Tatra Mt. Math. Publ. 16 (1999), 379–382 tm

Mathematical Publications

ON FUZZY PREDICTIVE DENSITIES

Reinhard Viertl

ABSTRACT. In Bayesian statistics predictive distributions may be calculated using the updated distribution of the parameter. This distribution is obtained by integration of the joint density of the observed quantity and the parameter. In case of fuzzy data a fuzzy a-posteriori density of the parameter is obtained. Therefore the integration is an integration of a fuzzy function. The corresponding procedures are described in this paper.

1. Introduction

For a stochastic model X ∼ f(·|θ), θ ∈ Θ with observation space M_X , i.e., the set of possible values for X , and the a-priori density π(θ ) of the parameter, the density p(· |x_1, . . . , x_n) of the predictive distribution of X based on the data x_1, . . . , x_n is given via the a-posteriori density π ( θ |x_1, . . . , x_n ) as follows p(x|x_1, . . . , x_n) = ∫ Θ f(x|θ)π(θ |x_1 , . . . , x_n) dθ ∀x ∈ M_X .

The a-posteriori density π(θ |x_1, . . . , x_n) is obtained by Bayes’ theorem from the a-priori density π(θ ) and the likelihood function ℓ(θ ; x_1, . . . , x_n). For details compare [1].

2. Fuzzy observed data

Observations of one-dimensional continuous stochastic quantities X yield non-precise values which are best described by fuzzy numbers x�_i . The characterizing function of x�_i is denoted by ξ_i(·). For a sample of size n of fuzzy observations x�_1, . . . , x�_n there are n characterizing functions ξ_1(·), . . . , ξ_n(·). There are generalizations based on fuzzy data of the equation of Section 1 using

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 60E99, 94D05. K e y w o r d s: statistics, predictive distributions, fuzzy numbers, fuzzy data.

REINHARD VIERTL

the extension principle. First it is necessary to generalize Bayes’ theorem to the fuzzy data situation. In order to do this the fuzzy sample has to be combined with a fuzzy element x� of the sample space M^n_X where M_X denotes the observations space of the stochastic quantity X . This combination is done by a t-norm in n variables. The fuzzy vector x� obtained has a vector-characterizing function ξ(x_1, . . . , x_n) of n real variables. Using this vector-characterizing function Bayes’ theorem is generalized in the following way: The classical form of Bayes’ theorem is π ( θ |x_1, . . . , x_n ) ∝ π(θ )ℓ(θ ; x_1, . . . , x_n) where ∝ denotes “proportionality” up to a multiplicative constant.

For fuzzy data with fuzzy combined sample element x� Bayes’ theorem is generalized to obtain a fuzzy a-posteriori density π�(·|x�) which is a family of fuzzy values ( π�(θ |x�); θ ∈ Θ ) with corresponding characterizing functions ( ψ_θ(·); θ ∈ Θ ) . For details compare the monograph [2].

3. Fuzzy predictive densities

We need a generalization of the predictive density p(x|x_1, . . . , x_n) to the situation of fuzzy data x�_1, . . . , x�_n based on the fuzzy a-posteriori density π�(θ |x�). Therefore the following integral ∫ Θ f ( x|θ ) π� ( θ |x� ) dθ has to be solved. This integral is an integral of the fuzzy valued function

h�(θ ; x) = f ( x|θ ) π� ( θ |x� ) . Using the so-called α-level curves h_α(θ ; x) and h_α(θ ; x) which are assumed to be integrable, i.e.,

I_α(x) = ∫ Θ h_α(θ ; x) dθ and I_α(x) = ∫ Θ h_α(θ ; x) dθ for all α ∈ (0, 1], the fuzzy value I�(x) of the integral ∫ Θ h�(θ ; x) dθ is given by

its α-cuts B_α(x) = [ I_α(x), I_α(x) ] , ∀ α ∈ (0, 1]

ON FUZZY PREDICTIVE DENSITIES

which yields the characterizing function χ_x(·) of this fuzzy integral I�(x) using

the representation

χ_x(y) = sup_α

2(0,1] α · I_B ff_{(x)}(y) ∀ y ∈ R .

Now the generalized fuzzy predictive density is the fuzzy density whose values are p� ( x| x� ) = ∫ Θ f ( x|θ ) π�(θ | x�) dθ ∀ x ∈ M_X

which is the family of fuzzy values p�(x| x�) whose characterizing functions are

χ_x(·), i.e., p� ( ·| x� ) = ( χ_x(·); x ∈ M_X ) . Graphically such fuzzy densities are best represented by so-called α-level

curves p_α(·) and p_α(·). The values p_α(x) and p_α(x) are the endpoints of the

α-cut of χ_x(·), i.e., [ p_α(x), p_α(x) ] = { y ∈ R: χ_x(y) ≥ α^} . In Figure 1 an example of a fuzzy predictive density is given.

