Tatra Mt. Math. Publ. 18 (1999), 63–68 tm

Mathematical Publications

THE CROSSING NUMBER OF K_5 � Pn

Marián Klešč

ABSTRACT. There are several known exact results on the crossing numbers of Cartesian products of paths, cycles or stars with “small” graphs. In this paper we extend these results, showing that the crossing number of the Cartesian product

K5 � P_n is 6n for n ˘ 1.

1. Introduction

The crossing number cr(G) of a graph G is the minimum number of pairwise intersections of edges in a drawing of G in the plane. It is well-known that the crossing number of a graph is attained only in a good drawings of the graph, which are those drawings where no edge crosses itself, no adjacent edges cross each other, and no two edges intersect more than once. Let D be a good drawing of the graph G. We denote the number of crossings in D by cr_D(G). Let G_i and G_j be edge-disjoint subgraphs of G. We denote by cr_D(G_i, G_j ) the number of crossings between edges of G_i and edges of G_j in D .

Computing the crossing number of a given graph is in general an elusive problem, and the crossing numbers of few families of graphs are known. Most of them are Cartesian products of special graphs. (For a definition of Cartesian product, see [5].) Let C_n and P_n be the cycle and the path with n edges. The crossing numbers of the Cartesian products of all 4-vertex graphs with cycles are determined in [2], [3] and [6], and with paths and stars in [7] and [8]. There are several known exact results on the crossing numbers of Cartesian products of paths with 5-vertex graphs. In [7] and [10] it is shown that cr(K_{1,4} × P_n) = 2(n − 1) and cr(K_{2,3} × P_n) = 2n. Let G_1 , G_2 , and G_3 be three graphs of order five defined by removing from K_5 the edges of an elementary subdivision of K_{1,3} , the edges of K_3 , and the edges of K_{1,2} , respectively. In [9] it is shown that the crossing numbers of G_i × P_n are 2n − 2 for i = 1, and 3n − 1 for

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C10. K e y w o r d s: graph, drawing, crossing number, path, cartesian product.

The research was supported by the Slovak VEGA grant No. 1/4377/97.

i = 2 and 3. In this paper we extend these results to the Cartesian product of a complete graph on five vertices with a path P_n , showing that its crossing number is 6n.

2. The main result

We assume n ≥ 1 and find it convenient to consider the graph K_5 × P_n in the following way: it has 5(n + 1) vertices and edges that are the edges in the n + 1 copies K^i_5 , i = 0, 1, 2, . . . , n, and in the five paths of length n (Figure 1). Furthermore, we call the former edges red and the latter ones blue. For i = 1, 2, . . . , n, let P^i denote the subgraph of K_5 × P_n induced by five blue edges joining K^i�^1_5 to K^i_5 .

K05 K15 Kn+15

Figure 1

Our next lemma establishes the crossing number of the graph obtained by removing one edge from K_7 . We shall need it in the proof of Lemma 4.

Lemma 1. cr(K_7 − e) = 6.

P r o o f . The graph K_7 − e has five vertices of degree 6 and two vertices of degree 5. Let us denote the vertices of degree 5 by x and y , and the vertices of degree 6 by v_i for i = 1, 2, 3, 4, and 5. Let T^x and T^y denote the subgraphs induced by the edges incident with x and y , respectively. It is easy to see that the vertices v_i for i = 1, 2, 3, 4, and 5 induce K_5 . Thus we have

K_7 − e = K_5 ∪ T^x ∪ T^y .

THE CROSSING NUMBER OF K5 � P_n

The graph K_7 −e can be obtained from the graph K_5 ×P_2 by contracting the edges of K^0_5 and the edges of K^2_5 . In Figure 1 it is easy to see that cr(K_7 −e) ≤ 6. Thus, it remains to prove the reverse inequality. Suppose that there is a good drawing of K_7 −e with five crossings and let D be such a drawing. First we show that in D there is at least one crossing between the edges of T^x and the edges of T^y . Otherwise cr_D(T^x, T^y) = 0, and since in the good drawing two edges incident with the same vertex cannot cross, the subdrawing of T^x ∪ T^y induced by D induces the map in the plane without crossings, as shown in Figure 2. In this case, in D , at least five edges {v_1, v_3}, {v_1, v_4}, {v_2, v_4}, {v_2, v_5}, and {v_3, v_5} cross the edges of T^x ∪ T^y . Moreover, in D , at least two edges of K_5 induced by v_1 , v_2 , v_3 , v_4 , and v_5 cross each other, which contradicts our assumption. Hence cr_D(T^x, T^y) ≥ 1.

