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THE EXISTENCE OF MULTIPLE SOLUTIONS
FOR BOUNDARY VALUE PROBLEM
WITH ONE DIMENSIONAL P-LAPLACIAN

Boris RubpoLr

ABSTRACT. The boundary value problem for a differential equation with one
dimensional p-Laplacian is studied. The technique of lower and upper solutions
is used. The existence of a solution for well ordered and unordered case as well as
the existence of multiple solutions are proved. The growth condition is assumed
only on a part of the nonlinearity.

The paper deals with the boundary value problem
/
(pp(@) = F(t,z,0p(2")), (1)

b
2(b) = /x<s> dg(s) — kgp(2'(8)),  a'(0) = 0. )
0

The left hand side of (1) is one dimensional p-Laplacian, ¢, (s) = |s|P~sgn (s),
the right hand side is the sum of two continuous functions

F(tvxay) = fl(tvxay) +f2(t,x,y)

with different properties. The second boundary condition is nonlocal, g(s) is
a nondecreasing function of bounded variation, G(s) = vary q9(7), G(b) < 1
and k£ > 0.

The nonlocal boundary condition covers certain types of linear two point,
multipoint and integral boundary conditions.

The main goal is to prove existence of multiple classical solutions of (1), (2),
i.e., solutions from

D={zeC(D), g cC'(D}.  I=[0.1]
under suitable conditions.
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We use the method of lower and upper solutions. Results of this type for
the classical second order BVP are well known, see [4], [7], existence results
for periodic BVP with p-Laplacian and growth condition on nonlinearity are
in [5], and existence result for (1), (2) in well ordered case and restricted growth
of nonlinearity is given in [8].

The paper is based on ideas of [7] applied on the problem (1), (2). By a priori
estimates of the norm of solutions or its derivatives we use method of Kor-
man [3], based on Bihari inequality [1].

We define a lower and upper solution of (1), (2) by the obvious way.
Set IO:I\{ti; 0<t; <b, ?;:1...71}.

DEFINITION 1 ([8]). A function a € C(I) U C(I%), with (o) € CH(I°) is
called a lower solution of (1), (2) if

lim o(t) < lim o/(¢) for i=1,...,n,
t—t;— t—t;+

(app(a/(t)))/ > £(talt), 0y (0 (1)) for teI°
b

a(b) < [als)dgs) ~ kpp(@(). '(0)= 0.
0

Similarly a function 8 € C(I) U C1(1Y), with ¢(8') € C*(I°) is called an
upper solution of (1), (2) if

. / . / ) —
tll)gl_ﬂ(t) ztgg?+,3(t) for i=1,...,n,

(en(B@) < F(1BW 0(B®)  for e
b

Bb) > /ﬂ<s> dg(s) — kep(B'(4)),  B'(0) <0.
0

In the case of strict inequalities for the equation on I and for the second
boundary condition we say that lower and upper solutions are strict.

LEMMA 2 ([8]). Let ar, B be a strict lower and upper solution and x be a solution
of the problem (1), (2). Then a(t) < z(t) for each t € I implies a(t) < z(t)
for each t € I and B(t) > x(t) for each t € I implies B(t) > x(t) for each t € I.

In our first existence result as well as in all theorems below we assume that
the summand f; satisfies a Nagumo-Bernstein type of growth condition [2], [5]
and f5 instead of this satisfies one of two possible types of sign condition.

In the rest of the paper constant ¢ > 0 is such that % + % = 1. Then the
function ¢, is the inverse of ¢,.
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THEOREM 3. Let
(A1) 37 > 0 such thatVt € I, f1(t,7,0) >0, f1(t,—r,0) <0 on I,
(B1) 3¢ >0 such thatVt eI, || <r,y € R,

|fi(t z,y)] < e(1+ |yl?),

(C1) Vtel, xz,y € R,
x'f?(taxvy) 2 0.

Then the problem (1), (2) possesses a solution x such that |x(t)]| < r.

Proof. Set X = C"'([0,b]) and define an operator T': X — X by

b b
Tx(t) {/G ds+k( (b)) —/gpq(Fx(s)) ds, (3)

0 +
where s
F,(s) —/F(T,:L‘(T), (pp(.%‘/(’?'))) dr.
Then 0
Txz(t) € D= {z € C'(I), pp(z’) €C*(I)}, and (Tz)(0)=0.

The function satisfies boundary conditions (2), see [8], and fixed point of com-
pletely continuous operator T is a solution of (1), (2).

