Tatra Mt. Math. Publ. 17 (1999), 319–323 tm

Mathematical Publications

A NOTE ON MANOVA IN THE EXTENDED GROWTH CURVE MODEL

Ivan Žežula

ABSTRACT. We consider a multivariate mixed effect (extended growth curve)

model of the form Y = XBZ+

k�1P_{i=1 XiBiZi +ε, E Bi = 0 8i, var(vec Bi) = Σi �I}

8i, E ε = 0, var(vec ε) = Σ � I , where B1, . . . , B_k�1 , and ε are independent

random variables. A general theorem about the existence of MANOVA in this model under normality is proved and discussed.

The extended growth curve model (EGCM) with covariance components is a multivariate regression model defined by the relations: Y = XBZ + k−1∑ i=1 X_iB_iZ_i + ε , EB_i = 0 ∀i , var(vec B_i) = Σ_i ⊗ I ∀i , E ε = 0 , var(vec ε) = Σ ⊗ I , (1)

where B_1, . . . , B_{k−1}, and ε are independent random variables.

Here Y is a n × p matrix of p-dimensional observations, X , Z , X_1, Z_1 , . . . , X_{k−1}, Z_{k−1} are known design matrices of types n × m, r × p, n × m_1 , r_1 × p, . . . , n × m_{k−1} , r_{k−1} × p respectively, B is a m × r matrix of the fixed parameters, B_1, . . . , B_{k−1} are m_i × r_i matrices of the random parameters, ε is a n × p random error matrix and the matrices Σ, Σ_1, . . . , Σ_{k−1} are of the type p × p, r_1 × r_1, . . . , r_{k−1} × r_{k−1} respectively. The sign ⊗ denotes the Kronecker product.

Moreover, throughout this paper we suppose that the B_i’s and ε are normally distributed.

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: Primary 62J10; Secondary 62H15. K e y w o r d s: extended growth curve model, covariance components, multivariate regression, MANOVA.

Supported by grant VEGA MŠ SR No. 1/4381/97.

IVAN ŽEŽULA

Thus E Y = XBZ and vec(Y ) has variance matrix k−1∑ i=1 Z^′_i Σ_iZ_i ⊗ X_iX^′_i + Σ ⊗ I = k∑ i=1 V_i ⊗ W_i .

Suppose that Σ_i’s are nonnegative definite matrices and^k ∑ i=1 V_i ⊗ W_i is a positive definite matrix.

Let P_X be the projection matrix onto the column space of X and M_X = I − P_X . Let us notice that this model is a multivariate mixed effect model which also includes, as special cases, a multivariate random and/or fixed coefficients regression model, as was shown and discussed by W e s o ł o w s k a -J a n c z a - r e k [W]. In the case of the random coefficients regression model we may restrict ourselves to k = 1, but since our goal is to study the MANOVA partitions we shall maintain a general k . Different aspects of the present model have been studied by K h a t r i and S h a h [KS] and others; similar models have been studied by von R o s e n [R1], [R2], [R3], [R4], [R5], M a t h e w [M1] and others. This model allows a simultaneous study of MANOVA and (random) regression coefficients; usually the X’s contain indicator variables and the Z’s regression variables. A slightly less general model was considered by M a t h e w [M1]. The aim of the present paper is to extend his results concerning MANOVA to our model.

Following B r o w n [B] and M a t h e w [M1] we define:

Definition 1. A MANOVA is defined as a partitionY^′Y =^{u∑}_{i=1} Y^′Q_iY satis-

fying:

a) Q_1, . . . , Q_u are nonnegative definite matrices. b) Y^′Q_1Y, . . . , Y^′Q_uY are independent. c) Y^′Q_1Y, . . . , Y^′Q_uY have Wishart distribution.

d) Y^′Q_1Y, . . . , Y^′Q_uY have expectations which are different parametric functions apart from being a known scalar multiple.

If Q is a nonnegative definite matrix, then a partition Y^′QY =^u ∑ i=1 Y^′Q_iY satisfying the above four properties is called a partial MANOVA.

The existence of a MANOVA allows us to make inferences about various parametric functions. The following theorem enables us to find MANOVA partitions in some situations. The proof is carried out in the same manner as in B r o w n [B] and M a t h e w [M1].

