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THE STURM-LIOUVILLE PROBLEM
WITH SINGULAR POTENTIAL
AND THE EXTREMA OF THE FIRST EIGENVALUE

ELENA S. KARULINA—ANTON A. VLADIMIROV

ABSTRACT. We get the infima and suprema of the first eigenvalue of the prob-
lem

—y"+aqy =Ny,
{y'(O) — k3y(0) =0,
y'(1) + kiy(1) =0,
where ¢ belongs to the set of constant-sign summable functions on [0, 1] such that
1 1

/quzl or /qdac:fl.
0 0

1. Introduction

1.1. Consider the Sturm-Liouville problem

"+ (@—=Ny=0 (1)
{y,( ) — koy( )iov @
y'(1) + kfy(1) =0

where the real coefficients kg > 0 and k1 > kg are fixed, the solution y belongs to
the space WZ[0, 1], the equality () is considered as holding almost everywhere
t [0, 1], and the potential ¢ € L1[0, 1] is a constant-sign function such that one

(© 2013 Mathematical Institute, Slovak Academy of Sciences.

2010 Mathematics Subject Classification: 34L15.

Keywords: Sturm-Liouville problem, eigenvalue, Dirac delta function.

The first author is supported by the Russian Foundation for Basic Researches, grant
No 11-01-00989.

The second author is supported by the Russian Foundation for Basic Researches, grant
No 10-01-00423.

101



ELENA S. KARULINA—ANTON A. VLADIMIROV

of the integral conditions holds:
1 1

gder=1 or /qu——l. (3)
0 0

The aim of this paper is to get the infima and suprema of the first eigenvalue
of the problem (II)—(3]).

1.2. The problem ({)-(3) is a partial case of the problem (1)), @) with ¢ € A,
or —q € Ay, where v € R\ {0} and

1
Ay = qq€ Li[0,1]: g(z) > 0 a.e. and/qv de=1 . (4)
0

Denote by A1(¢) the minimal eigenvalue of the problem () or

—y" = Ay =0 (5)
with some self-adjoint boundary conditions. Consider for each v € R\ {0} four
values mE = infeea Ai(+q) and M$ = Supgea, M(%g). The estimates of

~

m,j and Mj for the equation (Bl with the Dirichlet boundary conditions were

obtained in [I]. The analogous results about the Dirichlet problem for the equa-
tion ([{]) were obtained in [2], [3]. In [4] the problem (@)), (&) was studied.

The values miyL and M,;L for the problem (), ([2)) with ¢ € A, were considered
by one of the authors in [5] for all 4 # 0. The most detailed and precise results
were obtained for the case v # 1.

The case v = 1 is in some kind special. In [3] and [5], for () with various
boundary conditions, the precise results for MfL were obtained by the method
quite different from used for v # 1. In [5] for m{ only inequality m; > 1/4
was obtained. In [3] for m] it was proved that this infimum is attained at the
non-summable potential ¢* = —4&; /5.

In this paper we extend the class of considered potentials from L4 [0, 1] to the
space W, 1[0, 1] (see [6] and EZT] later). The space W, [0, 1], in particular, con-
tains a Dirac delta function &, with support located at an arbitrary point
¢ € [0, 1]. This generalization of the problem lets us to get the precise description
of M and mi and to prove that they are attained at the potentials from the
extended class.

1.3. The main results of the paper are the following four theorems:

1.3.1. THEOREM. By definition, put
1 k2 1 k?
= —arctan —~, 3, = —— arctan —=. (6)

R TA T Vi
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Then Mfr is a unique solution to the equation
1_au_ﬂu:/171 (7)
and is attained at the potential ¢* € L0, 1] such that
+
- {M1 forx € [O[Mf’ 1- ﬂMf]’

*(z
a( 0 otherwise.

1.3.2. THEOREM. If k% + k? <1, then M| = k3 + k% — 1 and is attained at the
potential

q" = —k3do — k361 — (1 — kg — k7).
If k2 + k2 > 1 and k¥ — k3 < 1, then M, is the minimal eigenvalue of the
problem
=y =Xy, (8)
29/(0) — (K + K2 — 1)y(0) =2y/(1) + (R + K — Dy() =0 (9)
and is attained at the potential
¢ = —(1+k§ —ki)do/2— (1 — ki +k7)61/2.
If k2 — k2 > 1, then M| is the minimal eigenvalue of the problem (8) with
y'(0) = Kgy(0) = o' (1) + (kf — 1)y(1) =0 (10)

and is attained at the potential ¢* = —d1.

