Tatra Mt. Math. Publ. 16 (1999), 127–134 tm

Mathematical Publications

NEARLY FRANK T-NORMS

Radko Mesiar

ABSTRACT. Recently, M. Navara has introduced a new family of t-norms playing an important role in the theory of measures of fuzzy sets — a family of nearly Frank t-norms. We characterize this family by means of functional equations to be fulfilled by the corresponding additive (multiplicative) generators. Some positive and some negative examples are given.

1. Introduction

K l e m e n t [4] in 1982 introduced a T -measure m as a measure of fuzzy sets (from some T -tribe, i.e., a system of fuzzy subsets generalizing the classical notion of a σ-algebra). Here T is some given triangular norm which models the fuzzy intersection. The fuzzy union is modelled by the corresponding dual t-conorm S . For more details about t-norms and t-conorms we refer to [2, 5, 12]. Several interesting results for T -tribes and T -measures can be found in [1, 2, 6, 7]. However, the characterization and representation theorems in these papers concern the t-norms from the Frank family of t-norms [3], see also [2] with parameter s ∈ ]0, ∞[, i.e., the strict Frank t-norms. The main reason lies in the fact that Frank t-norms (for s > 0) are the only Archimedean solutions of the functional equation T (x, y) + S(x, y) = x + y , x, y ∈ [0, 1] . (1) Functional equation (1) when rewritten for the fuzzy unions and fuzzy intersections modeled by T and S , respectively, leads to the extension of the classical equality 1_{A∩B} + 1_{A∪B} = 1_A + 1_B for the fuzzy subsets, i.e., μ_{A∩B} + μ_{A∪B} = μ_A + μ_B .

In [7], we have shown that each T -measure based on a strict Frank t-norm is a sum of a support measure and a fuzzy probability measure introduced by Z a d e h [16]. The characterization of T -measures for a general strict t-norm was

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 04A72, 26B35. K e y w o r d s: additive generator, multiplicative generator, triangular norm, T-measure.

The work on this paper was supported by the grant VEGA 1/4064/97.

solved only recently by N a v a r a [8, 9, 10], where a new family of t-norms related to Frank t-norms was introduced. This family is called the family of nearly Frank t-norms and it will be discussed in Section 2. By [8], if a strict t-norm T is not nearly Frank, then the only T -measures are just the support measures (hence eliminating any fuzziness hidden in fuzzy sets taken into account). Further, if a strict t-norm T is nearly Frank t-norm, then each T -measure is a sum of a support measure and a distorted fuzzy probability measure,

m(A) = M_1(supp μ_A) + ∫ h ∘ μ_A dM_2 , where M_1 and M_2 are some classical σ-additive measures.

Nearly Frank t-norms form an important family in the theory of measures of fuzzy sets. We can expect their applications in other domains where Frank t-norms are applied (e.g., the game theory, see [2]). The aim of this paper is to solve the problem given by N a v a r a in [8], i.e., to investigate this family and to find some hints how to recognize whether a given strict t-norm T is nearly Frank or not.

2. Nearly Frank t-norms

Frank t-norms are such t-norms which (together with some not necessarily dual t-conorm S ) are solutions of the functional equation (1). All Frank t-norms are continuous, they include the strongest t-norm TM (minimum), the Łukasiewicz t-norm T_L , the product t-norm T_P . Further, Frank t-norms are closed under the ordinal sum compositions. For more details, we recommend [2, 3].

Recall first the strict Frank t-norms described in [3].

Definition 1. Strict Frank t-norms are defined for parameters s ∈ ] 0, ∞[.

For s = 1, T^F_1 = T_P is just the product t-norm. For remaining parameters s ∈ ] 0, 1[ ∪ ]1, ∞[, T^F_s is defined by

T^F_s (x, y) = log_s ( 1 + (s^x − 1)(s^y − 1)/(s − 1) ) . The corresponding additive generators are given by f_1(x) = − log x and for s ∈ ] 0, 1[ ∪ ]1, ∞[, f_s(x) = − log(s^x − 1)/(s − 1).

The corresponding multiplicative generators are given by ϕ_1(x) = x and for s ∈ ] 0, 1[ ∪ ]1, ∞[, ϕ_s = (s^x − 1)/(s − 1).