x y v1 v2 v3 v4 v5

Figure 2

It is known (see [1]) that every good drawing of K_5 has an odd number of crossings and that cr(K_5) = 1. Thus, we have three cases to deal with: Assume cr_D(K_5) = 1. As K_5 ∪ T^x and K_5 ∪ T^y form the complete graphs on six vertices, and since cr(K_6) = 3 (see [4]), cr_D(K_5, T^x) ≥ 2 and cr_D(K_5, T^y) ≥ 2. This, together with cr_D(T^x, T^y) ≥ 1, contradicts our assumption. Assume now cr_D(K_5) = 3. Since no drawing of K_5 with fewer than five crossings has all five vertices on the boundary of the same “region”, cr_D(K_5, T^x) ≥ 1 and cr_D(K_5, T^y ) ≥ 1. Moreover, cr_D(T^x, T^y) ≥ 1, and D has more than five crossings. Finally assume that cr_D(K_5) ≥ 5. As cr_D(T^x, T^y) ≥ 1, D has at least six crossings and this contradiction completes the proof.

Consider a graph obtained by joining all vertices of K_5 to some vertices of a connected graph G. In every good drawing of the graph there are at least three crossings on the edges of K_5 , since contracting the edges of G results in a graph isomorphic to K_6 . Thus we have the following observation.

Lemma 2. In any good drawing of K_5 × P_n , n ≥ 1, there are at least three

crossings on edges of every K^i_5 for i = 0, 1, 2, . . . , n.

Lemma 3. cr(K_5 × P_1) = 6.

P r o o f . The graph K_5 × P_1 consists of two subgraphs K^0_5 and K^1_5 and of five edges joining K^0_5 to K^1_5 . Suppose a good drawing D of the graph K_5 × P_1 is given. If cr_D(K^0_5 , K^1_5 ) ≠ 0, then cr_D(K^0_5 , K^1_5 ) ≥ 4, because the graph K_5 is 4-connected. Besides, cr_D(K^0_5 ) ≥ 1 and cr_D(K^1_5 ) ≥ 1, and D has at least six crossings. Assume now cr_D(K^0_5 , K^1_5 ) = 0. As we have shown in Lemma 2, there are at least three crossings on both K^0_5 and K^1_5 and D has at least six crossings again. The reverse inequality follows from Figure 1.

The following Lemma 4 is the heart of the proof of the main result.

Lemma 4. If D is a good drawing of K_5 × P_n , n ≥ 2, in which every K^i_5 has

at most five crossings on its edges, then D has at least 6n crossings.

P r o o f . First we show that in D two different K^i_5 and K^j_5 do not cross each other and that no K^i_5 is crossed by an edge of P^l for l ≠ i and l ≠ i+1. We know that if two different complete graphs on five vertices cross each other, then they cross at least four times. Suppose that for some i ≠ j , cr_D ( K^i_5, K^j_5 ) = 4.

If the edges of K^i_5 are deleted, the resulting graph is either homeomorphic to K_5 × P_n�_1 or contains a subgraph isomorphic to K_5 × P_n�_1 and in the resulting drawing there is at most one crossing on the edges of K^j_5 . This contradicts Lemma 2.

Suppose now that in D a blue edge of P^l not incident with a vertex of K^i_5 crosses K^i_5 . The endpoints of this blue edge are not in different “regions” of the subdrawing D(K^i_5) induced from D by K^i_5 , otherwise, in D , the subdrawing D ( K^i_5 ) separates two other complete subgraphs on five vertices, and K^i_5 is crossed by all five blue edges of P^l . Thus, the endpoints of the blue edge of P^l are in the same “region” of D(K^i_5) and this edge crosses K^i_5 at least four times. In this case D contains a subdrawing of a graph isomorphic to K_5 × P_1 induced by V (K^i�^1_5 ) ∪ V (K^i_5) or V (K^i_5) ∪ V ( K^{i+1}_5 ) with at most one crossing on the edges of K^i_5 . This contradicts Lemma 2 again.