1.3.3. THEOREM. mf is the minimal eigenvalue of the problem (8) with
y'(0) = kgy(0) = ¢'(1) + (k{ + 1)y(1) = 0 (11)

and is attained at the potential ¢* = 67.

1.3.4. THEOREM. If for some p > —kg and some ¢ € (0,1) the problem

" =py  at (0,)U (1), (12)

y'(0) — Kgy(0) =2y'(¢ — 0) = y(¢)
=2y/(C+0) +y(¢) =y (1) + kiy(1) =0 (13)
has a continuous positive solution, then mi] = p and mj is attained at the

potential ¢* = —d¢. Otherwise my is the minimal eigenvalue of the problem (&)

with ) ) ) )
y'(0) = (kg — D)y(0) = y'(1) + kiy(1) =0
and is attained at the potential ¢* = —dg.

Some additional remarks on solvability of the boundary problem (I2]), (I3])
will be given in the subsection
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1.4. Let us give some examples that illustrate the theorems from the previous
subsection. In the case kg = k1 = 0 we get m] = A\(d;) = 0.740174(£1076).
In the case k§ = ki > 1/2 we get mi = Ay (—81/2). In the case k§ = k7 = 1/2
we have my = A\ (—8¢) = —1/4 for any ¢ € [0,1]. In the case k§ = ki < 1/2 we
have m] = A (—dp).

2. The set I'; and related topics

2.1. We suppose that all considered functional spaces are real.

By Wy '[0,1] denote the Hilbert space that is a completion of Ly[0,1] in the
norm

1
ol o= sw [ysde

HZHW21[011]:1 0

When y € W, 1[0,1], by f01 yz dx we sometimes denote the result
1

(y,z) = lim [y,zdz, where y = lim y,, y, € L0, 1],
n—oo

n—oo
0

of applying the linear functional y to the function z € W3 [0, 1].

For any fixed ¢ € L1[0,1] and A € R the map taking each y € WZ[0,1]
satisfying (2)) to ,

—y"+ (¢ — Ny € L1[0,1]

can be extended by continuity to the bounded operator T,(\) : W}[0,1] —
W5 [0, 1]. Using integration by part, we get

/yz + (g — )yz] dz + k3 y(0)2(0) + k2 y(1)2(1).  (14)
0

Consider the linear operator pencil] 7,: R — B (W}[0,1], W5 1[0,1]) that takes
any A € R to the operator T, (\) described by (I4]). The spectral problem for
T, may be considered as a reformulation (or as a generalization in case when
q € W5 1[0,1] is not summable) of the boundary value problem (), (). We can
do this due to the following two facts.

LA linear operator pencil L is an operator-valued function such that L(\) = A 4+ AB, where
A €R, A and B are some operators not depending on A.
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2.1.1. For all ¢ € L1[0,1] and X € R the function y € W}[0,1] belongs to the
kernel of the operator T,()\), if and only if y € W£[0,1] and y is a solution

of the problem (), (2.

Proof. It directly follows from the definition of the operator Tj () that for any
solution y € WZ[0, 1] of the problem (), @) the equality 7,(\)y = 0 holds.

Let us prove the converse. Consider some y € ker T, (), and put

wle) = v/(a) - (g~ Ny (15)
0
For any z € 1/?/21 [0,1], using (I4), we have
1
0 =(T;(N)y, z) = [wz' dz. (16)
0
Since the set of the derivatives of all functions z € VC[>/21 [0,1] is an orthogonal
complement in Lo[0,1] of the set of all constants, from (I6) it follows that the
function w € L3[0,1] is constant. Combining this with (5], we get that the

function 3’ is absolutely continuous and its generalized derivative equals (g—\)y.
Now, using ([4), we see that for any z € W}[0, 1] we get

0= (Ty(Ny, 2) = [=9/(0) + k§y(0)] 2(0) + [’ (1) + k{y(1)] 2(1),
so y satisfies the conditions (2]). O

2.1.2. For any q € W2_1[0, 1] the spectrum of the linear operator pencil T is
purely discrete, simple and bounded from below.

