Tatra Mt. Math. Publ. 16 (1999), 135–141 tm

Mathematical Publications

PERIODS OF MATRICES WITH ZERO-WEIGHT CYCLES IN MAX-ALGEBRA

Monika Molnárová

ABSTRACT. Periodicity of a matrix with zero-weight cycles in max-algebra is studied. The period of a matrix A is shown to be the least common multiple of the periods of all non-trivial strongly connected components in the corresponding digraph of A. O(n3) algorithms for verifying the mentioned condition for a given matrix and for computing the exact value of the matrix period in the positive case are described.

1. Introduction

A fuzzy discrete dynamic system is described by a transition matrix in extremal algebras such as max-min algebra (with operations max and min) and max-algebra (with operations max and plus). The properties of such systems were studied in [2]. Polynomial algorithms for computing the matrix and orbit periods in max-min algebra are described in [3, 4, 7], NP-completeness results connected with periodicity problems in max-min algebra are presented in [5, 6, 8].

The aim of this paper is to compute the exact value of the period for a given matrix A ∈ W (n, n) with zero-weight cycles in max-algebra W . It is proved that the period of A is the least common multiple of the periods of all nontrivial strongly connected components in the digraph G (A). The main result is formulated in Theorem 3.2. Based on this result, an algorithm is proposed in Theorem 5.1, which enables to compute the matrix period in O(n^3) time, if the matrix fulfils the condition of zero-weight cycles. In Theorem 4.1 another O(n^3) algorithm for verifying this condition is described.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 04A72; Secondary 05C50, 15A33. K e y w o r d s: matrix period, max-algebra.

Slovak Grant Agency for Science, contract # 1/4376/97 “Combinatorial Structures and Complexity of Algorithms”.

2. Definitions

For simpler notation of index sets we shall use the convention by which any natural number n is considered as the set of all smaller natural numbers, i.e., n = {0, 1, . . . , n − 1}. The set of all natural numbers is denoted by N. If S is a finite subset of N, then the greatest common divisor and the least common multiple of S are denoted by the abbreviations gcd S and lcm S , respectively. For natural numbers a, b, if a divides b, we use the notation a|b.

If G = (V, E) is a digraph (directed graph), then by strongly connected

component of G we mean a subdigraph K = (K, E ∩ K^2) generated by a non-empty subset K ⊆ V such that any two nodes i, j ∈ K are contained in a common cycle, and K is a maximal subset with this property. K is called non-trivial if there is a cycle of a positive length in K . In the opposite case, K is called trivial. By SCC^∗(G ) we denote the set of all nontrivial strongly connected components of G . For any K ∈ SCC^∗(G ) the period per(K ) is defined as gcd of the lengths of all cycles in K . A path in a digraph G = (V, E) is a sequence of nodes (i_0, i_1, . . . , i_p) such that (i_t, i_{t+1}) ∈ E for any t ∈ p. An elementary path is a path without repetitions. If a weight function w is defined on ares, then the weight of a path (or cycle), denoted by w(p) (or w(c)), respectively, is the sum of the weights of its arcs.

Definition 2.1. The max-algebra W is a triple (W , ⊕, ⊗), where W denotes

the set of all real numbers with added element ε = −∞ and ⊕, ⊗ are the binary operations of maximum and plus, respectively, on W . For any natural n > 0,

W (n) denotes the set of all n-dimensional column vectors over W , and W (n, n)

denotes the set of all square matrices of order n over W . The matrix operations over W are defined formally in the same way (with respect to ⊕, ⊗) as the matrix operations over any field.

For any A ∈ W (n, n), x ∈ W (n), the orbit of x generated by A is defined as the sequence ( A^{(r)}x : r ∈ N ) . Let A ∈ W (n, n), x ∈ W (n), i ∈ n. The period of A, the orbit period and coordinate-orbit period of x with respect to A, in notation: per(A), per(Ax) and per ( (Ax)_i ) , are defined as the minimal natural p with the property (∃R)(∀r > R) A^{(r)} = A^{(r+p)} , or x^{(r)} = x^{(r+p)} , or x^{(r)}_i = x^{(r+p)}_i , respectively.

Definition 2.2. For a given matrix A ∈ W (n, n) we define the evaluated

digraph G (A) = (V, E, w) with n nodes and with arcs (i, j) with the finite weights w(i, j) = a_{ij} . For any pair (i, j) with a_{ij} = ε, there is no arc from i to j in G (A).

Definition 2.3. We say that a matrix A ∈ W (n, n) fulfils the cycle-

condition, if the weight of any cycle in the digraph G (A) is equal to zero, in notation w(c) = 0.

In this paper, we assume that the considered matrix fulfils the cycle-condition.

3. Period of the matrix

In this section we present the main result which is an explicit formula for the matrix period.

Lemma 3.1. Let A ∈ W (n, n) fulfil the cycle-condition. Then the set of the

weights of all paths in the digraph G is finite.

