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The main objective of this paper is to design a method by means of which it is
possible to determine the internal structure of geometric diagrams used on the-
matic maps. Note that this structure should map the internal structure of human-
geographical entities, as for instance of settlements, industrial centres or of whole
areas. However, in order to reach this goal, the precondition is to determine first
the size of these diagrams. Therefore, the first part of the paper is briefly con-
cerned with this problem. The principle being used in determining the size of geo-
metric diagrams is the principle of direct proportionality, which means that the
size of diagrams has to be directly proportional to the size of corresponding hu-
man-geographical entities or areas. The principle is mathematically formulated
and then a general formula for the size of geometric diagrams is derived. More-
over, besides the general formula, formulae for the size of the most frequently
used geometric diagrams, e. g. circle, square and equilateral triangle are also de-
rived. The second part of the paper is explicitly concerned with determining the
internal structure of geometric diagrams. The same principle, that is the principle
of direct proportionality, is also used in this case. It means that the internal struc-
ture of geometric diagrams has to be directly proportional to the internal structure
of human-geographical entities or areas. Again, besides the derivation of general
formula, the formulae for circle, square and equilateral triangle are derived.
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INTRODUCTION

The size and internal structure of geometric diagrams, mapping on thematic
maps the size and internal structure of human-geographical entities (as for in-
stance settlements, industrial plants or the whole industrial centres), eventually
of whole areas, are among the most important attributes of those diagrams.
While the problem of determining their size was already discussed in a specific
paper (Paulov 1996), the problem of determining their internal structure was not
till now. It is the purpose of this paper, which, however, is closely connected
with the previous one.

DETERMINING THE SIZE OF GEOMETRIC DIAGRAMS:
A SHORT RECAPITULATION

Determining the internal structure of geometric diagrams presupposes deter-
mining first their size. It is evident: if one wants to divide geometric diagrams,
and their internal division is a measure of their internal structure, one simply
needs to know their size; their size must already be given. Moreover, deriving
relation, on the basis of which one determines the internal structure of geomet-
ric diagrams, presupposes knowledge of the relation on the basis of which their
size was determined. Therefore let us turn first our attention, but only to the ex-
tent necessary for correct comprehension of the subject being discussed in this
paper, to determining the size of geometric diagrams.

The rule we find principal for determining the size of geometric diagrams is
the rule of direct proportionality. It says that the size of geometric diagrams has
to be directly proportional to the size of corresponding human-geographical en-
tities or areas. If one denotes the size of that entity or area as A, which is com-
mon in thematic cartography, and the size of geometric diagram to be deter-
mined as x, then the mathematical formulation of this rule is as follows

x=kA (1)

where A is an independent variable, x dependent variable and k the constant of
proportionality. It follows from (1) that

k:Z 2)

It is evident that relation (2) has to be, in all cases under consideration, pre-
served, that is
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Observe now the consequences following from relation (3). If from the
whole series one selects, for instance, x; : A; = x, : A, then x14; = x,A;. If x, is
the size of the geometric diagram to be determined then
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In relation (4), A; and A, are independent, exogenously given variables, but
the size of x; is not given. It is therefore necessary, in order to determine x,, to
choose x; at the beginning. If one does it then the size of the other diagrams will
no longer be arbitrary, but determined according to (4), that is
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It can be seen that x; and A; repeat themselves, that is they become con-
stants. Note that it is also appropriate to set x; = 1 and to give to the correspond-
ing A, specific notation, say A; = M. After doing that relation (5) can be rewrit-
ten as follows

A, A, A
=, x = L, X, = 6
3 M 4 M n M ( )
or, generally, as
A
X, =— 7
Y (7

or, after the mutual correspondence between A; and x; is clear, without sub-
script i, that is

x=-r )

Relation (7) or (8) represents a basic formula for determining the size of geo-
metric diagrams. The rule of direct proportionality is really contained in them
since they can also be rewritten as x; = (1/M)A; or x = (1/M)A, where 1/M is
constant, k. Therefore one can write

X, =kA,, or x=kA 9)

Relation (9), as can be seen, is identical to relation (1) representing mathe-
matical formulation of the rule.

Repeat, for convenience, that 1:M is a general expression for map scale,
where the first member, 1, denotes the unit length on the map and the second
one, M, the corresponding length on the earth’s surface. It is similar in our case:
the first member, 1, denotes the unit size of a geometric diagram and the second
one, M, the corresponding size of the human-geographical entity or area. There-
fore, in fact 1:M represents the scale of the geometric diagrams also here.

