Tatra Mt. Math. Publ. 18 (1999), 105–113 tm

Mathematical Publications

CLAW-FREE AND GENERALIZED BULL-FREE GRAPHS OF LARGE DIAMETER ARE HAMILTONIAN

Ralph J. Faudree — Zdeněk Ryjáček — Ingo Schiermeyer

ABSTRACT. A generalized (i, j)-bull B_{i,j} is a graph obtained by identifying each of some two distinct vertices of a triangle with an endvertex of one of two vertex-disjoint paths of lengths i, j . We prove that every 2-connected claw-free B2_{,j} -free graph of diameter at least max{7, 2j} (j ≥ 2) is hamiltonian.

1. Introduction

In this paper we consider finite simple undirected graphs G = ( V (G), E(G) ) , and for definitions not defined here we refer to [2].

For a set S ⊂ V (G), we denote by N(S) the neighbourhood of S , i.e., the set of all vertices of G which have a neighbour in S . If S = {x}, we simply write N(x) for N ( {x} ) . For any subset M ⊂ V (G), we denote N_M (S) = N(S) ∩ M .

If H is a subgraph of G, we write N_H (S) for N_{V (H)}(S). The induced subgraph on a set M ⊂ V (G) will be denoted by ⟨M⟩.

By diam(G) we denote the diameter of G, i.e., the largest distance of a pair of vertices x, y ∈ V (G). A path with endvertices x, y will be referred sometimes to as an xy-path. If x, z are vertices at distance diam(G), then any shortest xz-path will be called a diameter path of G.

If H_1, . . . , H_k(k ≥ 1) are graphs, then a graph G is said to be H_1, . . . , H_k -free if G contains no copy of any of the graphs H_1, . . . , H_k as an induced subgraph; the graphs H_1, . . . , H_k will be also referred to in this context as forbidden subgraphs. Specifically, the four-vertex star K_{1,3} will be also denoted by C and called the claw and in this case we say that G is claw-free. Whenever vertices of an induced claw are listed, its centre, (i.e., its only vertex of degree 3) is always

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 05C45. K e y w o r d s: hamiltonian graphs, forbidden subgraphs, claw-free graphs.

Research supported by grant GA ČR No. 201/97/0407.

RALPH J. FAUDREE — ZDENĚK RYJÁČEK — INGO SCHIERMEYER

s s s s�HHH

The claw C s s s s �@_{Z1} s s^s s s �@_{Z2} s^{s s} s s �@_{The bull B} s^{s s} s s s �@_{The wounded W} s s^{s s} s s � �@@ @ The net N

Figure 1

the first vertex of the list. Further graphs that will be considered as forbidden subgraphs are shown in Fig. 1.

There are many results dealing with hamiltonian properties in classes of graphs defined in terms of forbidden induced subgraphs (see, for example [9], [7], [10], [3], [4]). B e d r o s s i a n [1] (see also [8]) characterized all pairs X, Y of connected forbidden subgraphs implying hamiltonicity.

Theorem A [1]. Let X and Y be connected graphs with X, Y ≠ P_3 , and

let G be a 2-connected graph that is not a cycle. Then, G being XY -free implies that G is hamiltonian if and only if (up to symmetry) X = C and Y = P_4, P_5, P_6, C_3, Z_1, Z_2, B, N or W .

The results on hamiltonicity in CP_i-free, CZ_i-free and CN-free graphs were extended to larger classes (by characterizing the classes of nonhamiltonian exceptions) in [5] and [6] by using the closure concept introduced in [11]. A similar extension is possible in the class of CB-free graphs by introducing the class of CB_{i,j}-free graphs, where by B_{i,j} (i, j ≥ 1) we denote the generalized bull, i.e., the graph obtained by identifying each of some two distinct vertices of a triangle with an endvertex of one of two vertex-disjoint paths of lengths i, j (see Fig. 2).

s s s s s s s s s � � JJ J . . . . . .

b_3 a^i_1 a^2_1 a^1 b_1 b_2 a^1_2 a^2 a^j_2

B_{i,j} Figure 2

However, as shown in [5], the closure method is not applicable in this class, since there are CB_{i,j} -free graphs such that their closure [11] is not CB_{i,j}-free.