Theorem 1. Let the model (1) be given with X having full rank and with

B_1, . . . , B_{k−1} and ε having normal distribution. Let P_X =^t ∑ i=1 P_i , where P_i are

A NOTE ON MANOVA IN THE EXTENDED GROWTH CURVE MODEL

mutually orthogonal projection matrices. Then there exists the unique partition

M_X =^s ∑ j=1 M_j such that M_j are also mutually orthogonal and

Y^′Y = t∑ i=1 Y^′P_iY + s∑ j=1 Y^′M_j Y is a MANOVA iff

(1) P_1, . . . , P_t, W_1, . . . , W_k commute and (2) there exist nonnegative real numbers c_{ij} satisfying P_iW_j P_i = c_{ij}P_i for all i = 1, . . . , t, j = 1, . . . , k . P r o o f . Sufficiency. Because P_1, . . . , P_t, W_1, . . . , W_k commute, there must exist an orthogonal matrix S such that matrices S^′P_iS and S^′W_j S are diagonal with the eigenvalues of P_i and W_j on the diagonals ∀i, j . Without loss of generality, we can assume that the eigenvalues are ordered and that S is partitioned into t + 1 matrices in such a way that: S = (S_1, . . . , S_t, S_o), S_iS^′_i = P_i ∀i and S_oS^′_o = M_X . Let us observe that the matrices S_1, . . . , S_t, S_o are semiorthogonal, orthogonal to each other. Because all P_i’s and W_j ’s commute, P_X and M_X must also commute with all W_j ’s. It follows that W_j S_o = S_oS^′_o W_j S_o = S_oD_j , where D_j is a diagonal matrix of dimension n−r(X); and even that D_k = I_{n−r(X)} . Let D^∗ = (diag D_1, . . . , diag D_k) and let s be the number of distinct rows of D^∗ . Let us denote by D = { d_{ij} } the matrix consisting of these rows of D^∗ . Since the eigenvalues are ordered, there must exist a partition S_o = (S_{o1}, . . . , S_{os}) such that W_j S_o = ( d_{1j} S_{o1}, . . . , d_{sj} S_{os} ) . Then W_j S_{ou} = d_{uj}S_{ou} , S^′_{ou}W_j S_{ou} = d_{uj} I

and S^′_{ou}W_j S_{ov} = 0 ∀j ∀u ≠ v . In view of the fact that M_X =^s ∑ u=1 S_{ou}S^′_{ou} , we put S_{ou}S^′_{ou} = M_u . We shall prove that M_X =^s ∑ u=1 M_u is the desired par-

tition. Let us notice that P_i W_j P_i = c_{ij}P_i implies that S^′_iW_j S_i = c_{ij} I . Since Y is normally distributed, S^′_iY is also normally distributed with mean value

S^′_iXBZ and var(vec S^′_i Y ) =^k ∑ j=1 V_j ⊗ c_{ij} I = (_k ∑ j=1 c_{ij} V_j ) ⊗ I . This means that

Y^′P_iY has a Wishart distribution with associated variance matrix^k ∑ j=1 c_{ij}V_j and noncentrality matrix S^′_iXBZ . Similarly, since S^′_{ou}X = 0 ∀u, S^′_{ou}Y is also

normally distributed with mean value 0 and var(vec S^′_{ou}Y ) =^k ∑ j=1 V_j ⊗ d_{uj}I = (_k ∑ j=1 d_{uj} V_j ) ⊗ I and Y ′M_uY has a central Wishart distribution with associ-

ated variance matrix^k ∑ j=1 d_{uj} V_j . One can easily verify that the above partition

also satisfies the other properties of MANOVA from Definition 1.

IVAN ŽEŽULA

Necessity. Since Y has a normal distribution, Y a also has a normal distribution with mean value XBZa and variance matrix^k ∑ i=1 (a^′ V_ia)W_i for an arbitrary

vector a. Because Y^′Y =^t ∑ i=1 Y^′P_iY +^s ∑ j=1 Y^′M_j Y is a MANOVA, a constant multiple of a^′ Y^′P_j Y a must have χ^2 distribution. It follows that there must exist a constant c_a such that^k ∑ i=1 (a^′ V_ia)P_j W_iP_j = c_aP_j . This is true for every a and every V_i ; consequently, P_j must be a scalar multiple of P_j W_iP_j , or ∃c_{ij} : P_j W_iP_j = c_{ij} P_j .