0.0 1.2 2.4 3.6 4.8 6.0 7.2 8.4 9.6

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... .. .........................

... x 0.0

0.1

0.2

0.3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ... .. ... .. .. .. .. .. . p_α(x), p_α(x)

p_1(x) = p_1(x)

.............

............

............

............ ................

............

.......

...... .......

.......

.......

......

......

......

.............

.........

.........

........

........

........

.........

.........

..........

...........

...........

............

..............

................

....................

...........................

.........................................

.............................

......

.....

......

.......

........

.......

..........

...........

...........

..............

................

....................

.........................

....................................

........................................................

......................................................................................................................................... ............

........

.......

.......

.......

.......

......

.......

.......

........

.........

..........

..........

...........

..............

................

.....................

................................

.................................................................................... ........

........

........

.......

.........

...........

..........

...........

..............

..............

..................

....................

..........................

................................

.............................................

........................................................................... .................................

...........

.......

.....

.....

.....

......

.....

.....

......

.......

.......

........

........

.........

.........

...........

...............

.................

......................

.................................................

........................................................................ .........

.........

.......

.........

...........

.........

...........

............

..............

..............

.................

..................

......................

........................

............................

....................................

.................................................. ............................................

..........

......

......

.....

......

.....

......

.....

.....

.....

......

.....

......

.......

.......

........

........

...........

...............

................

............................

...................................................................................................................... .................

...........

..........

...........

...........

.............

.............

............

..............

..............

..................

..................

...................

........................

...........................

..............................

.......................................

.............................................

.......

.....

......

.....

.....

.....

....

.....

.....

.....

.....

......

......

......

......

......

.......

.......

.......

..........

............

................

..........................

.................................................................................................. ..........................

...................

..............

..............

.............

.............

.............

...............

..............

.................

................

.................

..................

......................

........................

..........................

...............................

...................................

...............................

......

....

.....

....

....

....

....

....

....

....

.....

....

.....

......

......

......

.....

.....

.....

......

.......

..........

..............

...................

............................................................................................ ......................

..................

.................

................

..............

...............

...............

................

...............

................

...............

..................

.................

.....................

....................

.....................

...........................

............................

................................

.................................... ...

... .. .. .. .. .. .. .. .. .. .. .. .. .. .. . .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... ... ... .. ... ... ... ... .... ... .....

....

........

..........................

......

......

.... ..... .... .... .... .... ..... ..... ..... ..... ..... ..... ..... ...... ...... ......

......

......

......

........

.......

........

..........

.........

...........

............

.............

................

.................

....................

....................

......................

.............................

...........................

...................................

..................................

.....................................

...................................

.......................................

............

... .. ... .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. .. ... ... ... ... ... ... ... ... ... .... ... ....

....

.....

......

.........

............................................

........

..... ......

..... ...... ...... ...... ..... ..... .....

.......

........

.........

...........

...........

..............

..............

...................

.......................

....................

................................

..............................

.................................

................................

...................................

..............................

..... ... ... ... ... .. ... ... .. ... ... .. ... ... ... ... ... ... ... ... ... ... ... ... ....

....

....

....

....

....

.....

.....

......

.........

............................................................... ..........

........

........

........

.......

.......

......

........

........

........

...........

............

............

..............

...............

.................

....................

.......................

...........................

.........................

............................

.........................

..............................

...........................

................................

...................................

...................

....

..... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ... ....

....

....

....

....

....

....

....

......

....

......

......

.........

..................

....................................................... ...............

.............

..........

...........

.........

.........

..........

............

............

............

................

...................

..................

....................

.....................

........................

.....................

........................

.......................

............................

...........................

............................

............................

..................................

.....

....

....

....

.... ... ....

.... ... ....

....

....

....

....

....

....

....

.....

....

......

.....

......

......

.......

........

.............

...........................

.................................................... ....................

................

...............

.............

..............

...............

............

.................

...................

..................

...................

..................

...................

......................

........................

......................

.......................

.........................

................................

.................................

..............

Figure 1. Fuzzy density. α-level curves for α = 0+, 0.2, 0.4, 0.6, 0.8, 1

REINHARD VIERTL

REFERENCES

[1] GELMAN, A.—CARLIN, J.—STERN, H.—RUBIN, D. : Bayesian Data Analysis, Chapman & Hall, London, 1995.

[2] VIERTL, R. : Statistical Methods for Non-Precise DATA, CRC Press, Boca Raton, Florida, 1996.

Received April 17, 1998 Department of Statistics and Probability Theory Vienna University of Technology A{1040 Wien AUSTRIA E-mail: viertl@.tuwien.ac.at