It is easy to see that there are CB_{i,j} -free graphs of arbitrarily large diameter (a simple example can be obtained by taking d + 1 vertex-disjoint cliques K_0, K_1, . . . , K_d and by adding all of the edges between consecutive cliques, namely {xy : x ∈ K_i, y ∈ K_{i+1} , i = 0, 1, . . . , d − 1}). In the main result of this paper we show that, for any j ≥ 2, all 2-connected nonhamiltonian CB_{2,j}-free graphs have small diameter.

2. Main result

Before we prove the main result of the paper, Theorem 2, we first make some preliminary observations on shortest paths and their neighbourhoods.

Let G be a claw-free graph, let x, y ∈ V (G) and let P : x = v_0v_1v_2 . . . v_k = y (k ≥ 3) be a shortest xy-path in G. Let z ∈ V (G) \ V (P ).

(1) If |N_P (z)| = 1, then, since G is claw-free, z is adjacent either to x or to y .

(2) If |N_P (z)| ≥ 2 and {v_i, v_j } ⊂ N_P (z), then, since P is a shortest path, |i − j| ≤ 2. (3) By (1) and (2), |N_P (z)| ≤ 3 for every vertex z ∈ V (G)\V (P ). Moreover, if 2 ≤ |N_P (z)| ≤ 3, then the vertices of N_P (z) are consecutive on P .

This motivates the following notation:

N_i := { z ∈ V (G) \ V (P ) : N_P (z) = {v_{i−1}, v_i, v_{i+1}} } for 1 ≤ i ≤ k − 1,

M_i := { z ∈ V (G) \ V (P ) : N_P (z) = {v_{i−1}, v_i} } for 1 ≤ i ≤ k ,

M_0 := { z ∈ V (G) \ V (P ) : N_P (z) = {v_0} } , M_{k+1} := { z ∈ V (G) \ V (P ) : N_P (z) = {v_k} } . Thus, by (1), (2) and (3), N(P ) ∪ V (P ) = (_k ⋃ i=1 N_i ) ∪ (_{k+1} ⋃ i=0 M_i ) ∪ V (P ). We further denote S = V (P ) ∪ N(P ) and R = V (G) \ S .

Lemma 1. Let j ≥ 2, let G be a CB_{2,j}-free graph of diameter at least

max{7, 2j} and let P : v_0v_1v_2 . . . v_d be a diameter path in G. Then (i) ⟨N_i⟩ is complete for 1 ≤ i ≤ d−1 and ⟨M_j ⟩ is complete for 0 ≤ j ≤ d+1, (ii) M_i = ∅ for 3 ≤ i ≤ d − 2, (iii) ⟨N_i ∪ N_{i+1}⟩ is complete for 1 ≤ i ≤ d − 2, (iv) for every vertex z ∈ R we have N_P (z) = ∅ and N_S (z) ⊆ M_0 ∪ M_1 ∪ M_2 ∪ M_{d−1} ∪ M_d ∪ M_{d+1} .

P r o o f . (i) If some N_i or M_i is not complete, then some v_j , j ∈ {i − 1, i, i + 1}, is a centre of an induced claw, a contradiction.

(ii) Suppose M_i ≠ ∅ for some i, 3 ≤ i ≤ d − 2. Then, since d ≥ 2j , for any vertex x ∈ M_i we have ⟨ {v_{i−3}, v_{i−2}, v_{i−1}, x, v_i, v_{i+1}, . . . , v_{i+j} } ⟩ ≃ B_{2,j} or ⟨ {v_{i−j−1}, v_{i−j} , . . . , v_{i−1}, x, v_iv_{i+1}, v_{i+2}} ⟩ ≃ B_{2,j} , a contradiction.

