Tatra Mt. Math. Publ. 16 (1999), 81–85 tm

Mathematical Publications

A NOTE ON IDEALS IN GENERALIZED EFFECT ALGEBRAS

Gejza Jenča

ABSTRACT. In [3], the notion of a central ideal of an effect algebra was introduced. We present a generalization of this notion for the class of positive cancellative partial abelian monoids.

1. Preliminaries

Definition 1.1. Let P = (P, ⊕, 0) be a partial algebra with a nullary oper-

ation 0 and a binary partial operation ⊕. Denote the domain of ⊕ by ⊥. P is called a positive cancellative partial abelian monoid (CPAM) iff for all a, b, c ∈ P the following conditions are satisfied:

(P1) a ⊥ b implies b ⊥ a, a ⊕ b = b ⊕ a. (P2) b ⊥ c and a ⊥ b ⊕ c imply a ⊥ b, a ⊕ b ⊥ c, a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c. (P3) a ⊥ 0 and a ⊕ 0 = a. (P4) a ⊕ b = a ⊕ c implies b = c. (P5) a ⊕ b = 0 implies a = 0.

In a CPAM (P, ⊕, 0), we denote a ≤ b iff a ⊕ c = b for some c ∈ P . We denote c = a ⊖ b iff a = b ⊕ c. It is easy to see that ⊖ is a well-defined partial operation and that ≤ is a partial order on P . In [5], an equivalent class of partial ⊖-structures was introduced (abelian RI-posets).

An upper-bounded CPAM is called an effect algebra (cf. [1], [2]). A D-poset (cf. [6]) is an algebraic structure equivalent to an effect algebra, but it is defined using ⊖ as a primary operation.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 06F99, 08A55. K e y w o r d s: effect algebra, partial abelian monoid.

This research is supported by grant G-1/4297/97 of the Ministry of Education of the Slovak Republic.

GEJZA JENČA

Definition 1.2. An ideal of a CPAM (P, ⊕, 0) is a nonempty subset I of P

having the property x ⊕ y ∈ I if and only if x ⊥ y , x, y ∈ I .

We denote the system of all ideals of a CPAM (P, ⊕, 0) by I(P ). It it easy to show that ( I(P ), ⊆ ) is a complete lattice. The meet of two arbitrary ideals is their intersection. The join has a more complex structure.

Proposition 1.2. Let P be a CPAM. Let A ⊆ P . Let A_0 = A ≠ ∅. For

every i ∈ N, let A^′_i = {y : ∃x ∈ A_i , y ≤ x} , A_{i+1} = {x ⊕ y : x ⊥ y and x, y ∈ A^′_i } . Then ⋃ i∈N A_i is the smallest ideal containing A.

P r o o f . The proof is left to the reader.

2. Subcentral ideals

In [3], a notion of central ideal of an effect algebra was studied. There is a natural one-to-one correspondence between direct decompositions of an effect algebra and central ideals. The lattice of all central ideals is a Boolean algebra.

Definition 2.1. We say that an ideal I of a CPAM (P, ⊕, 0) is subcentral

if and only if there is an ideal J such that for every x ∈ P there is a unique decomposition x = x_1 ⊕ x_2 with x_1 ∈ I , x_2 ∈ J .

If I is a subcentral ideal, then J is called a complement of I .

Clearly, if J is a complement of I , then J is subcentral and I is a complement of J . We denote the set of all subcentral ideals of (P, ⊕, 0) by SCI(P ).

It is easy to see that in a direct product of two CPAMs, say P × Q, the set {(x, 0) : x ∈ P } is a subcentral ideal with complement {(0, x) : x ∈ Q}. Thus, every central ideal of an effect algebra is subcentral.

Proposition 2.1. Every subcentral ideal has a unique complement.

P r o o f . Let I be a subcentral ideal. Let J and K be complements of I . Let x ∈ J . There is a unique pair of elements x_I , x_K such that x = x_I ⊕ x_K , where x_I ∈ I and x_K ∈ K . Similarly, there is a unique pair x^I_K , x^J_K such that x_K = x^I_K ⊕ x^J_K and x^I_K ∈ I , x^J_K ∈ J . Observe that x^I_K ∈ K . It follows that x = (x_I ⊕ x^I_K ) ⊕ x^J_K is a decomposition of x into I and its complement J . Since J is a complement of I , this decomposition is unique. Evidently, x_I ⊕ x^I_K = 0 because x = 0 ⊕ x, 0 ∈ I , x ∈ J and the decomposition is unique. Thus x = x^J_K ∈ K . Analogously, x ∈ K implies x ∈ J .