Proof. Note that for any y € W10, 1] we have

1

192 w01 < suopu ly(z)| - /[y2 +4(y)?] dz < 2|lyllco,y - Nvllwio,);
xe|0,
0

then, by the embedding theorem, we get

192 lwgio < C Iy2s0.: (17)

where C' is some constant.
Since €0, 1] is densely embedded in W, 1[0, 1], for any & € (0, 1) there exists
a function ¢ € C|0, 1] such that

g — Q||W2*1[o,1] <e/C.
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Using this and the inequality (7)), for any y € W40, 1] we get
1
Ja- v de| <1a=alwon W lwion < llfigon: (19

Further, for any & > ||gl|¢jo,1)+1 we have fol qy? dx > (1—k) fol y? dz. Combining
this with (I4]) and (I8]), we obtain

IT,(—k) > 1 —¢, (19)
where by I: W, [0,1] — W3[0, 1] we denote an isometry that satisfies
(Vy € W5 '[0,1]) (V2 € W3[0,1]) (I, 2)wo) = (¥, 2)-

The existence and uniqueness of this isometry follows from the Riesz theorem
about the representation of a functional in a Hilbert space [7, §30,§99].

From the estimate (I9) it follows [7, § 104] that the operator S = IT,(—k) is
boundedly invertible. Taking into account (I4)), we have IT,(\) = S—(A+k)J*J,
where J: W}[0,1] — Lz[0,1] is the embedding operator. So for any A € R the
existence of a bounded inverse of the operator 75 () is equivalent to the existence
of a bounded inverse of the operator 1 — (A + k)S™Y/2J*JS~1/2 Since J is
compact, it follows that the spectrum of T is purely discrete, semi-simple and
bounded from below.

The spectrum of the pencil Tj, is simple since (see [6], [8, Propositions 2, 10])
for any A € R the kernel of the operator T;()) is formed by the first compo-
nents Y7 of the solutions to the boundary value problem

G%)/_ <—1;2 —1u> (2) (20)

Y2(0) = k§Y1(0) = Ya(1) + [k +w] Y2(1) = 0. (21)
Here u € L3[0,1] and w € R are taken from the representation
1 1
(W) [la=Nydo == [uf do+wy) (22)
0 0
of the potential ¢ € W, [0, 1]. O

2.2. For the eigenvalues

Aig) < Aalg) <--- < Anlg) < -

of the pencil T, we have the following propositions.
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2.2.1. (See [8, Proposition 10].) For any n > 1, ¢ € W5 '[0,1] and A\ € R the
inequality A > A,(q) is equivalent to the existence of m-dimentional subspace
N C WH0,1] that satisfies

(vy e M\{0})  (Tu(Ny,y) <0.
2.2.2. For any n > 1 the function \,: Wy '[0,1] — R is continuous.

Proof. Consider some ¢ € W, '[0,1] and € € (0,1/2). For any y € W}[0,1],
A€ R and G € W5 '[0,1] such that ||G — q||W271[0’1] < ¢/C, where C is the same

as in (I7), we get
(TN, y) = (TyNysy) =<yl

> (T,(Ny y) — €llyllivo

—c- <T2q (AM(29))y, y> — ek2y?(0) — eky?(1)

=(1-2¢)- <Tq <)‘ re '1[1__2?1(2‘1)]> yy> :

Consequently, from the variational principle [Z21]it follows that any A > A, (§)
satisfies

A+e-[1—A(29)]
1-—2¢
Since we can choose A arbitrarily close to A,,(g), we have
An(@) = (1= 26) M) — - [1 = Mi(29) ).
By the same method we get
An(@) < (1+26) Ma(q) +e- [1 = M (29)]): 0

> ().

2.3. Let Ty be the closure in Wy 1[0, 1] of the set A; defined by (@). Put by
definition
AX)={XeR:(Ige X) r=X(9},

where X C W, '[0,1] is some set of generalized functions. The set A(X) is
formed by all the possible values of A;(q) for all ¢ € X. By —X we, as usually,
denote the set

{q € Wy to,1]: Fre X) ¢= —r}.