(iii) Suppose xy /∈ E(G) for some i with 1 ≤ i ≤ d − 2 and two vertices x ∈ N_i , y ∈ N_{i+1} . Then either ⟨ {v_{i−1}, x, v_{i+1}, y, v_{i+2}, v_{i+3}, . . . , v_{i+2+j}} ⟩ ≃ B_{2,j} or ⟨ {v_{i+2}, y, v_i, x, v_{i−1}, v_{i−2}, . . . v_{i−1−j} } ⟩ ≃ B_{2,j} , a contradiction.

RALPH J. FAUDREE — ZDENĚK RYJÁČEK — INGO SCHIERMEYER

(iv) By the definition of P and R, we have N_P (z) = ∅ for every vertex z ∈ R. Since G is claw-free, we have also N_{Ni} (z) = ∅ for 1 ≤ i ≤ d − 1.

We can now state the main result of the paper.

Theorem 2. Let j ≥ 2 be an integer and let G be a 2-connected CB_{2,j} -free

graph of diameter d ≥ max{7, 2j}. Then G is hamiltonian.

Remark. From [1] we know that every 2-connected CB_{1,1}-free or CB_{2,1}-free graph is hamiltonian. The graph in Fig. 3 indicates that there are 2-connected nonhamiltonian graphs of diameter d = 6 that are CB_{2,j}-free for any j ≥ 2. The example in Fig. 4 shows that there are 2-connected nonhamiltonian graphs which are CB_{2,j} -free and have diameter d = 2j − 1 for any j ≥ 3. Hence the requirement d ≥ max{7, 2j} in Theorem 2 is sharp.

Moreover, the example in Figure 5 indicates that there are 2-connected nonhamiltonian graphs of arbitrary diameter d ≥ 3 which are CB_{i,j} -free for any pair i, j such that i ≥ 3, j ≥ i. Hence the requirement i = 2 in Theorem 2 is also best possible.

It is easy to see that, in fact, each of the examples in Figures 3 – 5 yields an infinite family, since each of the vertical edges (marked in the figure by K_i ) can be blown up to a clique of arbitrary order.

P r o o f o f T h e o r e m 2. Let G be a 2-connected CB_{2,j} -free graph of diameter d ≥ max{7, 2j}, j ≥ 2, and let P : v_0v_1v_2 . . . v_d be a diameter path in G. Let M_i, N_i, S, R be as in Lemma 1. For i ∈ {0, 1, 2, d−1, d, d+1} further denote M^∗_i = N_R(M_i).

We first make the following observation concerning the structure of G “close” to the ends of P . Denote

S_0 = 2⋃ i=0 ( N_i ∪ M_i ∪ M^∗_i ∪ {v_i} ) , R_0 = V (G) \ (S ∪ S_0) and S_d = d⋃ i=d−2 ( N_i ∪ M_{i+1} ∪ M^∗_{i+1} ∪ {v_i} ) , R_d = V (G) \ (S ∪ S_d)

(where we set N_0 = N_d = ∅). Then we have the following claims.

Claim 1a. The subgraph ⟨S_0⟩ satisfies one of the following:

(i) N_{R0} (S_0) = ∅, N_2 ≠ ∅, and for any x_2 ∈ N_2 there is a hamiltonian x_2v_2-path P_0 in ⟨S_0⟩, (ii) N_{R0} (S_0) ≠ ∅, M^∗_1 = M_2 = M^∗_2 = ∅, and N_{S0} (R_0) ⊂ M^∗_0 .

CLAW-FREE AND BULL-FREE GRAPHS OF LARGE DIAMETER ARE HAMILTONIAN

•

•

•

•

•

•

• •

• •

•

•

•

• •

• •

....................................................................................................... ..............

.............

.............

...................................................................................................................................................................................................

..............

..............

.............

........................................................................................... . . . . . . . . . . ....................................................................................................

.............

.............

..............

..........................................................................................................................................................................................................

.............

............. ..................................................................................................... . . . . . . . . . . . . ....

....

....

.....

.....

.....

.....

....

....