Recall that the pointwise limit T^F_∞ is also a t-norm. However, it is nilpotent,

and T^F_∞(x, y) = max(0, x + y − 1), i.e., T^F_∞ is just the Łukasiewicz t-norm. On

the other side, T^F_0 = T_M . Any other Frank t-norm different from TM is an ordinal sum with summands chosen from the system ( T^F_s ) , s ∈ ] 0, ∞].

NEARLY FRANK T-NORMS

The complement in fuzzy set theory is modelled by means of some strong negation n, i.e., a non-increasing involutive mapping n : [0, 1] → [0, 1]. Each strong negation n can be derived from a generator g : [0, 1] → [0, 1], g is an increasing automorphism, in the following way [13]: n(x) = g^{−1} ( 1 − g(x) ) . (2) Vice-versa, any generator g defines via (2) a strong negation n. However, the system of all generators leading to the same strong negation n is rather rich (it is, in fact, uncountable). A principal role in the investigations of N a v a r a [8, 9, 10] of T -measures was played by those generators g which generate the standard Z a d e h [15] negation n(x) = 1 − x. Throughout this paper, such generators will be called standard generators. We can easily show the following characterization of standard generators.

Proposition 1. A mapping g : [0, 1] → [0, 1] is a standard generator if and

only if it is an increasing automorphism such that for all x ∈ [0, 1], g(x) + g(1 − x) = 1 .

It is immediate that each standard generator should fulfill g(0.5) = 0.5 and if g is twice differentiable in point 0.5 then g^{′′}(0.5) = 0 (these conditions are necessary!).

Now, we are ready to introduce nearly Frank t-norms following N a v a r a [8, 9, 10].

Definition 2. A t-norm T is called a nearly Frank t-norm if and only if

there is a Frank t-norm T^∗ and a standard generator g such that T = T^∗_g , i.e., T (x, y) = g^{−1} ( T^∗ ( g(x) , g(y) )) . Continuous Archimedean t-norms are characterized by the corresponding additive (multiplicative) generators [5, 11, 12]. Note that a multiplicative generator of a continuous Archimedean t-norm T is unique up to a positive power constant, while the additive generators are unique up to a positive multiplicative constant. For generated t-norms, we have the following lemma which can be proved straightforwardly.

Lemma 1. Let T be a t-norm generated by the additive generator f (by the

multiplicative generator ϕ) and let g be an increasing automorphism of the unit interval. Then the t-norm T_g defined by T_g(x, y) = g^{−1} ( T ( g(x) , g(y) )) is generated by the additive generator f ∘ g (by the multiplicative generator ϕ ∘ g ). Now, it is easy to characterize any nilpotent nearly Frank t-norm T .

Theorem 1. Let T be a nilpotent t-norm with an additive generator f (mul-

tiplicative generator ϕ). T is a nearly Frank t-norm if and only if g = 1−f/f(0) (g = 1 − log_{ϕ(0)} ϕ) is a standard generator.

P r o o f . The only nilpotent Frank t-norms is the Łukasiewicz t-norm T_L with the normed additive generator f_L(x) = 1 − x. Let f be an additive generator of T . Then f/f(0) is the only normed additive generator of T and by Lemma 1, T is a nearly Frank t-norm if and only if f/f(0) = f_L ∘ g for some standard generator g , i.e., f/f(0) = 1 − g . Equivalently, g = 1 − f/f(0). The result for multiplicative generators follows from the fact that if ϕ is a multiplicative generator of T then f = − log ϕ is an additive generator of T .

Situation with strict t-norms with respect to be nearly Frank is more complicated. First, there is no such distinguished additive generator of a strict t-norm as the normed generator in the case of nilpotent t-norms. Secondly, there is a class of strict Frank t-norms parametrized by parameter s ∈ ] 0, ∞[. All these t-norms are different from the nearness point of view [9], i.e., if for two Frank t-norms T and T^∗ there is some standard generator g so that if T = T^∗_g then g = id and T = T^∗ . Consequently, if an Archimedean t-norm T is a nearly Frank t-norm then there are a unique Frank t-norm T^∗ and a unique standard generator g such that T = T^∗_g .