2.3.1. Suppose X is a dense subset of T'1, then the closures of A(£X) and
A(£T'y) coincide.
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2.3.2. The extrema mi = inf A(£A;) and ME = sup A(+A,), defined in[L2,
satisfy the equalities mi = inf A(+T'}) and Mt = sup A(£I,).

The proposition 2:3.1] immediately follows from The proposition
immediately follows from 2311

2.3.3. The set Ty consists of all non-negativdl distributions q € W5 t0,1] such
1
that [y qdx = 1.

Proof. Since for any g € I'; there exists a sequence of functions from A; such
that its limit equals g, it follows that the generalized function ¢ is non-negative
and satisfies fol gdr = 1.

Let us prove the converse. Suppose q € W{l [0, 1] is a non-negative generalized

function and satisfies fol gdz = 1. Then (see [0], [8, §2.3]) there exists a function
u € Ly[0, 1] such that

1 1
(Vy € W[0,1]) /qy dx = —/uy’ dr +y(1). (23)
0 0
Put by definition
22 for 5 € [y,
Il ne(x) = 4= for x € [n,0),
0 otherwise

for any reals v < 1 < 6. Suppose 0 < a < b < ¢ < d < 1. Substituting the
functions I1_; g 4 + o a5, g pc +1p e g and e g1+ 1g1 2 for y in (23), we get

b d
1 1
a c

From these inequalities it follows that the function u € L0, 1] is non-decreasing
and satisfies vraiinf,cpo,1)u(x) > 0 and vraisup,¢po 1) u(z) < 1.

Since there exists a sequence {uy, }52 , of non-decreasing piecewise linear func-
tions such that u,(0) = 0, u,(1) = 1 and v = lim, o Uy, it follows that
q = lim,_,o u},, where u], € A;. O

2.4. Consider the function F' implicitely defined by the equation

A (F (i, )d¢) = 1, (24)

where p € R and ¢ € [0,1]. The following three propositions give us some
information about this function.

2The generalized function q € W2_1 [0, 1] is called non-negative if for any non-negative function
y € W2[0,1] the inequality {g,y) > 0 holds.
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2.4.1. For any ¢ € [0, 1] the function F(-,() is single-valued, strictly increasing,
and its domain is the interval (—oo, f+) with some f+> 0.

Proof. For any a € R there exists [8, Proposition 11] a positive eigenfunction
y € ker Tys. () corresponding to the eigenvalue p = Aj(ad¢), so for any b < a
we have

(Tys (W), y) = (Tas, (w)y,y) + (b—a) - y*(¢) <0

Using 221l we now get A;(bd¢) < p. So the function F(-,() is the inverse
of the strictly increasing and, according to 2.2.2] continuous map a — A1(ad¢).
Therefore, the function F'(-,() is single-valued and strictly increasing.

Further, for any a € R from the equality
(Tusc(a+ K+ K)11) =a— (a+ K +K2) + K+ 4 =0

and the proposition ZZ1lit follows that A1 (ad¢) < a+kE+k%. Therefore, the do-
main of F'(-, ) is unbounded from below. Also for any a > 0 we have Ay (ad¢) > 0,
so the right bound of dom F'(+, () is positive. O

2.4.2. The function F is continuous.

Proof. Consider an arbitrary point (ug,Co) € dom F and suppose a* satisfy
a~ < F(ugp,¢o) < a™. For any point (u,¢) € R x [0, 1] sufficiently close to (uo, Co)
from [Z41] and we obtain the inequalities A;(a™d¢) < p < A(a™d).
Hence there exists a € (a7, a™) such that u = Aj(ad¢), so for the point (i, ()
the equation (24]) has a solution F(u, () = a. O

2.4.3. A point (u,¢) € (0,400) x [0,1] belongs to domain of the function F
if and only if the following conditions hold:
Vi (C—ay) € (=n/2,7/2), - (1= B, =) € (—n/2,7/2), (25)

where o, and B, are defined by (@). In this case the equality

Fl,¢) = Vi - {tan[Vii- (¢ = )] +tan[yii- (1= 8, = O} (26)
holds.
For any ¢ € [0,1] the equality
kg ki
1+k¢ 1+k2(1-0)

F(0,¢) = (27)

holds.
For any pn < 0 and ¢ € [0, 1] the equality

ﬂmO——VWW%%VW%&Q+G6ﬂﬁﬁﬂ—0} (28)
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where
tanh (u:z:—Hn V+l€> forv >k,
Gv,r,x) =< 1 forv=r,
coth (u:z;—HH FH_V) for v <k,
K—V
holds.