P r o o f . The weight of any path is equal to the weight of some elementary path, obtained by cycle deletions [2]. The assertion of the lemma follows as a consequence of the fact that the set of all elementary paths in the digraph G is finite.

Theorem 3.2. Let A ∈ W (n, n) fulfil the cycle-condition. Let d ∈ N. Then

the following assertions are equivalent (i) per(A)|d, (ii) ( ∀K ∈ SCC^∗(G )^) per(K )|d.

P r o o f . We prove the implication (ii)⇒(i). Let ( ∀K ∈ SCC^∗(G )^) per(K )|d .

We shall prove that (∀i, j ∈ n) (∃R_{ij} ) (∀r > R_{ij} ) a^{(r)}_{ij} = a^{(r+d)}_{ij} . It means that, for any i, j ∈ n, the period per(a_{ij} ) divides d. Then ( ∃R = max_{i,j∈n} R_{ij} )( ∀r > R ) ( ∀i, j ∈ n ) a^{(r)}_{ij} = a^{(r+d )}_{ij}

what implies that per(A)|d.

Let d ∈ N be fixed, let i, j ∈ n and let k ∈ d = {0, 1, . . . , d − 1} be fixed. There are two possible cases.

Case 1. There are only elementary paths from i to j of length r , r ≡ k mod d. Then (∃R_{ijk})(∀r > R_{ijk}, r ≡ k mod d) a^{(r)}_{ij} = ε and therefore (∃R_{ijk})(∀r > R_{ijk}, r ≡ k mod d) a^{(r)}_{ij} = a^{(r+d )}_{ij} . Case 2. There is a non-elementary path p_k from i to j of the length r_k , r_k ≡ k mod d. Using Lemma 3.1 we can take such a path p_k that its weight is the maximum of the weights of all paths from i to j of the length r , r ≡ k mod d. As p_k is non-elementary, it contains a cysle. The cycle must lie in a non-trivial strongly connected component K_k ∈ SCC^∗(G ) with the period per(K_k) = d^′ |d. Since d^′ is the greatest common divisor of the lengths of all elementary cycles

in K_k , in view of the well known fact from number theory, there exists m_k ∈ N

such that for any m > m_k , the multiple md^′ can be expressed as a linear combination of the lengths of all elementary cycles in K_k , with coefficients from N. By adding proper combinations of cycles in K_k to the path p_k we can obtain paths with lengths r_k + md^′ and r_k + md, for any m > m_k , respectively. Since the weight of any cycle in G equals zero, the weights of these paths are the same as the weight of the path p_k , which is equal to a^{(rk)}_{ij} . Therefore (∃R_{ijk} = r_k + m_kd )(∀r > R_{ijk}; r ≡ k mod d ) a^{(r)}_{ij} = a^{(r+d )}_{ij} . Denoting R_{ij} = max_{k∈d} R_{ijk} , we have (∃R_{ij} ) (∀r > R_{ij} ) a^{(r)}_{ij} = a^{(r+d )}_{ij} . As described in the beginning of the proof, it implies that per(A)|d.

Now, we prove the converse implication (i)⇒(ii). Let d be fixed. Let per(A)|d . We shall prove that (

∀K ∈ SCC^∗(G )^) per(K )|d .

Let K ∈ SCC^∗(G ). Let us denote d^′ = per(K ). We shall prove that there

exists i from K and x from W (n) such that per ( (Ax)_i ) = d^′ .

Then per ( (Ax)_i ) | per(Ax)| per(A)

implies that d^′ | per(A) and using the assumption per(A)|d we get per(K ) = d^′ |d. Let i ∈ K be fixed. We define a vector x ∈ W (n) as follows

x_i := 0 , x_j := ε for j ≠ i .

(A^{(r)}x)_i equals zero if and only if there exists a cycle from i to i of the length r , otherwise it equals to ε. Using the fact from number theory we get (∃R)(∀r > R) [ (A^{(r)}x)_i = 0 ⇔ d^′ |r ] what is equivalent with (∃R)(∀r > R) [ a^{(r)}_{ii} = 0 ⇔ d^′ |r ] . The weight of any path from i to i with a length r , which is not a multiple of d^′ , is equal to ε. Therefore (A^{(r)}x)_i = ε. Hence per ( (Ax)_i ) = d^′ .

Then, as we have shown in the beginning of the proof,

per(K ) = d^′ |d .

The main result can be expressed in the following exact way.

Theorem 3.3. Let A ∈ W (n, n) fulfil the cycle-condition. Then

per(A) = lcm { per(K ) : K ∈ SCC^∗(G ) } . P r o o f . By Theorem 3.2, the set of all common multiples of the set { per(K ) :

K ∈ SCC^∗(G )^} is equal to the set of all multiples of per(A).

4. Algorithm for verifying the zero weight cycles condition for a given matrix

In this section we present an O(n^3) algorithm for verifying the condition that the weight of any cycle in the digraph of a given matrix equals zero.