Theorem 2. Let T be a strict t-norm with the multiplicative generator ϕ

such that ϕ(0.5) = 0.5. Then T is a nearly Frank t-norm corresponding to the Frank t-norm T^F_s for some s ∈ ] 0, ∞[ if and only if the strong negation n_ϕ generated by the generator ϕ^{−1} , n_ϕ(x) = ϕ ( 1 − ϕ^{−1}(x) ) , is just the strong negation n_s given by n_1(x) = 1 − x if s = 1 (i.e., ϕ is a standard generator) and by

n_s(x) = ( 1 − x^k 1 + (s − 1)x^k )_{1/k} , where k = log_2 ( 1 + s^{0.5} ) , in all remaining cases.

P r o o f . Recall that a multiplicative generator of T^F_1 (= T_P ) is ϕ_1(x) = x and that ϕ_1(0.5) = 0.5. Then T is a nearly Frank t-norm which is a transformation of T^F_1 if and only if ϕ = ϕ_1 ∘ g for some standard generator g (see Lemma 1). Now, suppose that s ∈ ] 0, 1[ ∪ ]1, ∞[ and that T is a nearly Frank t-norm which is a transformation of the strict Frank t-norm T^F_s . Due to Lemma 1, this is equivalent to the fact that ϕ = ϕ^p_s ∘ g for some positive power p ∈ ] 0, ∞[. Recall that ϕ = (s^x − 1)/(s − 1). In point 0.5, we have ϕ(0.5) = 0.5 = ϕ^p_s ( g(0.5) ) = ϕ^p_s(0.5) = ( (s^{0.5} − 1)/(s − 1) )_p . Consequently,

p = 1/ log_2 ( 1 + s^{0.5} ) .

NEARLY FRANK T-NORMS

So, T is a nearly Frank t-norm transformed from a strict Frank t-norm T^F_s

different from the product if and only if the composite function g = ( ϕ^p_s )_{−1} ∘ ϕ is a standard generator, i.e., for all x ∈ [0, 1] it is ( ϕ^p_s )_{−1}( ϕ(x) ) + ( ϕ^p_s )_{−1}( ϕ(1 − x) ) = 1 . (3)

Denoting the standard Zadeh strong negation by n, n(x) = 1−x, the functional

equation (3) can be rewritten in the form n ∘ ( ϕ^p_s )_{−1} ∘ ϕ = ( ϕ^p_s )_{−1} ∘ ϕ ∘ n . (4) Consequently, ϕ = ϕ^p_s ∘ n ∘ ( ϕ^p_s )_{−1} ∘ ϕ ∘ n and ϕ ∘ n ∘ ϕ^{−1} = ϕ^p_s ∘ n ∘ ( ϕ^p_s )_{−1} . (5)

It is evident that both sides in exp. (5) define a strong negation. The strong

negation ϕ^p_s ∘ n ∘ ( ϕ^p_s )_{−1} is generated by the generator ( ϕ^p_s )_{−1} while the strong

negation ϕ ∘ n ∘ ϕ^{−1} is generated by the generator ϕ^{−1} . The equality (5) means

that both ϕ^{−1} and ( ϕ^p_s )_{−1} generate the same strong negation. Denote by n_s

the strong negation defined by n_s = ϕ^p_s ∘ n ∘ ( ϕ^p_s )_{−1} . Then for all x ∈ [0, 1] we

have

n_s(x) = ( 1 − xk 1 + (s − 1)x^k )_{1/k} , where k = log_2 ( 1 + s^{0.5} ) .

As a by-product, we have the following equivalent characterization of nearly

Frank strict t-norms.

Corollary 1. Let T be a strict t-norm with multiplicative generator ϕ such

that ϕ(0.5) = 0.5. Then T is a nearly Frank t-norm corresponding to the Frank

t-norm T^F_s for some s ∈ ] 0, ∞[ if and only if either ϕ is a standard generator

(and then T is nearly product) or ( ϕ^p_s )_{−1} ∘ ϕ (with s ∈ ] 0, 1[ ∪ ]1, ∞[ and

p = 1/ log_2(1 + s^{0.5})) is a standard generator (and then T is nearly T^F_s ).

The properties of a standard generator give the next necessary condition for

strict t-norms to be nearly Frank.