Proof. Consider p € R and ¢ € (0,1) such that (u,¢) € dom F. According to
20)-22), the equality T,(n)y = 0, where ¢ = F(u,()d¢, is equivalent to the
boundary problem

-y =py  at (0,{)U (1), (29)
Y (C+0) =5 (¢—0) = F(u,Qy(C), (30)
y'(0) — kgy(0) = ¥/ (1) + kiy(1) = 0. (31)

From [8, Proposition 11] and (24) it follows that any non-trivial solution to the
problem (29)—(31) is constant-sign.
In the case p > 0 any solution to the problem (29), ([BI) has the form

(@) A-cos[yp- (1=B, = Q)] cos[yi- (z—ay)] fora<,
€Tr) =

A-cos[y/p- (1= By —a)]-cos[yu-((—ay)] foraz>(,
where A is some constant. This function is constant-sign if and only if the con-

ditions (28]) hold. Using (B0]), we now get (26]). The values ¢ € {0,1} are finally
included in the consideration using the propositions and

The cases ¢ = 0 and p < 0 are considered on the base of (29)-(BI]) by ana-
logous way using the solution
A-[1+k1 =] [1+kjz] foraz<(,
y(z) = 2 2
A-[1+ k(1 —2) - [1+k5¢] forz>(

in the case p = 0, and the solution

(o) = A-g(ﬂ,kf,l—()-g(ﬂ,k%,x) for x < (, (34

A.g(\/m,kf,l—:z,) -g(\/m,kg,C) for z > (,

(32)

(33)

where

cosh (1/:1; +In v H) for v > K,
v—K
g(v,k,x) = < ¥ for v = k,
sinh (1/:1; +In s U) for v < K,
K—v
in the case pu < 0. O
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3. Proofs of the main results

3.1. In this section we prove Theorems [[3THL.3. 4l We use the notation
A (y) = {z € 0.1]: y(@) = supyero y(1)}

Q" (y) = {w € [0,1): ylw) = infyepo,y y()}.

where y € W3[0, 1] is an arbitrary positive function. Also we take into account
proposition 2.3.2

3.2. Proof of Theorem [I.3.1l Consider some potential ¢* € I';, and some
positive eigenfunction y € ker T~ (Al(q*)). Suppose that the support of the
generalized function ¢* is a subset of Q7 (y). Then for any ¢ € I'; we, using

233l have
0= <Tq* (Mi(d")y, y>

[(v) = M(g*) y*] do + . v (@) + kg y2(0) + k7 y2(1)
xz€|0,

> W)+ (= Ala") v?]do + K y2(0) + K2 y2(1),

/
/

hence

(Ty(Mla))y ) <0.

It follows that A\;(q) < Ai(g*), therefore A\i(¢*) = M;". Thus we have proved
that M, is attained at any potential ¢* such that supp ¢* € Q% (y).

Suppose that QT (y) = [0, 1], where 79 # 7. Also suppose that the poten-
tial ¢* is summable and has the form

() = p for x € [1o, 1],
1 ] 0 otherwise,

where p is some positive constant. Since y”/(z) = 0 for all = € (19, 71), it follows
that u = A1 (¢*). Therefore, the eigenfunction y has the form

A-cosly/p- (z—ay)] for x < 79,
y(z) =¢ B for z € [19, 1],
C-cos[y/u-(1—=B,—a)] foraz>m,

where A, B and C' are some positive constants, and «,, 5, are defined by (@]).
From the continuity of ¢’ it follows that 70 = «, and 7 = 1 — f3,,, hence

A = B = C. Finally, from the condition f01 q* dx = 1 we have the equation ().
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To conclude the proof, it remains to note that the equation (7) has a unique
solution, because «, and 3, considered as functions of ;1 > 0, are non-negative,
continuous, non-increasing and tend to zero as u — +o0.