....

....

....

....

....

....

..................

.............

.............

..............

..............

.............

..............

.............

..............

............

..............

...................

....

....

....

....

....

....

....

....

....

....

....

....

.... ... . . . . . . . . . . . . . . . . . ..... ... ... ....

.... ... ... ... ... ... ... ... ... ... ....

....

.... ... ... ..

.......

.......

.......

.......

.......

.......

......

......

.......

......

.......

..... . . . . . . . . . ...........

......

.......

.......

.......

.......

.......

.......

.......

.......

...... .

....

.....

.....

.....

.....

....

....

....

....

....

....

....

....

....

....

..................

.............

..............

..............

..............

.............

..............

.............

..............

............

..............

...................

....

....

....

....

....

....

....

....

....

....

....

....

.... ... . . . . . . . . . . . . . . . . . ..... ... ... .... ... ... ... ... ... ... ... ... ... ... ... ....

.... ... ... ..

.......

.......

.......

.......

.......

.......

.......

......

.......

......

.......

..... . . . . . . . . . ...........

.......

.......

.......

.......

.......

.......

.......

......

.......

...... .

.........................................................................................................................

K1 K2 K3 K4 K5 K6

Figure 3

• • • • • •

• • • • • • • • •

• • •

• • •

........................... . . . . . . . . . ...........................

......

......

......

....

...... ....... ....... ....

........................... . . . . . . . . . ...........................

......

......

......

....

......

.......

.......

....

............ ............. ............. ............. .......

............ ............. ............. ............. .......

..........................................................

..........................................................

.....................................................................................................................................................................................................................................................................................................................................................................................

.....................................................................................................................................................................................................................................................................................................................................................................................

...... ...... ......

.............

.......

......

.......

.......

.......

.......

.......

.......

...........................

..............

.............

..............

.............

..............

.............

..............

.............

........................

.......

.......

.......

.......

.......

.......

.......

......

.............

....... .......

.......

.......

.....

.............

....... ....... ....... ....... ....... ....... ....... .......

..............................

............

..............

.............

..............

............

..............

.............

..............

.....................

....... ....... ....... ...... ....... ...... ....... ......

..............

......

...... . . . . . . . . . . .

. . . . . . . . . . .

. . . . . . . . . . .....

.....

.....

......

......

........................

.........................

.........................

........................

........ ..... ..... ...... ..... . . . . . . . . . . .

..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... ..... .... .. .. .. .. .. .. .. .. .. ... .. ... .. ............................................................................................................... .. .. .. .. .. .. .. .. .. .. ... .. .. .....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

..... .

..........

.........

.........

.........

.........

.........

.........

...........

.........

..........

.........

.........

.........

......... .

.......

......

......

......

......

......

......

......

......

.......

.......

.......

......

......

.......

....................................

.........................

..........................

..........................

...................

.......

......

......

......

......

......

......

......

......

.......

.......

.......

......

......

.......

....................................

..........................

..........................

..........................

................... . . . . . . . . . . . . ........................................................................................................... . . . . . . . . . . . .

.............

..............

.............

.............................

..............

............. . . . . . . . .

K0 K_j�2 K_j�1 K_j K_j+1 K2_j�1

Figure 4

• • • • •

• • • • • • • • •

..........................................................................................................................................................................................................................................................................................................................................................

..........................................................................................................................................................................................................................................................................................................................................................

.......

...... ...... ...........

......

......

......

......

......

......

......

......

......

.....

......

......

...... ......

......

......

..... ......

......

......

...... ...... ......

......

...... ....................................

.....................

......................

.......................

......................

.....................

.................

.....

.....

....

....

....

.....

....

....

....

....

....

....

....................

......................

......................

.............................................

.....................

......................

..... ...... ...... ...... ..... ...... ...... ...... ...... ...... ...... ...... ......

............

......

......

......

......

......

.....

......

......

......

.....

......

......

...... ...... ...... ....

. . . . . . . . . . . . . .

.....

.....

.....

.....

.....