Corollary 2. Let T be a strict t-norm with multiplicative generator ϕ

such that ϕ(0.5) = 0.5. Let ϕ be twice differentiable at point 0.5. Then T is

a nearly Frank t-norm only if either ϕ^{′′}(0.5) = 0 (in the case when T is nearly product) or the following equality holds (in the case when T is nearly T^F_s with s ∈ ] 0, 1[ ∪ ]1, ∞[ ): s^{0.5} ( ϕ^′(0.5)^2 − ϕ^{′′}(0.5)/2 ) = ϕ^′(0.5)^2 log_2 ( 1 + s^{0.5} ) . (6)

Note that the equality (6) follows from the fact that ( ϕ^p_s )_{−1} ∘ ϕ should be a standard generator and hence its second derivative in point 0.5 should be zero.

For a given strict t-norm T we check whether it is nearly Frank t-norm as follows: we find its multiplicative generator ϕ crossing the point (0.5, 0.5). We derive the corresponding strong negation n_ϕ . If it is the standard negation,

T is a nearly Frank t-norm transformed from the product t-norm. If n_ϕ is

not the standard negation, we have to compare it with negations n_s for s ∈ ] 0, 1[ ∪ ]1, ∞[. We already know that if T is nearly Frank t-norm then the corresponding s is unique. To check this constant s, it is enough to compute the value n_ϕ(0.25) and to find the solution of the equation

n_ϕ(0.25) = ( 2 + s^{0.5} 2 + 2s^{0.5}

)_{1/ log2(1+s}0:5_) .

Note that the above equation has solution only if n_ϕ(0.25) ∈ ] 2^{−0.5}, 1 [ and then this solution is unique. If for that unique s there holds n_ϕ = n_s then T is a nearly Frank t-norm (transformed from T^F_s ), covering also the already discussed case when s = 1. In the opposite case (and also if there is no solution of the above equation), T is not nearly Frank. Corollary 2 gives another hint how to exclude the nearness to Frank’s t-norms.

For a general continuous t-norm T which is not Archimedean (and neither the strongest t-norm T_M ), we have to investigate the nearness of ordinal sums. Note that if T is an ordinal sum T ∼ ( ⟨a_k, b_k , T_k⟩ : k ∈ K ) with continuous Archimedean summands T_k and if g is some standard generator, then T_g is also an ordinal sum, T_g ∼ ( ⟨g^{−1}(a_k), g^{−1}(b_k), T^∗_k ⟩ : k ∈ K ) , where T^∗_k = ( T_k ) hk , with

h_k(x) = ( g ( g^{−1}(a_k) + ( g^{−1}(b_k) − g^{−1}(a_k) ) g^{−1}(x) ) − a_k )/( b_k − a_k ) . Then T is nearly Frank if and only if all T^∗_k , k ∈ K , are Archimedean Frank t-norms. This means that all summands T_k , k ∈ K , should be nearly Frank t-norms with special standard generators h^{−1}_k depending on k and on some common standard generator g^{−1} .

NEARLY FRANK T-NORMS

3. Examples

Example 1.

i) Each normed additive generator symmetric with respect to the point (0.5, 0.5) generates a nearly Frank nilpotent t-norm. Take, e.g., f(x) = cos^2

(Q_{x/2}^)_{. The corresponding nearly Frank t-norm T is given by}

T (x, y) = (2/Q) arccos ( min ( 1, cos^2(Qx/2) + cos^2(Qy/2) ))_{0.5} . ii) No Yager t-norm [14] is nearly Frank up to the Łukasiewicz t-norm T_L (which is the Yager t-norm with parameter p = 1).

Example 2.

i) Let t-norm T be generated by a multiplicative generator ϕ(x) = sin^2(Qx/2), i.e., T is a strict t-norm given by

T (x, y) = (2/Q) arcsin ( sin(Qx/2) sin(Qy/2) ) . As far as ϕ is a standard generator, by Theorem 1, T is nearly product. Note that ϕ^{′′}(x) = (Q^2/2) cos(Qx) and hence ϕ^{′′}(0.5) = 0.