3.3. Proof of Theorem [1.3.21 Consider some potential ¢* € —I';, and some
positive eigenfunction y € ker T+ (Al(q*)). Suppose that supp ¢* C Q™ (y). Then
for any g € —T'; we, using 2.3.3] have

0= <Tq* (Al(q*))y,y>

= [[¥)? = Mi(g") y?] dz -t v (@) + kg y2(0) + kT y*(1)

> [(z/)2 + (¢ = Milg") yg} dx + kg y?(0) + kT y*(1),

/
/

hence

<Tq(A1(q*))y,y> <0.

It follows that A\i(q) < A1(¢*), therefore A\;(¢*) = M. Thus we have proved
that M, is attained at any potential ¢* such that supp ¢* C Q~ (y).
Suppose k3 + k? < 1. Consider the generalized function

q" = —k3do — k361 — (1 — kg — k7)),
which in this case belongs to —I';. Using (I4]), we get that the first eigenfunction
of the pencil Ty« is y = const, so supp ¢* C Q7 (y). It follows that M, is attained
at the potential ¢* and is equal to the corresponding first eigenvalue
M(q*) =k + K — 1.

Suppose
kg 4+ k3 > 1, (35)

k2 — k2 <1. (36)

Consider the generalized function ¢* = — (14 k3 —k$)80/2— (1 — k¢ +k?)61/2,
which, due to (B6), belongs to —I';. For such ¢* the equation T,«(\)y = 0 is
equivalent to the problem (§), ([@). The first eigenvalue A\;(¢*), due to (B5) and
@), is non-negative and the corresponding eigenfunction is

y(x) = cos [ A(g*) - (xz — C)} , (37)

where ¢ = 1/2. Hence supp ¢* C Q7 (y). It follows that M, is attained at the
potential ¢* and is equal to the corresponding first eigenvalue A1 (g*).

Suppose k? — k¢ > 1. Consider the generalized function ¢* = —§; € —I';.
For such ¢* the equation Ty« (\)y = 0 is equivalent to the problem (&), (I0).
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The corresponding first eigenfunction is defined by (B1), where ¢ € [0,1/2], since
k¥ —1 > k2. Hence suppq* C Q (y). It follows that M, is attained at the
potential ¢* and is equal to the corresponding first eigenvalue A1 (g*).

3.4. Proof of Theorem [I.3.3l Consider some potential ¢ € I';, and some
positive eigenfunction y € kerT, (Al(q)). Then for any A > Ai(gq), according

to 2233l we have

0> / ()2 + (0 — N 2] de + K2 42(0) + K2 42(1)

> [[()* = \?] dw + iof v (@) + kg y2(0) + k3 y2(1).

o o
=

It follows that there exists ¢ € [0,1] such that
1
Jlw? +6c = 03] da + 20 + P ) <.
0

So for any A > mj there exists ¢ € [0,1] such that A\;(d;) < A. Hence, us-
ing 233 we get m] = inf,e(0,1) A1(d,). This equality is equivalent, according
to 4] to the following fact: F(m{, ) is defined for all € [0,1] and satisfies
SUPze(0,1] F(m;f’f') =L

Since m{ > 0, from 243 it follows that if u = m{, then for any ¢ € [0, 1] the
conditions (28] hold. According to (26]), (25) and

OF(.0) _ ol (1 = fy — Q)] ~ o'l ¢~ )
¢ cos?[\/i- (¢ —ap)] - cos?[\ /- (1= By — ()]’

it follows that the function F'(u,-) can have at some point ¢ € (0,1) a local
extremum satisfying F'(u,() > 0 only if ¢ = (1 — B, + @,)/2, ( > «a, and
¢ < 1— B,. But this conditions imply, according to (38)), that such { must be
a point of strict local minimum of the function F(u, -). Therefore, F(u,-) cannot
have a supremum in (0, 1), so we get m{ = inf{\1(d0), A1(81)}. Note that for
the potential ¢* = 4;, where i € {0, 1}, the equation Ty« (\)y = 0 is equivalent
to the problem