.....

..... . . . . . ........................... . . . . . . . . . . . . ...........................

...... ...... ....... ...

......

......

....... ...

. . . . . . . . . . . . . .

. . . . . . . . . . . . . .

. . . . . . . . . . . . . .

............ ............. ............. ......

............ ............. ............. ...... K0 K1

K2 K3 K4 K_d Figure 5

Claim 1b. The subgraph ⟨S_d⟩ satisfies one of the following:

(i) N_{Rd} (S_d) = ∅, N_{d−2} ≠ ∅, and for any x_{d−2} ∈ N_{d−2} there is a hamiltonian

x_{d−2}v_{d−2}-path P_d in ⟨S_d⟩,

(ii) N_{Rd} (S_d) ≠ ∅, M^∗_d = M_{d−1} = M^∗_{d−1} = ∅, and N_{Sd} (R_d) ⊂ M^∗_{d+1} .

By symmetry, it is sufficient to prove Claim 1a. We distinguish two cases.

Case 1: M_2 ≠ ∅.

We first show that M^∗_0 ⊂ M^∗_2 . If M_0 = ∅, then obviously M^∗_0 = ∅ ⊂ M^∗_2 .

Hence we may assume that M_0 ≠ ∅. Then ⟨M_0 ∪ M_2⟩ is complete, since oth-

RALPH J. FAUDREE — ZDENĚK RYJÁČEK — INGO SCHIERMEYER

erwise, for some two vertices x ∈ M_0 , y ∈ M_2 such that xy /∈ E(G) we have ⟨ {x, v_0, v_1, y, v_2, v_3, . . . , v_{2+j} } ⟩ ≃ B_{2,j} , a contradiction (note that both ⟨M_0⟩ and ⟨M_2⟩ are complete by Lemma 1 (i)). Suppose now that yz /∈ E(G) for two vertices y ∈ M_2 , z ∈ M^∗_0 . Then ⟨ {x, z, y, v_0} ⟩ ≃ C for a vertex x ∈ M_0 , a contradiction. This implies that yz ∈ E(G) for every y ∈ M_2 , z ∈ M^∗_0 . But then every vertex in M^∗_0 has a neighbour in M_2 , i.e., M^∗_0 ⊂ M^∗_2 , as required.

Next we show that M^∗_1 ⊂ M^∗_2 . We may assume that M^∗_1 ≠ ∅. Let z ∈ M^∗_1 , i.e., xz ∈ E(G) for some x ∈ M_1 , and suppose that zy /∈ E(G) for some y ∈ M_2 . If xy /∈ E(G), then ⟨ {z, x, v_1, y, v_2, v_3, . . . , v_{2+j}} ⟩ ≃ B_{2,j} , and if xy ∈ E(G), then ⟨ {x, z, y, v_0} ⟩ ≃ C . Hence zy ∈ E(G), implying M^∗_1 ⊂ M^∗_2 .

Thus, we conclude that (M^∗_0 ∪ M^∗_1 ) ⊂ M^∗_2 . Now, if N_{R0} (S_0) ≠ ∅, then yz ∈ E(G) for some two vertices y ∈ M^∗_2 and z ∈ R_0 , but then, for a vertex x ∈ M_2 , ⟨ {z, y, x, v_1, v_2, v_3, . . . v_{2+j}} ⟩ ≃ B_{2,j} , a contradiction. Hence N_{R0} (S_0) = ∅.

There is also no edge from M^∗_2 to any of M_i , i ≥ 3, since M_i = ∅ for 3 ≤ i ≤ d − 2 by Lemma 1 (ii), and an edge from M^∗_2 to any of M_{d−1} , M_d , M_{d+1} yields a v_0v_d-path of length at most 6, contradicting the fact that P is a diameter path and d ≥ 7. Consequently, N_2 ∪ {v_2} is a cutset of G. Since G is 2-connected, N_2 ≠ ∅.