A NOTE ON IDEALS IN GENERALIZED EFFECT ALGEBRAS

The above proposition allows us to define a bijective unary operation^′ :

SCI(P ) → SCI(P ) such that for I ∈ SCI(P ), I^′ is a complement of I . Note

that I^{′′} = I and that P, {0} ∈ SCI(P ). Further, I ∧ I^′ = {0} and I ∨ I^′ = P .

Moreover, for each I ∈ SCI(P ) there is an idempotent map π_I : P → I with

the property ∀x ∈ P : x = π_I (x) ⊕ π_I 0 (x).

Proposition 2.2. For any I, J ∈ SCI(P ) I = J if and only if π_I = π_J .

P r o o f . Trivially, it suffices to observe that x ∈ I iff π_I (x) = x.

Proposition 2.3. Let I be a subcentral ideal. Then π_I is a morphism.

P r o o f .

x_1 ⊕ x_2 = π_I (x_1) ⊕ π_I 0 (x_1) ⊕ π_I (x_2) ⊕ π_I 0 (x_2) = ( π_I (x_1) ⊕ π_I (x_2) ) ⊕ ( π_I 0 (x_1) ⊕ π_I 0 (x_2) ) . Since I and I^′ are ideals, π_I (x_1) ⊕ π_I (x_2) ∈ I and π_I 0 (x_1) ⊕ π_I 0 (x_2) ∈ I^′ .

Obviously, π_I (x_1 ⊕ x_2) = π_I (x_1) ⊕ π_I (x_2) by subcentrality of I .

Now, let us turn our attention to the structure of ( SCI(P ), ⊆ ) . In order to

prove the main result of this paper, the following proposition will be helpful.

Proposition 2.4. Let I, J ∈ SCI(P ). For all x ∈ I^′ ∨ J^′ , π_I^(π_J (x)^) = 0.

P r o o f . Consider Proposition 1.1. Put A = I^′ ∪ J^′ . For every x ∈ I^′ ∨ J^′ =

⟨I^′ ∪ J^′⟩, there is n ∈ N such that x ∈ A_n . We will proceed using induction

over n.

(1) Let x ∈ A_0 = I^′ ∪ J^′ . If x ∈ J^′, then π_J (x) = 0 and, consequently, π_I ( π_J (x) ) = π_I (0) = 0. On the other hand, assume x ∈ I^′ . We know

that x = π_J (x) ⊕ π_J 0 (x), because J is a subcentral ideal. It follows that

π_I (x) = π_I ( π_J (x) ⊕ π_J 0 (x) ) = π_I ( π_J (x) ) ⊕ π_I ( π_J 0 (x) ) . But π_I (x) = 0,

which implies π_I ( π_J (x) ) = 0.

(2) Assume that for all y ∈ A_n , π_I ( π_J (y) ) = 0. If x ∈ A^′_n , then x ≤ y for

some y ∈ A_n . That means y = x ⊕ a, where a is some element of P .

π_I and π_J are morphisms; π_J ( π_I (x ⊕ a) ) = π_J ( π_I (x) ) ⊕ π_J ( π_I (a) ) = 0.

Obviously, π_J ( π_I (x) ) = 0.

Assume x ∈ A_{n+1} . Then there are x_1, x_2 ∈ A^′_n such that x_1 ⊕ x_2 =

x. We already know that π_I ( π_J (x_1) ) = π_I ( π_J (x_2) ) = 0. Again, by

Proposition 2.3, π_I ( π_J (x) ) = π_I ( π_J (x_1) ) ⊕ π_I ( π_J (x_2) ) = 0 + 0 = 0.

Recall that an ortholattice is defined as an algebra L = (L, ∧, ∨, 0, 1,^′ )

satisfying

(i) (L, ∧, ∨, 0, 1) is a lattice bounded by 0 and 1.

GEJZA JENČA

(i) if x ≤ y then y^′ ≤ x^′ .

(iii) x^{′′} = x.

(iv) x ∨ x^′ = 1 and x ∧ x^′ = 0.

Condition (ii) can be replaced by any of the De Morgan laws. If the additional

condition (v) x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z) holds, then L is a Boolean algebra.

Proposition 2.5. Let (P, ⊕, 0) be a CPAM. Then ( SCI(P ), ∧, ∨,^′ , {0}, P ) is an ortholattice.

P r o o f . Conditions (iii) and (iv) are evidently satisfied. Let I , J be sub-

central ideals. We will prove that I ∧ J is subcentral. For every x ∈ P ,

x = π_I (x) ⊕ π_I 0 (x) = π_J ( π_I (x) ) ⊕ π_J 0 ( π_I (x) ) ⊕ π_I 0 (x) .