We consider the perturbed boundary value problems

(pp(x) = AF(t,2,0p(x")) + (1 = N)x(t), (4)
b
b) —/x(s) dg(s) — kep (;U’(b)), Z'(0)=0 (5)

with A € [0, 1].
Clearly, —r and r are strict lower and upper solutions of (4), (5).
Convex combination fiy = Afi + (1 — M)z satisfies the same growth con-
dition (Al) with the constant ¢; = ¢+ 7 and fay = Afo satisfies the sign
condition (C1)independently on .

Let x(t) be a solution of (4), (5) with |x(¢)| < r on I. We estimate |z/(t)].

Suppose z(tp) = maxp, s, 2(t) > 0 and 2'(t) < 0 on (to,t1). Then x(t) is
invertible on [to, 1], its inverse is t(z). Denote p(z) = ¢, (' (t(2))).

We rewrite the equation (4) in

P'(@)@q(p(x)) = fix(ts 2, p(x)) + for(t, 2, p(x))
P (@) (p(x)) = —c1(1+ |p()]9).

and estimate
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Substitution z(z) = |p(x)|? gives

2 (@) > —qer (14 2(x))
and after the change of variable v = o — x we denote Z(v) = z(x) + 1 and obtain
7' (v) < ger2(v), Z(0) = 1.
Then
Z(v) < e?? <" and  |p(x)| < e?T =co.

That means, —¢q(c2) < 2'(t) < 0 on [to, t1]. Boundedness of derivative in case
2z > 0 and 2/ > 0 and in cases < 0 is proved similarly. Then boundedness
of a solution x, z(t) < r implies the existence of a constant p, x’(t) < p on I.

We set
Qp={z€X; |z| <r |2'| <p}.

The associated homotopy operator

b b
H(e.0) = g § [Cea(Fon(s) ds+ (Fra®)p = feu (Fra) ds
0

t

with ﬁ‘%/\(s) = fos Af1 (7', x(7), app(:l;’(T))) +fo (7’, x(7), app(:l;’(T))) +(1=Naz(r)dr
possesses no fixed point on the boundary of €, ,. Then the Leray-Schauder
degree of H(.,A) is well defined and independent on .

H(z,0) is an odd operator and Borsuk’s theorem implies [2]
d(I —T,9,0) =d(I — H(z,0),9,0) = 1(mod 2)

which implies the existence of a fixed point x € Q) of T. U

By the same method can be proved the following existence result with another
sign condition.

THEOREM 4. Let
(A1) 37 > 0 such thatVt € I, f1(t,7,0) >0, fi(t,—r,0) <0 on I,
(B1) d¢ >0 such thatVt eI, |x| <r,y € R,

|fi(t 2, y) < e(1+ |yl?),

(C2) Vtel, z,y €R,
y- fa(t,z,y) <0.

Then the problem (1), (2) possesses a solution x such that |z(t)| < r.

In the case of well ordered nonconstant lower and upper solutions the following
theorem holds.
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THEOREM 5. Let
(A2) a(t) < B(t) be a lower and upper solution of (1), (2),
(B2) Fe(r): Rt — RT such thatVt eI, |x| <r,y € R,
it 29| < e(r) (1 + I,
(C1) or (C2).
Then the problem (1), (2) possesses a solution x such that a(t) < z(t) < 5(t).

Proof. We prove the case when (C1) holds. Set » = max{||«||, ||5||} + 1, and
choose M > max{|f(t,z,0)|; t € I, a(t) <z < (1)}

Define
fi(t, B(t),y) + M(r — B(t)), x>,
fu(t, B(),y) +M(x—B(t),  Bt)<z<r,
fik(taxay>: fl(tvxay)v Od(t) ngﬂ(t),
f1 (t,a(t),y) — M(a(t) — x), —r <z <at),
f1 (t,a(t),y) — M(a(t) + r), T < —r,
and
f2(t7ﬂ(t)7y)7 Ogﬁ(t) <z,
f2(t7ﬂ(t)7y)%a ﬁ(t)<$<0,
0, Bt) <0<,
f;(t7xay>: fQ(taxay>v a<t) Sxﬁ,@(t),
0, z < at) <0,
fg(t,a(t),y)%, 0<z<alt),
fa(t, a(t),y), x < at) <0.
Now the boundary value problem
(pp(a") = fi (t.20p(@) + f5 (1,2, 0p(2)). (6)
b
x(b) —/x(s) dg (s) — kep(2'(b)), 2/(0)=0 (7)
0