For i = 1, 2, . . . , n − 1, let Q^i denote the subgraph of K_5 × P_n induced by V (K^i�^1_5 )∪V (K^i_5)∪V (K^{i+1}_5 ). Thus, Q^i has 30 red edges in K^i�^1_5 , K^i_5 and K^{i+1}_5 and 10 blue edges in P^i and P^{i+1}. Clearly, Q^i is isomorphic to K_5 × P_2 . Let us denote by Q^i_c the subgraph of Q^i obtained by removing six edges of K^i�^1_5 and six edges of K^{i+1}_5 in such a way that Q^i_c is homeomorphic to K_7 − e. In a good drawing of K_5 × P_n , we define the force f(Q^i) of Q^i (f(Q^i_c ) of Q^i_c ) to be the total number of crossings of the following types:

(1) a crossing of a blue edge in P^i ∪ P^{i+1} with an edge in K^i_5 , (2) a crossing of a blue edge in P^i with a blue edge in P^{i+1}, (3) a self-intersection in K^i_5 .

THE CROSSING NUMBER OF K5 � P_n

The total force of the drawing is the sum of f(Q^i). It is readily seen that a crossing contributes at most one to the total force of the drawing.

Consider now a subdrawing D^i_c of Q^i_c induced by D . As we have shown above, in D^i_c , no two edges belonging to different K^p_5 and K^r_5 , p, r ∈ {i − 1, i, i + 1}, cross each other, no edge of P^i crosses an edge of K^{i+1}_5 and no edge of P^{i+1} crosses an edge of K^i�^1_5 . Thus, one can easily see that in any optimal drawing D^i_c of Q^i_c there are only crossings of types (1), (2) or (3). This implies that, in D , for every i, i = 1, 2, . . . , n − 1, f(Q^i) ≥ f(Q^i_c) ≥ cr(K_7 − e) = 6, and that the total force of D is at least 6(n − 1).

By Lemma 2, in D there are at least three crossings on the edges of K^0_5 and at least three crossings on the edges of K^n_5 . None of these crossings is counted in the total force of D . Therefore, in D there are at least ∑ 1ˇiˇn�1^{f(Q} i) + 6 ≥ 6n crossings.

Theorem 1. cr(K_5 × P_n) = 6n for n ≥ 1.

P r o o f . The drawing in Figure 1 shows that cr(K_5 × P_n) ≤ 6n for n ≥ 1. We prove the reverse inequality by induction on n. By Lemma 3, cr(K_5 × P_1) = 6, so the result is true for n = 1. Assume it is true for n = k , k ≥ 1, and suppose that there is a good drawing of K_5 × P_{k+1} with fewer than 6(k + 1) crossings. By Lemma 4, some K^i_5 must then be crossed at least six times. By the removal of all edges of this K^i_5 , we obtain a graph homeomorphic to K_5 ×P_k or one that contains the subgraph K_5 × P_k and has drawing with fewer than 6k crossings. This contradicts the induction hypothesis.

REFERENCES

[1] ARCHDEACON, D.—RICHTER, R. B. : On the parity of crossing numbers, J. Graph Theory 12 (1988), 307–310.

[2] BEINEKE, L. W.—RINGEISEN, R. D. : On the crossing numbers of products of cycles and graphs of order four, J. Graph Theory 4 (1980), 145–155.

[3] DEAN, A. M.—RICHTER, R. B. : The crossing number of C4 � C4 , J. Graph Theory 19 (1995), 125–129.

[4] GUY, R. K. : Latest results on crossing numbers, in: Recent Trends in Graph Theory, Springer-Verlag, New York, 1971, pp. 143–156.

[5] HARARY, F. : Graph Theory, Addison-Wesley, Readings, 1969.

[6] JENDROL’, S.—ŠČERBOVÁ, M. : On the crossing numbers of S_m � P_n and S_m � C_n , Čas. pěst. mat. 107 (1982), 225–230.

[7] KLEŠČ, M. : On the crossing numbers of Cartesian products of stars and paths or cycles, Math. Slovaca 41 (1991), 113–120.

[8] KLEŠČ, M. : The crossing numbers of products of paths and stars with 4-vertex graphs, J. Graph Theory 18 (1994), 605–614.

[9] KLEŠČ, M. : The crossing numbers of certain Cartesian products, Discuss. Math. Graph Theory 15 (1995), 5–10.

[10] KLEŠČ, M. : The crossing number of K2_,3 � P_n and K2_,3 � S_n , Tatra Mt. Math. Publ.

9 (1996), 51–56.

Received January 30, 1998 Department of Mathematics Faculty of Electrical Engineering and Informatics Technical University Hlavná 6 SK–042 00 Košice SLOVAKIA E-mail: klesc@ccsun.tuke.sk