Summarizing, we already know that ⟨M_0 ∪M_2⟩ is complete, (M^∗_0 ∪M^∗_1 ) ⊂ M^∗_2 and, by Lemma 1 (iii), ⟨N_1 ∪ N_2⟩ is complete. Moreover, it is easy to see that N(x) ∩ M^∗_2 is complete or empty for all x ∈ M_2 , and if M_0 ≠ ∅, then M^∗_0 = M^∗_2 (otherwise we have a claw with centre in M_2 ). But then it is straightforward to check that in each of the possible cases (according to whether M_0 , M_1 , N_1 and M^∗_2 are empty or nonempty) there is a hamiltonian x_2v_2-path in ⟨S_0⟩ for any x_2 ∈ N_2 . Thus, we are in situation (i) of Claim 1a. Case 2: M_2 = ∅.

We first consider the subcase when M^∗_0 = M^∗_1 = ∅. This immediately implies that N_{R0} (S_0) = ∅ and, since G is 2-connected, N_2 ≠ ∅. Moreover, if M_0 ≠ ∅, then, since v_0 cannot be a cutvertex, there is an edge xy with x ∈ M_0 and y ∈ M_1 ∪ N_1 . In all these cases, it is easy to find a hamiltonian x_2v_2-path in ⟨S_0⟩ for any x_2 ∈ N_2 , i.e., we are again in situation (i) of Claim 1a.

Hence we suppose that M^∗_0 ∪ M^∗_1 ≠ ∅. Now, if M^∗_1 ≠ ∅, then for any vertex v ∈ M^∗_1 , any shortest vv_d-path through M_1 has length d + 1 (note that there is no path vu_1u_2v_3 . . . v_d of length d with u_1 ∈ M_1 and u_2 ∈ N_2 , since otherwise we have ⟨ {u_1, v, v_0, u_2} ⟩ ≃ C , a contradiction). Since G has diameter d, there must be another vv_d-path P^′ of length at most d. Let w be the successor of v on P^′ . If w ∈ M_{d−1} ∪M_d∪M_{d+1} , then we get a v_0v_d-path of length at most 5; hence w ∈ R_0 . But then, for a vertex x ∈ M_1 , ⟨ {w, v, x, v_0, v_1, . . . , v_{1+j} } ⟩ ≃ B_{2,j} , a contradiction. Hence M^∗_1 = ∅, implying M^∗_0 ≠ ∅.

Summarizing, we now have M_2 = ∅, M^∗_1 = ∅ and M^∗_0 ≠ ∅. By the definition of R_0 and M^∗_i (i = 0, 1, 2), there is no edge between R_0 and M_0 ∪ M_1 ∪ M_2 , which implies that N_{S0} (R_0) ⊂ M^∗_0 (if nonempty). Thus, if N_{R0} (S_0) ≠ ∅, we are in situation (ii) of Claim 1a. Hence finally suppose that N_{R0} (S_0) = ∅. Then N(M^∗_0 ) ⊂ M^∗_0 ∪M_0 ∪M_{d−1} ∪M_d ∪M_{d+1} . If N_{Sd} (M^∗_0 ) ≠ ∅, we obtain a v_0v_d-path of length ℓ < 7, a contradiction. Hence N(M^∗_0 ) ⊂ M^∗_0 ∪M_0 , but then any vertex x ∈ M^∗_0 is at distance at least d + 2 from v_d , contradicting the fact that P is a diameter path. Hence the claim follows.

Suppose now that S_0 satisfies (i) of Claim 1a and S_d satisfies (i) of Claim 1b. Then every {v_i} ∪ N_i is a cutset of G, and since G is 2-connected, N_i ≠ ∅ for 3 ≤ i ≤ d − 3. Let P_i be a hamiltonian path in ⟨N_i⟩, 3 ≤ i ≤ d − 3. Then x_2P_0v_2P_3P_4 . . . P_{d−3}x_{d−2}P_dv_{d−2}v_{d−3} . . . v_3x_2 is a hamiltonian cycle in G.