ii) Let a strict t-norm T be generated by a multiplicative generator ϕ(x) = ( (9^x − 1)/8 )_{0.5} . Then ϕ^′(0.5) = (3/8) ln 9 and ϕ^{′′}(0.5) = (3/32) ln^2 9 ≠ 0 (i.e., T cannot be nearly product). If T is nearly Frank then the equality (6) should be fulfilled for some parameter s, ( s^{0.5}/64 )( 9 ln^2 9 − 3 ln^2 9 ) = (9/64) ln^2 9 log_2 ( 1 + s^{0.5} ) . The only solution of the above equation (for s) is s = 9. Now, it is easy to recognize that ϕ is a multiplicative generator of Frank t-norm with parameter s = 9, i.e., T = T^F_9 .

iii) Let T be the Hamacher product, i.e., a strict t-norm with multiplicative generator ϕ(x) = 2^{(x−1)/x} (see [5]), which is given by T (x, y) = xy/(x + y − xy) whenever (x, y) ≠ (0, 0).

Then ϕ^′(0.5) = 2 ln 2 and ϕ^{′′}(0.5) = 8(ln 2 − 1) ln 2 ≠ 0. Consequently, T cannot be a nearly product. Concerning equation (6), it is to be fulfilled for parameter s such that s^{0.5} = ln(1 + s^{0.5}), i.e., there is no such s so that (3) is fulfilled for given ϕ. Then T cannot be nearly Frank (for s ∈ ] 0, 1[ ∪ ]1, ∞[). Hence, the Hamacher product is not a nearly Frank t-norm (this result was observed also by N a v a r a [8] by entirely different methods.)

Acknowledgement. The author is grateful to Prof. N a v a r a for stating the problem and for valuable discussions.

REFERENCES

[1] BUTNARIU, D.—KLEMENT, E. P. : Triangular norm-based measures and their Markov kernel representation, J. Math. Anal. Appl. 162 (1991), 111–143.

[2] BUTNARIU, D.—KLEMENT, E. P. : Triangular Norm-Based Measures and Games with Fuzzy Coalitions, Kluwer, Dordrecht, 1993.

[3] FRANK, M. J. : On the simultaneous associativity of F (x, y) and x + y � F (x, y), Aequationes Math. 19 (1979), 194–226.

[4] KLEMENT, E. P. : Construction of fuzzy σ-algebras using triangular norms, J. Math.

Anal. Appl. 85 (1982), 543–565.

[5] KLEMENT, E. P.—MESIAR, R.—PAP, E. : Triangular Norms, Monograph in preparation.

[6] MESIAR, R. : On the structures of T_s-tribes, Tatra Mt. Math. Publ. 3 (1993), 167–172. [7] MESIAR, R.—NAVARA, M. : T_s-tribes and T_s-measures, J. Math. Anal. Appl. 201 (1996), 91–103.

[8] NAVARA, M. : Nearly Frank t-norms and the characterization of T -measures, in: Proc.

Seminar “Non-Classical Measures and their Applications to Decision Making” (D. Butnariu and E. P. Klement, eds.), Linz, 1998, pp. 9–16.

[9] NAVARA, M. : Measures of tribes of fuzzy sets and the role of Franks t-norms, in: Proc.

IPMU’98, Paris, 1998.

[10] NAVARA, M. : Characterization of measures based on strict triangular norms, J. Math.

Anal. Appl. (to appear).

[11] SCHWEIZER, B.—SKLAR, A. : Associative functions and abstract semigroups, Publ.

Math. Debrecen 10 (1963), 69–81.

[12] SCHWEIZER, B.—SKLAR, A. : Probabilistic Metric Spaces, North Holland, New York, 1983.

[13] TRILLAS, E. : Sobre funciones de negacion en la teoria de conjunctos diffusos, Stochastica 3 (1979), 47–59.

[14] YAGER, R. R. : On a general class of fuzzy connectives, Fuzzy Sets and Systems 4 (1980), 235–242.

[15] ZADEH, L. A. : Fuzzy sets, Inform. and Control 8 (1965), 338–353. [16] ZADEH, L. A. : Probability measures of fuzzy events, J. Math. Anal. Appl. 23 (1968), 421–427.

Received March 31, 1998 Department of Mathematics Faculty of Civil Engineering Slovak Technical University Radlinského 11 SK–813 68 Bratislava SLOVAKIA E-mail: mesiar@cvt.stuba.sk