satisfies conditions (A1), (B1), and (C1). That means, perturbed BVP is solvable
and
d(I —T%Q,,,0) =1 (mod 2).
Moreover, for each € > 0 the function «(t) — € is a strict lower solution and
B(t) + € is a strict upper solution of (6), (7).
Lemma 2 implies that a(t) < x(t) < B(t). That means, f (¢, z,pp(z)) =
fi(t,z,p(2")) and x(t) is also a solution of (1), (2). O
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EXAMPLE 6. We consider the boundary value problem
()" + k(t,2)pm (@) + f(t.2) = h(D),
1

z(1) = [2(s)dg (s) — kep(2'(1)),  2(0) =0,
0
and assume that

k(t,z) >0, m>1, and lim f(t,z) = —o0, lim f(t,x) = oo.

Tr—00 Tr——00
Then BVP (8) possesses a solution for each h(t) € C(I).

ExaMPLE 7. Consider the boundary value problem

(op(a”) + k(t,2)pr(a") = f(t,z,2"),
1 9)

(1) = /x<s> dg () — kgp(' (1)), 2'(0) =0
0

with the bounded nonlinearity |f (¢, z,y)| < M, and k(t,z) > 0. Then BVP (9)
possesses a solution x(t),

lz(t)] < %W(BO + kMq' ™) + Bo(t),
where 1
Bo(t) = Mqg*P(1 —t9) and By = /ﬁ(s) dg(s).

0
The case of unordered lower and upper solutions is more complicated, requires

stronger growth conditions on f;. The existence result presented below gives no
a priori bound of a solution, instead of this we have only a partial information
about its localization.

THEOREM 8. Let

(A3) a £ S8 be a strict lower and upper solution of (1), (2),

(B3) 30< A,B<q—1, ¢>0 such thatVt € I, =,y € R,
Aty < o(1+1al* + y17),

(C1) or (C2).

Then the problem (1), (2) possesses a solution x such that 5 € x £ a.
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Proof. We set rgp = max(|al,|8]), a number r > rg, we specify later, and
My = c(l + TA). We define a perturbation

fi(t,ry) + Mo, x>r+1,
filt,r,y) + Mo(x —r), r<x<r+]1,
fitz,y) =q filt,z,y), —r<z<r,
filt,r,y) + Mo(z + 1), —r—1<z<-r,
fi(t,r,y) — Mo, x< —r—1.

Clearly, —r — 1, «, B, r + 1 are strict lower and upper solutions of the per-
turbed BVP

(‘Pp(x,)), = fr (t,x, gpp(x')) + f2 (t,x, ‘Pp(x/))v (10)
b
z(b) —/x(s) dg (s) — kep (' (b)), z'(0) = 0. (11)

Moreover, f; satisfies the growth property (B1) and (B2) for chosen r
itz y)l < e(L+ 1t + 1yl ®) + Mo < e(1+Jy|?).

The existence theorems above and their proofs imply (7% is given by (3)
using f7 instead of f)
dI —T75Q41,5,0)=d(I =T Q4 p41,0,0) =d(I =T, Q_r_1,8,,0) =1 (mod 2).
Then
d(I —T%,9,0) =1 (mod 2) for Q= 11,\Qart1,p UL 18,-

We estimate the norm of a solution z using a method of Korman [3], [7].
We consider the case (C1) only.

Suppose that max |z(t)| = z(tg) > o and set M = z(tg) —ro > 0. The second
boundary condition implies ¢g # b. As = € 2, 3¢, such that z(ty) < a(ty) < 70.
Then Jt; such that z(t1) =ro.

We suppose tg < t1, the opposite case is treated similarly.

As in the proof of Theorem 3, we denote p(z) = ¢, (2/(t(z))), z(z) = |p(z)
and v = M + rg — x, to obtain

q

#(v) < qc(l +r 1A + z@)%), 2(0) = 0.

The Bihari lemma [1] implies

Z(v) < [(ch(l +(r+ 1)A))17%+ (¢ — B)CM:| 17%.
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Then

1

1—-B

) < | (oM (15 00 7)o g Bent|
and

Ip(z)| < d ((ch(l + (r+ 1)A))5 + ((q— B)cM)q—B> . d=2775.
As M < (b — a) max,e[o,a [p(v)|, we have

M < d(b—a) ((ch(l + (r+ 1)A))% + ((g — B)eM) _B> .

Then
a=1 A b

M S cira +CQM(‘1*B)‘7’

where positive constants ¢; are independent on r.
Either
ro+M<r or ro+M>r.
In the latter case
M < eci(rg + M)% + c2M<frbB>q.