By symmetry, it remains to consider the case when ⟨S_0⟩ satisfies (ii) of Claim 1a. Let x ∈ M_0 . If xy ∈ E(G) for some y ∈ N_1 , then ⟨ {z, x, y, v_1, v_2, v_3, . . . , v_{2+j} } ⟩ ≃ B_{2,j} for a vertex z ∈ M^∗_0 , a contradiction. Hence N_{N1} (M_0) = ∅.

If N(x) ∩ (M_{d−1} ∪ M_d ∪ M_{d+1}) ≠ ∅, we get a v_0v_d-path of length at most d − 1. Since M_i = ∅ for 2 ≤ i ≤ d − 2, there is no xv_d-path in ⟨S⟩ of length at most d. Hence there is a shortest v_dx-path P^′ of length ℓ such that d − 1 ≤ ℓ ≤ d and V (P^′) ∩ R ≠ ∅. This immediately implies that N_{Rd} (S_d) ≠ ∅, i.e., ⟨S_d⟩ satisfies (ii) of Claim 1b (specifically, the successor of v_d on P^′ is in M_{d+1} ).

Let v_d, v_{d+1}, . . . , v_{d+ℓ} = x be the vertices of P^′ . If ℓ = d, denote by P^{′′} the path v_{d+1}v_{d+2} . . . v_{2d}v_0 ; otherwise set P^{′′} = P^′ . It is apparent that P^{′′} is also a diameter path. Denote by ⃗C the cycle (with an orientation) v_0v_1 . . . v_dv_{d+1} . . . v_{2d}(v_0) (of length 2d + 1 or 2d, respectively). We show that ⃗C has no chord.

Since P , P^′ and P^{′′} are shortest paths, there is no chord xy with x, y ∈ V (P ) or x, y ∈ V (P^{′′}). By Lemma 1 (ii) (applied on P , P^′ and P^{′′} ), and since all the paths P , P^′ , P^{′′} satisfy (ii) of Claim 1a, 1b, the only possible chords in ⃗C are the edges v_{d−1}v_{d+1} and xv_1 . But, if for example v_{d−1}v_{d+1} ∈ E(G), then v_{d+1} ∈ M_d , implying v_{d+2} ∈ M^∗_d , which contradicts Claim 1b (ii). Hence v_{d−1}v_{d+1} /∈ E(G) and, by symmetry, xv_1 /∈ E(G).

Now we observe that, for any x ∈ V (G) \ V ( ⃗C), |N_{⃗C} (x)| ≤ 3. Immediately |N_{⃗C}(x)| ≤ 4, since G is claw-free and ⃗C is chordless. If |N_{⃗C} (x)| = 4, then x has neighbours on both P and P^{′′} . Since M_i = ∅ for 2 ≤ i ≤ d − 1 and no vertex in any N_i can have a neighbour outside S , the only possibility (up to a symmetry) is N_{⃗C} (x) = {v_{d−2}, v_{d−1}, v_d, v_{d+1}}, but then ⟨ {v_{d+2}, v_{d+1}, x, v_{d−1}, v_{d−2}, . . . , v_{d−2−j} } ⟩ ≃ B_{2,j} , a contradiction. Hence for every x ∈ V (G) \ V ( ⃗C) with N_{⃗C} (x) ≠ ∅ we have |N_{⃗C}(x)| ≤ 3 and, since ⃗C is chordless and G is claw-free, |N_{⃗C}(x)| ≥ 2. We can thus define analogously as before:

RALPH J. FAUDREE — ZDENĚK RYJÁČEK — INGO SCHIERMEYER

N^C_i := { z ∈ V (G) \ V ( ⃗C) : zv_{i−1}, zv_i, zv_{i+1} ∈ E(G) } , M^C_i := { z ∈ V (G) \ V ( ⃗C) : zv_{i−1}, zv_i ∈ E(G) } for 1 ≤ i ≤ |V ( ⃗C)| (indices are considered modulo |V ( ⃗C)|).