Follow now how relation (8) will manifest itself in determining the size of
the three, most frequently used geometric diagrams: the circle, square and equi-
lateral triangle, if the size of them will be measured by their area. However, the
goal is to compute a variable which makes it possible to construct the corre-
sponding figure with a given area.

The area of a circle, as is well known, is zr*. This must equal the size of geo-
metric diagrams, x, which, however, equals A/M.
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So one can write

x—ﬂ'rz—A:M"—‘/i—\/z,/i 10
M M T\M (10)

where r denotes the radius of a circle.
The corresponding relation for a square is

x—az—i:a— A 11
I; I; (11)

where a denotes the side of a square.
The corresponding relation for an equilateral triangle is

3, A _J16 4
T T TG (12)

Relations (10), (11) and (12) make it possible to determine also A, which,
however, is known for the designer of a thematic map, but not known for the
reader of this map. This one can measure r, a, or s on the map, but A must be
computed by him. It follows from relation (10) that A = Mzr?, from relation (11)
A = Ma* and from relation (12)

V3

A=M—
4

The situation when the size of geometric diagrams on thematic maps is de-
termined otherwise, not on the principle of direct proportionality, is specifically
discussed elsewhere (Paulov 1996).

DETERMING THE INTERNAL STRUCTURE OF GEOMETRIC
DIAGRAMS

Internal structure of geometric diagrams maps, as already said, the internal
structure of human-geographical entities and areas. Analogically, as in case of
determining the size of these diagrams, we find it reasonable to use the rule of
direct proportionality also in this case. It means that the internal structure of
geometric diagrams has to be directly proportional to the internal structure of
corresponding human-geographical entities or areas. In other words: the same
share taken by the structural component in the human-geographical entity or
area has this component taken in the geometric diagrams. Or still otherwise: in
the same quotient in which are the size of human-geographical entity or area
and the size of geometric diagrams must be the size of structural component in
human-geographical entity or area and the size of structural component in geo-
metric diagram.

The mathematical formulation of this rule is as follows

z:x=B A (13)
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where z; is the size of the structural component in the geometric diagram, x the
size of the geometric diagram, B; the size of the structural component in the hu-
man-geographical entity or area and A the size of the human-geographical entity
or area. It must, of course, hold that

n

Dz=x (14)

i=1
iBf =A (15)
i=1

It follows from relation (13) that
zA=Bx (16)
and from relation (16) that

B
z = SxX_X B (17)
A A
Since x and A are fixed their quotient is also fixed; so we can write
z. = kB, (18)

1 l

It is clear from relation (18) that z; is directly proportional to B; as required at
the beginning.

Observe now how relation (17) will manifest itself in three most frequently
used geometric diagrams, viz. circle, square and equilateral triangle.

If it generally holds that
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A
then in case of a circle it is
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In case of a square
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As can be seen, expression 1:M appears here in all three cases which again
can be interpreted as scale. And again, as

1
— =const
M

the rule of direct proportionality is also present here.

Let us now deepen the resolution level and turn specific attention to the in-
ternal division of geometric diagrams since by their internal division one ex-
presses precisely their internal structure.

The most frequent ways of internal division of a circle are division in sectors
and circular rings. However, the question arises which way, from the point of
view of thematic cartography, is more suitable: Evidently the one which makes
it possible to estimate internal structure more precisely. In this respect division
into sectors is to be preferred since the area of a sector depends only on the cen-
tral angle ¢;, and whether one ¢; is larger or smaller than another one can be
relatively well estimated. Thus, if one prefers the division of a circle in to sec-
tors, the goal is to determine the size of central angle ¢;. It is evident that the
area of a sector w1th ¢: = 1° will be 7r*/360. It means that the area of a sector
will generally be (zr*/360)p;, where ¢; must be given in angle degrees.

If p; = 360 then the area of a sector will, of course, be identical to the area of
a whole circle, that is 7r*. One knows, however, from relation (19) that the size
of structural component z; is B/M. As z; is now represented by an area of a sec-
tor one can write

. _#xr’ B 3608 -
3607 T T T a (22)

One also knows that Mzr* = A, so relation (22) can be rewritten as

360
. = e B (23)
Since
T =const =k
one can also write
@, =kB, (24)

It follows from relation (23) that in case that one works with only one struc-
tural component covering the whole area of a circle, then B; = A, from where it
follows that ¢; = 360. This shows that the determination of ¢; is correct.