Using independence we get P_j W_iP_l = 0 ∀j ≠ l . Similarly we get that ∃d_{ij} : M_j W_iM_j = d_{ij} M_j , M_j W_iM_l = 0 ∀j ≠ l and P_j W_iM_l = 0. All these equations imply that the W_i’s must be linear combinations of the P_j ’s and M_l’s. Now it is trivial to see that all P_j and W_i commute.

Uniqueness. Let M_X =^w ∑ i=1 R_i be another MANOVA. According to the proof

of the sufficiency, W_j M_X =^w ∑ i=1 g_{ij}R_i with g_{ij} ≥ 0. Since the R_i’s are perpendicular projectors and Y^′R_iY and Y^′R_j Y have different expected values for i ≠ j , the k -tuples (g_{i1}, . . . , g_{ik}) must be distinct (and non-null). This immediately implies that w = s and R_i = M_i ∀i.

One important consequence of the existence of a MANOVA is that we can find an explicit expression for the inverse of the variance matrix. According to the previous proof, we have W_j =^t ∑ i=1 c_{ij} P_i +^s ∑ i=1 d_{ij} M_i . Then^k ∑ j=1 V_j ⊗ W_j = t∑ i=1 Γ_i ⊗ P_i +^s ∑ i=1 Δ_i ⊗ M_i , where Γ_i =^k ∑ j=1 c_{ij} V_j and Δ_i =^k ∑ j=1 d_{ij} V_j . Since for each i, Γ_i and Δ_i are positive definite, we have: [_k ∑ j=1 V_j ⊗ W_j ]_{−1} = t∑ i=1 Γ^{−1}_i ⊗ P_i + s∑ i=1 Δ^{−1}_i ⊗ M_i .

Acknowledgement. This work is a part of the grant VEGA MŠ SR#1/4381/97. It also was partially sponsored by Cambridge University, Open Society Fund, and The British Council, which is gratefully acknowledged.

A NOTE ON MANOVA IN THE EXTENDED GROWTH CURVE MODEL

REFERENCES

[R1] VON ROSEN, D. : Multivariate linear normal models with special references to the growth curve model, PhD-thesis, University of Stockholm, 1985.

[R2] von ROSEN, D. : Homogeneous matrix equations and multivariate linear models, Linear Algebra Appl. 193 (1993), 19–33.

[R3] von ROSEN, D. : Uniqueness conditions for maximum likelihood estimators in a multivariate linear model, J. Statist. Plann. Inference 36 (1993), 269–276.

[R4] von ROSEN, D. : Maximum likelihood estimators in multivariate linear normal models, J.

Multivariate Anal. 31 (1989), 187–200.

[R5] von ROSEN, D. : Moments for a multivariate linear model with an application to the growth curve model, J. Multivariate Anal. 35 (1990), 243–259.

[W] WESOŁOWSKA-JANCZAREK, M. : General aspects of the mixed growth curve model, Probastat’94, Smolenice 1994.

[KS] KHATRI, C. G.—SHAH, K. R. : On the unbiased estimation of fixed effects in a mixed model for growth curves, Comm. in Statist. Theory Methods 10 (1981), 401–406.

[MN] MAGNUS, J. R.—NEUDECKER, H. : Matrix Differential Calculus with Applications in Statistics and Econometrics, John Wiley & Sons, Chichester, 1988.

[R] RAO, C. R. : Linear statistical inference and its application, Academia, Praha, 1978, Czech transl. of 2nd ed., John Wiley & Sons, 1973.

[L] KUBÁČEK, L. : Foundations of Estimation Theory, Elsevier, Amsterdam, 1988. [B] BROWN, K. G. : On analysis of variance in the mixed model, Ann. Statist. 12 (1984), 1488–1499.

[M1] MATHEW, T. : MANOVA in the multivariate components of variance model, J. Multivariate Anal. 29 (1989), 30–38.

[Z1] ŽEŽULA, I. : Covariance Components Estimation in Multivariate Regression Model, PhD-thesis, Veterinary University Košice and Mathematical Institute Bratislava 1990, (In Slovak.)

[Z2] ŽEŽULA, I. : Covariance components estimation in the growth curve model, Statistics 24 (1993), 321–330.

Received April 27, 1998 Department of Math. Analysis Šafárik University Jesenná 5 SK–041 54 Košice SLOVAKIA E-mail: zezula@kosice.upjs.sk