By Lemma 1 (ii) (applied on P , P^′ and P^{′′} ), and by Claim 1a, 1b (ii), we have M_i = ∅ for 2 ≤ i ≤ d − 1 and d + 2 ≤ i ≤ 2d − 1 (and also i = 2d if x = v_{2d}). But this and the fact that ⃗C has no chords implies, together with Lemma 1 (iv), that, for t = ⌈_d 2 ⌉ , the path P^{′′′} : v_tv_{t+1} . . . v_{t+d} is a shortest v_tv_{t+d}-path in G. Since P^{′′′} has length d, P^{′′′} is a diameter path, implying that, by Lemma 1 (iv) (applied to P^{′′′} ), M_d = M_{d+1} = ∅. By symmetry, we also have M_{2d−1} = M_{2d} = M_1 = ∅. But then, by Lemma 1 (iv), V (G) = |V ( ⃗C)|⋃ i=0 ( {v_i} ∪ N_i ) . Let P_i be a hamiltonian path in ⟨N_i⟩, i = 0, . . . , |V ( ⃗C)|.

Then v_0P_0v_1P_1 . . . v_{2d−1}P_{2d−1}v_{2d}(P_{2d}v_0) is a hamiltonian cycle in G.

REFERENCES

[1] BEDROSSIAN, P. : Forbidden Subgraph and Minimum Degree Conditions for Hamiltonicity, Thesis, Memphis State University, 1991.

[2] BONDY, J. A.—MURTY, U. S. R. : Graph Theory with Applications, Macmillan, London, and Elsevier, New York, 1976.

[3] BROERSMA, H. J.—VELDMAN, H. J. : Restrictions on induced subgraphs ensuring hamiltonicity or pancyclicity of K1_,3-free graphs, in: Contemporary methods in Graph Theory (R. Bodendiek, ed.), BI-Wiss.-Verl., Mannheim-Wien-Zürich, 1990, pp. 181–194.

[4] BROUSEK, J. : Minimal 2-connected non-hamiltonian claw-free graphs, Discrete Math.

191 (1998), 54–64.

[5] BROUSEK, J.—FAVARON, O.—RYJÁČEK, Z. : Forbidden subgraphs, hamiltonicity and closure in claw-free graphs, Discrete Math. 196 (1999), 29–50.

[6] BROUSEK, J.—RYJÁČEK, Z.—SCHIERMEYER, I. : Forbidden subgraphs, stability and hamiltonicity, Discrete Math. 197/198 (1999), 143–155.

[7] DUFFUS, D.—GOULD, R. J.—JACOBSON, M. S. : Forbidden Subgraphs and the Hamiltonian Theme, in: The Theory and Applications of Graphs, Kalamazoo, Mich. 1980, Wiley, New York, 1981, pp. 297–316.

[8] FAUDREE, R. J.—GOULD, R. J. : Characterizing forbidden pairs for hamiltonian properties, Discrete Math. 173 (1997), 45–60.

[9] GOODMAN, S.—HEDETNIEMI, S. : Sufficient conditions for a graph to be hamiltonian, J. Combin. Theory Ser. B 16 (1974), 175–180.

[10] GOULD, R. J.—JACOBSON, M. S. : Forbidden subgraphs and hamiltonian properties of graphs, Discrete Math. 42 (1982), 189–196.

[11] RYJÁČEK, Z. : On a closure concept in claw-free graphs, J. Combin. Theory Ser. B 70 (1997), 217–224.

Received March 5, 1998 R. J. Faudree Department of Mathematical Sciences The University of Memphis Memphis, TN 38152 U. S. A.

E-mail: rfaudree@cc.memphis.edu

Zdeněk Ryjáček Katedra matematiky Západočeská univerzita Univerzitní 22 CZ–306 14 Plzeň CZECH REPUBLIC E-mail: ryjacek@kma.zcu.cz

Ingo Schiermeyer Lehrstuhl für Diskrete Mathematik und Grundlagen der Informatik TU Cottbus D–03013 Cottbus GERMANY E-mail: schierme@math.tu-cottbus.de