Then 3 M, independent of r such that ro + M < r.

We proceed similarly also in the case max|z(t)| = —x(tp) > ro. That means,
|z(t)| < r and then x is a solution of the original problem. O

We prove the existence of at least two solutions under assumption that the
boundary value problem has either two strict lower solutions and one upper one
or Vvice versa.

LEMMA 9. Let o be a strict lower solution of (1), (2).
Suppose (C1) holds and sets

filt,z,y) fortel,z>a(t),ye R,

fla(taxvy) = (12)
filt,a(t),y)  fortel,x<a(t),y€R,

and

fa(t,z,y) fortel,z>at),y€ R,
zfo(t,a(t),y) fortel,0<xz<a(t),y€R,

f2a(t7xay) = (13)
0 fortel,z<0<a(t),y€eR,

fa(t,alt),y) fortel,x<a(t)<0,y€R.
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Then each solution x(t) of the problem

(op(@)) = Fa(t,z,0p(a")),
(14)

b
z(b) —/x(s) dg(s) — ke, (2' (), 2'(0)=0
is a solution of (1), (2). ’

Proof. The proof is based on the fact that in both cases the function a(t) —m
is a strict lower solution of (14) for each m > 0. Then Lemma 2 implies our
assertion. O

THEOREM 10. Let
(Ad) a < B, a < a1, aq £ B, o, ay be a strict lower and [ a strict upper
solution of (1), (2),
(B4) 30< A,B<q—1, ¢>0 such thatVte I, z,y € R,
Atz y) > —c(1+ ]2 +[y|7),
(B2), (C1).

Then the boundary value problem (1), (2) possesses at least two solutions.

Proof. As a < f3, are well ordered lower and upper solutions, assumptions
(A2), (B2), (C1) and Theorem 2 implies the existence of a solution ;.

On the other hand, ai; £ 3, are unordered lower and upper solutions of (1), (2)
and also of (14). Moreover, each solution zg of (14) is x93 > «a.

We modify (14) replacing f1, by one sided perturbation

fla(taray)+M07 EE>’I“+1,
fika: fla(t,r,y)+M0($—T), r<z<r+1,
floz(taxvy)a X S T,

where r, My have the same sense as in the proof of Theorem 8.

It is easy to prove by the same method as in the case of Theorem 8 that
x(t) < r for each solution z(t) of modified problem. Then there exists a second
solution s such that a < x2, 8 £ 2 £ 3. O

In the case when solution are bounded from above by the strict upper solu-
tion 8 the following symmetric lemma and multiplicity theorem hold.
LEMMA 11. Let 8 be a strict upper solution of (1), (2).

Suppose (C1) holds and sets

I FAGERY fortel,x <p(t),y€R,
Felti2,9) = {f1 (t,B(t),y) fortel,x>p(t),y€R, (o)

and
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fa(t,z,y) fortel,z <pB(t),y €R,
_Jzfa(t,B(t),y)  fortel,0=x<B(t)y€ER,
faplt,0,9) = 0 fortel,z>02>pB(t),y € R, (16)

fg(t,ﬁ(t),y) fortel, x> p(t) >0,y €R.
Then each solution x(t) of the problem

(op(a”)) = F5(t, 2, 0p(")),

b
x(b) = /x<s> dg (s) — kpp('(D),  '(0) =0
0

is a solution of (1), (2).

THEOREM 12. Let
(Ad) a <3, 01 < B, a £ B, a be a strict lower and B 1 a strict upper solutions
of (1), (2),
(B4) 30< A, B<q—1,¢>0 such thatVtel, z,y € R,
filta,y) = —e(1+ |2t + [y ®),
(B2), (C1).
Then the boundary value problem (1), (2) possesses at least two solutions.

EXAMPLE 13. We consider the boundary value problem

(pp(@')) = k(t, ) pm () + f(t,z) = h(t),
(18)

#(1) = /x<s> dg(s) — kgp(2' (1), 2/(0) =0,

0
where we assume that k(t,2) > 0 for ¢t € I, z,y € R and the function f is such
that

lim f(t,2) = oo, lim f(t,z) = —o0,

xr—r—00 €Tr—r0o0
and
Jx1,x9, ¥1 < x2 such that f(¢t,z1) < f(t,z2) on I.

Then the boundary value problem (18) has a solution for each h(t), at least two
solutions for

h(t), f(t,xz1) < h(t) < f(t,z2) on I,

and at least three solutions for

h(t), f(t,x1) < h(t) < f(t,x2) on I.
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