(38)

—y" =Xy,
y'(0) = [k§ + (1 = 9)] y(0) = y'(1) + [k +i] y(1) = 0.
Therefore, we have
A1(8:) — kikT — ki
k3 + k3 +1

= /A1(8;) cot /A1 (8;),

so mi = A\ (dy).
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3.5. Proof of Theorem [1.3.4l Consider some potential ¢ € —I'1, and some
positive eigenfunction y € kerT, (Al(q)). Then for any A > Ai(q), according
to 2233l we have

1

0> / ()2 + (0 — N 2] d + K2 42(0) + K2 52(1)
0
1

> [ = 22 do = sup (o) + 1 920) + K (1),
z€]0,1]
0
It follows that there exists ¢ € [0, 1] such that
1
JUw P+ (=8~ 2)52) da + 32 (0) + K2 () <
0
So for any A > m; there exists ¢ € [0,1] such that A\;(—d;) < A. Hence, using
233, we get m; = inf,¢cjo,1) A1(—0,). This equality is equivalent, according
to 2:4.1] to the following fact: F'(m,x) is defined for all z € [0, 1] and satisfies

Supme[O,l] F(ml_vx) =-1
For any fixed value u € R we consider the conditions
F(p,¢) <0, (39)
OF (u,¢)/0C = 0. (40)

It is clear that some point ¢ € (0,1) can satisfy the equalities F(u,() =

SUp,eo,1) F'(1, ) = —1 only if (39) and (40) hold.

Suppose p > 0. Then, according to ([B8), (26), (32) and (B0), for any point
¢ € (0,1) satisfying ([39) the condition (0] holds if and only if the problem

_y// = K1Yy at (Oa C) U (C: 1)a (41)
y'(0) — kgy(0) = 24/(¢ — 0) + F(u, C)y(C)
=2y (C+0) — F(p, Qy(¢) =y (1) + kjy(1) =0 (42)

has a continuous positive solution. Besides, for any point ¢ € (0,1) satisfying

d h
(39) and (@0) we have 0,515, (43)

Therefore, according to (B8) and (25]), this stationary point  is a strict maximum
of F(u,-). Since for any z € [0, 1], using (@3], we get

/2 < —poy < V- (@ —op) < (=14 Bu) < By <7/2,
it follows from the proposition 2.4.3] that the function F'(y,-) is defined every-
where on [0, 1].
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Suppose = 0. Let us use the same method as in the previous case, changing
4)) to 7)), and ([B2)) to [B3). Then we get that for any point ¢ € (0, 1) satisfying
(39) the condition (0] holds if and only if the problem (@1), (42) has a continuous
positive solution. Using (27)) we also get that the second derivative of F'(0, ) is
negative. Hence any stationary point ¢ € (0,1) is a strict maximum of F'(0, -).

Suppose p € (—ké,O). Then, using (28)), we get

M = —u{sinh_2 (\/mc + au> — sinh ™2 (\/W(l -0+ ﬂ“)}’

¢
where

LK+ VIl ﬂéllnk% ]
DTVH g st VI

2 kg~ /lul’ 2 k=l
Therefore, according to ([B84)), for any point ¢ € (0,1) satisfying ([B9) the condi-
tion (40) holds if and only if the problem (&I]), (42) has a continuous positive
solution. Since &2 F (u,¢)/0¢? < 0, it follows that any stationary point ¢ € (0, 1)
is a strict maximum of F'(p,-).

Suppose 0 > 1 = —kg = —k{. Then the function F(y, -) is a negative constant,
and for any point ¢ € (0, 1) problem (1)), (22)) has a continuous positive solution.

Suppose u € [—k%, —ké‘}, also p < 0 and k1 > kg. Then from (28) and (34)
it follows that 0F(u,()/0¢ < 0, and the problem (Il), (@2)) has no positive
solutions for any ¢ € (0,1).

Suppose j < —ki. Then, using 28], we get

9F(p. Q) = /L{COSh_2 (WC + on) — cosh™? (\/W(l 0O+ ﬂ“)}’

a¢
2
auﬁlln\/m’i_*—kg, ﬂuﬁl =
2 \/W — kg 2 |l — k3
Therefore, according to (B4]), for any point ¢ € (0,1) satisfying (39) the con-
dition (0) holds if and only if problem (#Il), (@2) has a continuous positive
solution. Since &2 F(u,()/0¢? > 0, it follows that any stationary point ¢ € (0, 1)
is a strict minimum of F'(u, -).