The square can be divided in different ways. Analogically as in case of a cir-
cle two ways are found to be most frequent: division in rectangles and division
in forms that structurally resemble circular rings, the so called “square rings*.
Their mutual comparison, however, supports preferring the first division, into
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rectangles. Then

B. 1B 11
z,=ab=—=>b=——=——238, (25)
M aM aM

where a and b are sides of a rectangle, a being identical to the side of a square.
Since

1 1
—and —
a

are constants their product is also constant, &, thus
b=kB, (26)

If only one structural component is considered coveri ng. the whole area of a
square then B; = A. Since in the case of a square A = Ma" it follows from (25)
that b = a. This is an evidence that the size of b has been determined correctly.

An equilateral triangle can as well be divided differently, but also in this
case two ways are found most frequent division into isosceles trapezoids and,
again, division into so called “triangle rings“. Mutual comparison again sup-
ports preferring the first division, though the advantages are not as evident as in
case of the first division of a circle or a square. Therefore, an equilateral triangle
is generally not as suitable as a circle or a square for mapping the internal struc-
ture of human-geographical entities or areas. If nevertheless it is used for those
purposes then it is to be realized that the first isosceles trapezoid, located at the
vertex of an equilateral triangle, will transform into an equilateral triangle. Thus

V3, B 16 [B
ari-bn, o /B @

where s, is the side of the first equilateral triangle. Relation (27) can be rewrit-
ten as

s =40 | L B (28)

Since two first members on the right-hand side of (28) are constants their
product is also constant, k; so one can write

s, =kyB, (29)

The second figure, located under the first equilateral triangle, will already be
an isosceles trapezoid, but if one joins it to the first figure one gets again an
equilateral triangle with the side s,. Then one can write

3 B, B 6 |B +B,
z]+z2=§s§— \/7,/ (30)
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This procedure can be continued until one comes to the original equilateral
triangle, now with the side s,; so one can write

_3._B B B,
Q¥ g bty = s = 24 .+t
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Since, however,
n
Sh=a
i=1

relation (31) can be rewritten as

16 [A
— 4/ 32
Sn 3\M (32)

Relation (32) would hold if one considers only one structural component
covering the whole area of an equilateral triangle, because s, = s, where s is the
side of an original equilateral triangle.

If one wants to compute the area of the second structural component, z,, that
is now mapped in the form of an isosceles trapezoid, it is necessary to compute
the area difference between an equilateral triangle with the side s, and an equi-
lateral triangle with the side s;. Thus
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(z+2,)-5=2= (33)

CONCLUSION

The main intention of this paper has been to design a method for determining
the internal structure of geometric diagrams used on thematic maps for mapping
the internal structure of human-geographical entities or areas. The precondition
for reaching this goal has been to determine first the size of these diagrams. The
rule for determining the size of geometric diagrams has been the rule of direct
proportionality. It says that the size of geometric diagrams has to be directly
proportional to the size of the corresponding human-geographical entities or ar-
eas. It has been found that it is reasonable to use the same rule in determining
the internal structure of geometric diagrams. It means that the internal structure
of geometric diagrams has to be directly proportional to the internal structure of
the corresponding human-geographical entities or areas. The rule of direct pro-
portionality has also been formulated mathematically, both for determining the
size and for determining the internal structure of geometric diagrams. This for-
mulation has been given not only in a general form, but also for the most fre-
quently used geometric diagrams: the circle, square and equilateral triangle. In
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such a way a basis has been created for determining the structure of geometric
diagrams used on thematic maps on a correct exact basis.
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K PROBLEMU STANOVENIA VNUTORNE] STRUKTURY
GEOMETRICKYCH DIAGRAMOV NA TEMATICKYCH MAPACH

Velkost a vniitorna Struktdira sd najddleZzitejsie atribity geometrickych diagramov
pouZivanych na tematickych mapach. Tieto atribity sliZia na zobrazenie velkosti a
vnutornej Struktiry koreSpondujicich humannogeografickych objektov (napr. sidel,
priemyselnych zdvodov ¢i celych priemyselnych centier), resp. oblasti. Kym stanoveniu
velkosti geometrickych diagramov bol uz venovany osobitny ¢lanok (Paulov 1996),
stanoveniu ich vnitornej Struktiiry este nie, Co je prave uilohou predloZeného prispevku.

