|du|c:/ (/ )dnm

t+6
We note that V' (¢) > 0 for ¢ > 0 and

i{%(OHmZduG/” (/Oyj )dnmw)}

<.
=

{yz<0)+G Zdﬂaj/o (/0 )dmz(G)

[4

I
.MS

s
Il
—

—T

m 0
< Z{HG Z\dgz\ag/ _”(—G)dmiw)} SEupo]yi(SL
i=1 I s€l-r,
thus
V(0) < MZ sup yi(s) (14)
i—1 S€[—T,0]
with

—T

M = max {1+G Z|dﬂ|aj/ 0(_g) dnji(e)}.

Calculating the rate of change of V(¢) along the solutions of (@), by virtue of
([@I3) and (1) we obtain

d+
EV(:&)

< Z {—yz(t) + a; |d2J|G / y](t -y, (t+ 9)) dmﬂ(e)}

< _Z(ab — Nyi(t) +Zaz{Z|CUFﬂ/J(t +Z|dm‘G/ d771J ) s ( )}

Z{a by —A—F Z|C]l|a] Gi Z\dnl%/ dmz( )}%(t) <0.

This implies that V(¢) is nonincreasing on every interval (tx_1,tx], k € N, thus

V(t) < V(tk—1 + 0) for tp_1 <t <t. (15)
In particular,

V(ty) < V(tg—1 +0), k e N. (16)
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Further on, we have
0
wi(ty +0) = (1 — Big)ui(tr) + [ui(tr + 0) dCi(0)

and

0
yilte +0) < [1— Bag|ys(te) + /ewyxtk 1 0)dGi(6).

—T

Making use of (I3]) and ([I6]), we obtain

0
V(tk +0) < max ’1 — Bik’V(tk) +/6_)‘9d€k(9) V(tg—1 +0)

i=1,m
-7

0
< | max [1 — Bl —i—/e_’w dCi(0) | V(tk—1 +0).

i=1,m
—T

Combining the last estimate with (1)), (I6) and (I4), we derive (8. O

For three sets of additional assumptions we will show that inequality (8]
implies global exponential stability of the equilibrium point z* of the impulsive

system (), (@]).

COROLLARY 1. Let all conditions of Theorem[Q hold. Let there exist X\ > 0 such
that inequalities (I2) are valid and

0

max |1 — By +/e—A9 dér(9) <1 (17)
i=1,m

for all sufficiently large values of k € N. Then the equilibrium point x* of the
impulsive system (), @) is globally exponentially stable with Lyapunov expo-
nent \.

In the above corollary the global exponential stability was provided by the
rather small magnitudes of the impulse effects. Further we will show that we may
have global exponential stability for quite large and even unbounded magnitudes
of the impulse effects provided that those do not occur too often.

COROLLARY 2. Let all conditions of Theorem|[2 hold and

: i(0,2)
lim sup 5 p < +oo.

t—o0
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Let there exist positive constants A and B satisfying the inequalities (I2),
0

max |1 — B +/e>‘9 d¢,(0) < B
i=1m

and pln B < X. Then for any X € (0, \ — pln B) the equilibrium point =* of the
impulsive system (), @) is globally exponentially stable with Lyapunov expo-
nent \.

Similar conditions were introduced in our previous paper [I].

COROLLARY 3. Let all conditions of Theorem[d hold and there exist constants
A > Kk > 0 satisfying the inequalities (I2) and
0

max |1 — By| +/e’\9 d¢e(0) < efttrte-1) (18)
i=1m

for all sufficiently large values of k € N. Then the equilibrium point x* of the
impulsive system (), @) is globally exponentially stable with Lyapunov exponent
A— K.

A similar condition was introduced in the paper [11].

4. Examples

Consider the system

i1(t) = (2+sinzi(t)) | —2x1(¢) + 0.1 arctanzy (¢) + 0.15 arctan z(t)
0 0
+ O.I/xl(t +6) def + 0.15/352(7: +6)de’ |,
21 21

i9(t) = (3+sinay(t)) | —3x2(t) + 0.15arctan z1(t) — 0.2 arctan z(t) (19)

0 0
+ O.I/xl(t—f— 6) de’ — 0.2/&:2(154—(9) de?
21 21

For this system assumptions A;—Ags hold with ¢y =1, @1 = 3, a, = 2, a2 = 4,
by =2,b, =3, Fy = Fy, = Gy = G2 = 1. Moreover, ¢11 = 0.1, ¢15 = ¢o; = 0.15,

10
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co2 = —0.2, dy; =do1 = 0.1(1 - 6_1), dig = 0.15(1 - 6_1), dag = —0.2(1 - 6_1).
Inequalities ([7) reduce to

04407 >0 and 35+1.25¢!>0.

Further on,

1— A—1 1— A—1

e e

Since H1(0.5) =~ 0.05 > 0 and H2(0.5) ~ 3.27 > 0, we can take A\* = 0.5.
Theorem [2] is valid for system (I9)) with any impulse conditions of the form (2]
such that v;, =0,i=1,m, k € N.

Let us consider the impulse conditions

Hi(\)=11-X-0.7

0

A.%‘l(tk) = ——$1 tk +i .%‘1 tk'f—e
—1
0
A.%‘Q(tk) = ——$2 tk + i /.%‘2 tr +9 (20)
—1
Now
0 0 A-1
-0 _3 1 -0 _ +1416/\’ A#l’
Q%H—Bm+/ dGr(0) = 7 Z[ de’ {7 - o

Obviously, inequalities (I7) are valid for all £ € N and all A € (0,1], in par-
ticular, for A = 0.5. According to Corollary 1, the equilibrium point (0,0)7 of
the impulsive system (I9)), (20) is globally exponentially stable with Lyapunov
exponent 0.5.

Next consider the impulse conditions

0
Axl(tk) = —100.%‘1 tk +/ tk +9
21
0
Axg(tk) = —50.%‘2 tk +/ tk + 9 (21)
21
t, =10k, keN.
Now
/ Y / 26 700 99+1_1€A,\717 AF#1,
?:1211’);1—31-/%—1—/ d¢ (0 99—|—/e :{100’ - N

—T —1

11
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and we can take B = 100. Further on, p = 0.1, for A = 0.5 we have A —pln B ~
0.5—0.1x4.605 = 0.0395. According to Corollary 2, the equilibrium point (0,0)%
of the impulsive system ([I9)), ([ZI)) is globally exponentially stable with Lyapunov
exponent 0.039.

Finally, let us consider the impulse conditions

0
A%l(tk) = (k‘-f—l X tk +k‘/$1 tk+9
—1
0
A%Q(tk) = —(k2+ .772 tk +k‘2/$2 tk+9 (22)
—1
thk’ , keN.

Now for A = 0.5 inequality (I8) becomes k?(3 — e%°) < ¢#(2k=1) Obviously, for
any k > 0 this inequality is valid for all natural k large enough. For instance,
for k = 0.4 inequality (I8) holds for k£ > 6, while for x = 0.1 it holds for k > 41.
Thus, according to Corollary 3, the equilibrium point (0,0)7 of the impulsive
system (I9)), (22) is globally exponentially stable with Lyapunov exponent being
any A € (0,0.5).
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