From the proposition 2.4 we also get that for any p < 0 the function F(pu, -)
is defined everywhere on [0, 1].

Combining all this, we obtain the following: the existence of a continuous
positive solution to the problem (I2), (I3) for some u > —ki and ¢ € (0,1)
implies that F(u,() = —1, the function F(u,-) is defined everywhere on [0, 1],
and sup,¢(o 1] (1, ) < —1. Therefore, m;” = A1(—d¢). In converse, if for any
p > —kg and ¢ € (0,1) the positive solution of (I2), [I3]) does not exist, we get
my = inf{\1(—do), A1(—61)}. From the equation

M(=0;) — koki + ki_; = (k§ + & —1) - (M (=07)),

—

oy =

where

S

k?
In + 5

—_
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where i € {0,1} and
\/Ecot\/_ for z > 0,
P(z) = for x =0,
\/Ecoth \/]? for x < 0,

we obtain that il’lf{)\l(—(S(]), )\1(—61>} = )\1(—50).

3.6. Now we get some conditions for the existence of a continuous positive
solution to the problem (I2)), (I3) considered in Theorem [[.3.41
Suppose 1o (¢), where ¢ € (0, 1], is the minimal eigenvalue of the problem

—y" =Ny, (44)
y'(0) — kgy(0) =2y (¢) — y(¢) =0, (45)

and suppose p1(¢), where ¢ € [0,1), is the minimal eigenvalue of the problem

and
- 2y'(¢) +y(¢) = /(1) + kTy(1) = 0.

It is clear that for some p € R and ¢ € (0,1) a continuous positive solution
to (I2), (I3)) exists if and only if the equalities 1o(¢) = u1(¢) = p hold.

3.6.1. If k3 = 1/2, then uo(¢) = —1/4.
If k2 > 1/2, then the function g strictly decreases and satisfies

lim p9(¢) = +o00  and pp(l) > —1/4.
¢—0

If k2 < 1/2, then for any ¢ € (0,1] the inequality po(¢) < —1/4 holds.

Proof. Suppose k2 = 1/2. Then for any ¢ € (0,1] the problem (@), (5) has
the positive eigenfunction y(z) = e*/? corresponding to the eigenvalue —1/4.

Suppose k3 > 1/2. Since the eigenvalues of the problem (@), (@5]) increase
by k2, it follows that uo(¢) > —1/4. Then let yo € W10, (] be an eigenfunction
of the problem @4), [@5) corresponding to the eigenvalue po(¢). Continuing
the function yo for any 6 € (¢,1] to the interval (¢,6] in the form y(z) =
Y0()e®=)/2 for the obtained function y € W3[0, 6] we get

0
J167 = o) o7l + 1 52 0) -
0

hence f10(6) < po(¢)-
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Finally, for ¢ — 0 we have uniform by y € W3[0, (] asymptotic estimate
p 2
Jwz e+ iy - 52
0

¢
0

2

¢
kg —1/240(1) [,

=T ¢ /y e
therefore, o(¢) > [k3 —1/2+ o(1)] - C_l.

The inequality po(¢) < —1/4 for the case kZ < 1/2 is proved likewise the
inequality uo(¢) > —1/4 for the case k3 > 1/2. O

M|*—‘
=
[\)
QL
“E%

3.6.2. If k? =1/2, then ui(¢) = —1/4.
If k? > 1/2, then the function uy strictly increases and satisfies

lim p11(¢) = +o00 and p1(0) > —1/4.
¢—1

If k3 < 1/2, then for any ¢ € [0,1) the inequality pui(¢) < —1/4 holds.

The proposition B.6.2 is proved likewise B.6.11
Combining [3.6.T] and [3.6.2] we get the last proposition:

3.6.3. The problem ([I2), (I3) has a continuous positive solution for some
p > —ki and ¢ € (0,1) if and only if this condition holds:

ki >1/2 or ki=Fki=1/2.
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