Definition 4.1. For A ∈ W (n, n), Δ(A) denotes the formal matrix power sum Δ(A) = A ⊕ A^{(2)} ⊕ A^{(3)} ⊕ · · · = (δ_{ij} : i, j ∈ n) ,

called the weak transitive closure of A.

Definition 4.2. For A ∈ W (n, n), A is called p-regular if there exists some

natural p such that

Δ(A) = A ⊕ A^{(2)} ⊕ A^{(3)} ⊕ · · · ⊕ A^{(p)} .

Theorem 4.1. The cycle-condition can be verified in O(n^3) time.

P r o o f . For verifying the zero-weight cycles condition of a given matrix we will show that the maximum of all weights of all cycles equals to zero as well as the minimum of all weights of all cycles.

For a given matrix A ∈ W (n, n), we can obtain in O(n^3) time, by Floyd- Warshall algorithm [9], the matrix A^{{n+1}} in which the element a^{{n+1}}_{ij} is equal to the maximal weight of all paths from i to j with lengths at most n. If the equation a^{{n+1}}_{ii} ≤ 0 holds true for any i ∈ n, then the weight of each cycle, of arbitrary length, is non-positive, too. This implies that

A^{{n+1}} = Δ(A) .

In Δ(A), the element δ_{ij} represents, for any i, j ∈ n, the maximal weight of all paths from i to j , regardless of their length. Therefore, for any i ∈ n, the diagonal element δ_{ii} represents the maximal weight of all cycles containing the node i.

Now, let us take, instead of a given matrix A, the matrix −A^′ = (−a_{ij} ) (in which we change the signs of all finite elements in A, while the signs of the infinite elements remain unchanged, i.e., A^′ does not denote the transposed matrix of A). We can find, in the same way as above, the weak transitive closure of −A^′ . For any i ∈ n the diagonal element represents the maximal weight of all cycles in G (−A^′) containing node i, what is the minus value of the minimal weight of all cycles in G (A) containing node i, at the same time. The weight of all cycles is equal to zero if and only if both parts of the algorithm give the positive answer, i.e., both maximum and minimum of the cycle weights are equal to zero.

5. Algorithm for computing the matrix period

In this section we present an O(n^3) algorithm to compute the matrix period for a given matrix A using Theorem 3.2.

Theorem 5.1. Let A ∈ W (n, n) fulfil the cycle-condition. Then per(A) can

be computed in O(n^3) time.

P r o o f . The algorithm consists of three parts. First, we shall find the strongly connected components of the G (A). As mentioned in previous section, by Floyd-Warshall algorithm we can compute the weak transitive closure Δ(A) = (δ_{ij} : i, j ∈ n) for a given matrix A ∈ W (n, n) in O(n^3) time. For any pair i, j ∈ n, there are two cases: either δ_{ij} is finite, then there exists a path from i to j in the digraph

G , or δ_{ij} equals to ε, in the opposite case. Therefore, the nodes i and j are

contained in the same non-trivial strongly connected component if and only if both (δ_{ij} ) and (δ_{ji}) are finite.

Second, we shall compute the period of each non-trivial strongly connected component. These periods can be found in O(n^3) time by the Balcer-Veinott algorithm [1] described also in [3].

Finally, the period per(A) can be computed in O(n log n) time as the least common multiple of the periods of all non-trivial strongly connected components in digraph G by using the Euclid algorithm for computing gcd{a, b} for a, b ∈ N and the formula lcm{a, b} = ab gcd{a, b} .

REFERENCES

[1] BALCER, Y.—VEINOTT, A. F. : Computing a graph’s period quadratically by node condensation, Discrete Math. 38 (1973), 295–303.

[2] CUNINGHAME-GREEN, R. A. : Minimax algebra, Lecture Notes in Econom. and Math.

Systems, Vol. 166, Springer-Verlag, Berlin, 1979.

[3] GAVALEC, M. : Computing matrix period in max-min algebra, Discrete Appl. Math. 75 (1997), 63–70.

[4] GAVALEC, M. : Periodicity of matrices and orbits in fuzzy algebra, Tatra Mt. Math. Publ.

6 (1995), 35–46.

[5] GAVALEC, M. : Reaching matrix period is NP-complete, Tatra Mt. Math. Publ. 12 (1997), 81–88.

[6] GAVALEC, M. : Computational complexity of the reachability problem in fuzzy algebra, Proc.7th IFSA World Congress, Praha 1997, Vol. II, pp. 216–220.

[7] GAVALEC, M. : Periods of special fuzzy matrices, Tatra Mt. Math. Publ. 16 (1999), 47–60. [8] GAVALEC, M.—ROTE, G. : Reachability of fuzzy matrix period, Tatra Mt. Math. Publ.

16 (1999), 61–79.

[9] WARSHALL, D. : A theorem on Boolean matrices, J. Assoc. Comput. Mach. 9 (1962), 11–12.

Received April 3, 1998 Department of Mathematics Faculty of Electrical Engineering and Computer Science Technical University Hlavná 6 SK–04213 Košice SLOVAKIA E-mail: molnarm@tuke.sk