Stanovenie vnutornej Struktiry geometrickych diagramov predpokladd stanovit
najskor ich velkost; aj prisluSné matematické vztahy, prostrednictvom ktorych sa
stanovuje ich vnidtornd Struktira, nadvizuji na vztahy, prostrednictvom ktorych sa
stanovuje ich vel'kost. Preto sa v prvej Casti venujeme struénej rekapituldcii stanovenia
vel’kosti geometrickych diagramov. Pravidlo, na zdklade ktorého je stanovend ich
velkost, je pravidlom priamej udmernosti. Toto pravidlo hovori, Ze velkost
geometrickych diagramov musi byt priamo tmerna velkosti humannogeografickych
objektov, resp. oblasti. Matematicky je pravidlo vyjadrené vztahom (1), v ktorom A,
ako nezavisle premennd, je vel'’kost humannogeografického objektu, resp. oblasti, x, ako
zdvisle premennd, velkost odpovedajiceho geometrického diagramu a k konStanta
tumernosti. Z pravidla napokon vyplyva vztah (8), ktorym je dana velkost
geometrického diagramu, kde M je velkost humdannogeografického objektu, resp.
oblasti, ktory(-4) je zobrazeny(-4) geometrickym diagramom o velkosti 1. Vyraz 1:M
moZno interpretovat ako mierku geometrickych diagramov. Zo vzt'ahu (8) moZno tiez
odvodit, aké velké budud najcastejSie pouzivané geometrické diagramy, ak ich velkost
vyjadrujeme ich ploSnym obsahom. Vztahy (10), (11) a (12) udavaji velkosti
premennych, prostrednictvom ktorych mozno skonstruovat uvedené diagramy, t. j.
polomer kruhu r, stranu §tvorca a a stranu rovnostranného trojuholnika s.

Rovnaké pravidlo ako pri stanoveni vel'kosti geometrickych diagramov, t. j. pravidlo
priamej Umernosti, je pouZité aj pri stanoveni ich vnitornej Struktdry. Z uplatnenia tohto
pravidla plynie, Ze velkost’ Struktirnej zlozky v geometrickom diagrame z; je priamo
umernd velkosti Struktirnej zloZky v humannogeografickom objekte, resp. oblasti B;.
Tato skutoCnost’ je zachytend vztahom (17), resp. (18). Okrem tohto vSeobecného
vztahu sd odvodené prislusné vztahy aj pre najCastejSie pouzivané geometrické
diagramy, a to kruh, Stvorec a rovnostranny trojuholnik, v ktorych opét’ vystupuje vyraz
pre mierku, t. j. 1:M [vztahy (19), (20) a (21)].

Ked’Ze sa vnitornd Struktira geometrickych diagramov vyjadruje prostrednictvom

ich vnitorného ¢lenenia, odvodené su tieZ prislusné vztahy pre vnitorné clenenie
kruhu, Stvorca a rovnostranného trojuholnika. Pri kruhu je uprednostnené ¢lenenie na



276

kruhové vyseky, pri §tvorci na obdizniky a pri rovnostrannom trojuholniku na
rovnoramenné lichobeZniky. Poznamenajme ale, Ze rovnoramenny lichobeZnik sa pri
vrchole rovnostranného trojuholnika meni tieZ na rovnostranny trojuholnik. Ak k nemu
pripojime teraz rovnoramenny lichobeznik, dostdvame opit’ rovnostranny trojuholnik.
Takyto postup moZno uplatnit’, aZ sa pokryje cely povodny rovnostranny trojuholnik.
Zodpovedajice premenné, prostrednictvom ktorych sa stanovuje plocha Struktirnej
zlozky, su dané vztahmi (23), (25) a (27), pricom vztah (23) udava velkost’ stredového
uhla ¢; pri ¢leneni kruhu na kruhové vyseky, vztah (25) velkost strany b prisluSného
obdlznika pri Cleneni Stvorca na obdlzniky a vztah (27) velkost strany prvého
rovnostranného trojuholnika s;, umiestneného pri vrchole pévodného rovnostranného
trojuholnika.