By definition, π_J ( π_I (x) ) ∈ J . π_J ( π_I (x) ) ≤ π_I (x) ∈ I ; thus π_J ( π_I (x) ) ∈ I . This

implies π_J ( π_I (x) ) ∈ I ∧ J . On the other hand, π_J 0 ( π_I (x) ) ⊕ π_I 0 (x) ∈ I^′ ∨ J^′ .

Let us prove that this decomposition of x is unique. Let x = x_1 ⊕ x_2 , where

x_1 ∈ I ∧ J and x_2 ∈ I^′ ∨ J^′ . We see that π_I (x) = π_I (x_1) ⊕ π_I (x_2) = x_1 ⊕ π_I (x_2)

and π_J ( π_I (x) ) = x_1 ⊕ π_J ( π_I (x_2) ) . By Proposition 2.4, π_J ( π_I (x_2) ) = 0.

Thus I^′ ∨J^′ is a complement of I ∧J . We have proved that for I, J ∈ SCI(P ),

I ∧ J ∈ SCI(P ), I^′ ∨ J^′ ∈ SCI(P ).

Let K, L ∈ SCI(P ). Then there are I, J ∈ SCI(P ) such that I^′ = K , J^′ = L.

Consider previous part of the proof: the complement of K ∨ L = I^′ ∨ J^′ exists in

SCI(P ) and is equal to I ∧ J = K^′ ∧ L^′ . This shows that K ∨ L is subcentral.

Thus, SCI(P ) is sublattice of I(P ) and De Morgan laws hold. This completes

the proof.

Corollary 2.1. Let A, B ∈ SCI(P ). Then for every x ∈ P , π_{A∧B}(x) = π_A ( π_B (x) ) and π_{A∨B} (x) = π_B ( π_A0 (x) ) ⊕ π_A(x). P r o o f . Consider the proof of the previous proposition. Put A = I , B = J ,

A = I^′ , B = J^′ , respectively.

Theorem 2.1. (Main result) (SCI(P ), ∧, ∨,^′ , {0}, P ) is a Boolean algebra.

A NOTE ON IDEALS IN GENERALIZED EFFECT ALGEBRAS

P r o o f . Let x ∈ P . Then, by Corollary 2.1 and Proposition 2.3, π_{(I∧J)∨(I∧K)}(x) = π_{I∧K} ( π_I 0_{∨J} 0 (x) ) ⊕ π_{I∧J} (x) = π_{I∧K} ( π_J 0 ( π_I (x) ) ⊕ π_I 0 (x) ) ⊕ π_{I∧J} (x) = π_{I∧K∧J} 0_{∧I} (x) ⊕ π_{I∧K∧I} 0 (x) ⊕ π_{I∧J} (x) = π_{I∧K∧J} 0 (x) ⊕ π_{I∧J} (x) = π_I ( π_{K∧J} 0 (x) ) ⊕ π_I ( π_J (x) ) = π_I ( π_{K∧J} 0 (x) ⊕ π_J (x) ) = π_I ( π_{K∨J} (x) ) = π_{I∧(K∨J)}(x) . By Proposition 2.2, I ∧ (K ∨ J) = (I ∧ J) ∨ (I ∧ K).

REFERENCES

[1] FOULIS, D.—BENNETT, M. K. : Effect algebras and unsharp quantum logics, Found.

Phys. 24 (1994), 1331–1352.

[2] GIUNTINI, R.—GREULING, H. : Toward a formal language for unsharp properties, Found. Phys. 19 (1994), 769–780.

[3] GREECHIE, R.—FOULIS, D.—PULMANNOVÁ, S. : The center of an effect algebra, Order 12 (1995), 91–106.

[4] GUDDER, S.—PULMANNOVÁ, S. : Quotients of partial abelian monoids, Algebra Universalis 38 (1998), 395–421.

[5] KALMBACH, G.—RIEČANOVÁ, Z. : An axiomatization for abelian relative inverses, Demonstratio Math. 27 (1994), 684–699.

[6] KÔPKA, F.—CHOVANEC, F. : D-posets, Math. Slovaca 44 (1994), 21–34. [7] PULMANNOVÁ, S. : Congruences in partial abelian semigroups, Algebra Universalis 37 (1997), 119–140.

[8] WILCE, W. : Partial abelian semigroups, Internat. J. Theoret. Phys. 34 (1995), 1807–1812.

Received February 11, 1998 Department of Mathematics Faculty of Electrical Engineering and Information Technology Slovak Technical University Ilkovičova 3 SK–812 19 Bratislava SLOVAKIA E-mail: jenca@kmat.elf.stuba.sk