Tatra Mt. Math. Publ. 17 (1999), 325–329 tm

Mathematical Publications

A CHARACTERIZATION OF THE

GEOMETRIC DISTRIBUTION

Gejza Wimmer — Jozef Kalas

ABSTRACT. Let X and Y have discrete distributions on the nonnegative integers with the property that

Pr[Y = y] = 1 ν� X_{x˘y+1 Pr[X = x] ,}

where 0 < ν� < 1 is the mean value of X . Then X and Y are identically distributed if and only if X has geometric distribution. This is a (new) characterization of the geometric distribution.

Introduction

Let X be a discrete random variable (r.v.) (called basic r.v.) defined on the nonnegative integers with probability mass function (pmf)

{P^∗_0 , P^∗_1 , . . . } (1)

and probability generating function (pgf)

G^∗(t) = ∑ x=0 P^∗_x t^x (2)

and finite mean ν^∗ > 0. From this basic r.v. we derive a new r.v. The distribution of this r.v. is characterized by probabilities proportional to the complement of the basic cumulative distribution function. The pmf of this partial-sums distribution is P_x = 1 ν^∗ ∑ j=x+1 P^∗_j , x = 0, 1, 2, . . . (3)

2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 60E05, 62E10.

K e y w o r d s: discrete probability distributions, geometric distribution, partial-sums distribution.

Supported by VEGA, grant No. 1/4196/97.

GEJZA WIMMER — JOZEF KALAS

(see, e.g., [1], p.448) and its pgf is G(t) = 1 − G^∗(t) (1 − t)ν^∗ (4) (which can be easy verified).

Some results

Theorem 1. The only basic r.v. identical with its partial-sums distribution

obtained by the summation process (3) has geometric distribution.

P r o o f . With respect to the previous notation let G(t) = G^∗(t), i.e., (according to (4)) G(t)(1 − t) = 1 ν − G(t) ν , (5) where ν is the mean value of the required basic (and also partial-sums) r.v. Differentiating (5) we obtain G^′(t)(1 − t) − G(t) = − 1 ν G^′(t), or, equivalently, G^′(t) ( 1 + ν ν − t ) = G(t) . (6)

Substituting G(t) = ∑ i=0 P_i t^i and G^′(t) = ∑ i=1 iP_i t^{i−1} into (6) we have

P_1

1 + ν ν + 2P_2

1 + ν ν t + 3P_3

1 + ν ν t^2 · · · − P_1t − 2P_2t^2 − 3P_3t^3 . . .

= P_0 + P_1t + P_2t^2 + . . . , which gives the system of equations P_0 = P_1

1 + ν ν , P_1 = P_2

1 + ν ν , P_2 = P_3

1 + ν ν , . .

A CHARACTERIZATION OF THE GEOMETRIC DISTRIBUTION

which, in turn defines the unique pmf

P_x = 1 1 + ν ( ν 1 + ν )_x , x = 0, 1, . . . , of the geometric distribution with mean value ν . The appropriate pgf is

G(t) = 1 1 + ν ( 1 − νt 1 + ν )_{−1} . (7)

Now let X have geometric distribution with mean value ν^∗ . Its pgf is

G^∗(t) = 1 1 + ν^∗ ( 1 − ν^∗t 1 + ν^∗ )_{−1} . (8)

Substituting (8) into (4) we easy obtain G(t) = G^∗(t).

Theorem 2. Let X be the basic r.v. with pmf (1), pgf (2) and finite mean ν^∗ .

Suppose then Y has partial-sums distribution with pmf (3), k ∈ N = {1, 2, . . . }, 0 < ϱ < 1. X has “modified” geometric (ϱ) distribution with pmf

P^∗_0 , P^∗_x = (1 − P^∗_0 )(1 − ϱ)ϱ^{x−k} , x = k, k + 1, . . . , (9)

0 5 P^∗_0 < 1, if and only if Y has pmf

P_x = {_{1−ϱ} k(1−ϱ)+ϱ , x = 0, 1, . . . , k − 1 , (1−ϱ)ϱx�k+1 k(1−ϱ)+ϱ , x = k, k + 1, . . . . (10)

P r o o f . Necessity: Since (9) holds,

ν^∗ = E(X) = ∞∑ j=k (1 − P^∗_0 )j(1 − ϱ)ϱ^{j−k} = k(1 − ϱ) + ϱ 1 − ϱ (1 − P^∗_0 ) ,

and so the pmf of Y is (by (3))

GEJZA WIMMER — JOZEF KALAS

P_0 = 1 − ϱ k(1 − ϱ) + ϱ ∞∑ j=k (1 − ϱ)ϱ^{j−k} = 1 − ϱ k(1 − ϱ) + ϱ , . . P_{k−1} = 1 − ϱ k(1 − ϱ) + ϱ ∞∑ j=k (1 − ϱ)ϱ^{j−k} = 1 − ϱ k(1 − ϱ) + ϱ ,

P_k = 1 − ϱ k(1 − ϱ) + ϱ ∞∑ j=k+1 (1 − ϱ)ϱ^{j−k} = (1 − ϱ)ϱ k(1 − ϱ) + ϱ ,

P_{k+1} =

(1 − ϱ)ϱ^2 k(1 − ϱ) + ϱ , P_{k+2} =

(1 − ϱ)ϱ^3 k(1 − ϱ) + ϱ , . . The necessity is proved.

Sufficiency: Let the pmf of Y be (10), P_x =^1_ν� ∑ j=x+1^P ∗ j and let ν^∗ be the mean value of X . It is obvious that P_i − P_{i−1} = 0 , i = 1, 2, . . . , k − 1 (if k = 2), i.e., P^∗_1 = P^∗_2 = · · · = P^∗_{k−1} = 0 . (11) Further from (3) and (10)

P^∗_{k+j} = ν^∗(P_{k+j−1} − P_{k+j}) = ν^∗ [ (1 − ϱ)ϱj k(1 − ϱ) + ϱ − (1 − ϱ)ϱ^{j+1} k(1 − ϱ) + ϱ ]

= ν^∗ (1 − ϱ)^2ϱ^j k(1 − ϱ) + ϱ , j = 0, 1, . . . . (12)

As^∞ ∑ i=0 P^∗_i = 1, we have (using (11) and (12))

1 = ∞∑ i=0 P^∗_i = P^∗_0 + ∞∑ i=0 ν^∗ (1 − ϱ)^2ϱ^i k(1 − ϱ) + ϱ = P^∗_0 + ν^∗

(1 − ϱ) k(1 − ϱ) + ϱ , i.e., ν^∗ (1 − ϱ) k(1 − ϱ) + ϱ = 1 − P^∗_0 . (13)

Substituting (13) into (12) and taking into account (11) we easily obtain (9).

A CHARACTERIZATION OF THE GEOMETRIC DISTRIBUTION

Corollary 1. According to Theorem 1 we can formulate a characterization

of the geometric distribution given in the Abstract.

REFERENCES

[1] JOHNSON, N. L.—KOTZ, S.—KEMP, A. W. : Univariate Discrete Distributions, J. Wiley, New York, 1992.

Received March 25, 1998 Mathematical Institute Slovak Academy of Sciences Štefánikova 49 SK–814 73 Bratislava SLOVAKIA E-mail: wimmer@mat.savba.sk

Faculty of Mathematics and Physics Comenius University Mlynská dolina SK–842 15 Bratislava SLOVAKIA E-mail: jozef.kalas@fmph.uniba.sk