Tatra Mt. Math. Publ. 17 (1999), 71–81 tm

Mathematical Publications

A GOODNESS-OF-FIT TEST FOR CAUCHY DISTRIBUTION

František Rublík

ABSTRACT. An explicit formula for the quantile test statistic for testing goodness-of-fit for the Cauchy distribution is presented. The proof of convergence in distribution includes also an asymptotic representation of a trigonometric L-estimator of scale, which is shown to hold for the Cauchy distribution. Critical values for the test statistic are given for the range n = 16 � 55.

1. Introduction and the main results

Suppose that x_1, . . . , x_n is a random sample and { F (·, θ) : θ ∈ Θ } is a family of distribution functions. One of the most popular statistics for testing goodness of fit is the Anderson–Darling test statistic

A^2 = n +∞∫ −∞ ( F_n(t) − F̂ (t) )_2 F̂ (t)(1 − F̂ (t)) d F̂ (t) = −n− 1 n n∑ i=1 (2i−1) log ( Z^{(i)} ( 1−Z^{(n+1−i)} )) , (1.1) where

F_n(t) = 1 n n∑ i=1 χ_{(−∞,t⟩}(x_i) , (1.2) F̂ (t) = F (t, θ̂ ) , Z_i = F (x_i, θ̂ ) , (1.3)

with θ̂ = θ̂_n(x_1, . . . , x_n) standing for an estimator of the parameter and Z^{(i)} denoting the ith order statistic computed from Z_1, . . . , Z_n . In what follows we deal with the Cauchy distributions. Their parameter set is Θ = { (μ, σ)^′ ∈ 2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n: 62G10, 62F12.

K e y w o r d s: goodness-of-fit, Cauchy distribution, quantile test statistic, asymptotic representation of L-estimator.

This research war supported by the Grant No. 1/4196/97 from VEGA.

R^2: σ > 0^} and for θ = (μ, σ)^′ ∈ Θ the Cauchy distribution C(μ, σ) is defined

by means of the density f(x, θ) = 1 σ f ( x − μ σ ) , f(x) = 1 π(1 + x^2)

. (1.4)

The distribution function and the pth quantile of this distribution are given by the formulas F (x, θ) = F ( x − μ σ ) , F (t) = 1 2 + 1 π arctan(t) , (1.5)

ξ(p, θ) = F^{−1}(p, θ) = σξ_p + μ , ξ_p = tan ( (p − 0.5)π ) . (1.6)

Since an explicit formula for the maximum likelihood estimator is known only for n = 3 and n = 4 (cf. [2]) and the use of numerical methods for the computation of the MLE is difficult because of the presence of several local maxima of the likelihood function (cf. p. 311 of [3]), it is convenient to use some another estimator for constructing goodness-of-fit test statistic. The estimators used in constructing A^2 on p. 164 of [1] are

μ̂_n = n∑ i=1 g_{ni}x^{(i)}_n , g_{ni} = 1 n J ( i n + 1 ) ,

J(u) = sin ( 4π(u − 0.5) ) tan ( π(u − 0.5) ) = −4 sin^2(πu) cos(2πu) ,

(1.7)

and σ̂_n = n∑ i=1 c_{ni} x^{(i)}_n , (1.8)

where x^{(i)}_n denotes the ith order statistic and c_{ni} = 1 n J ( i n + 1 ) , J(u) = 8 tan ( π(u − 0.5) ) sec^4 ( π(u − 0.5) ) = −8 cos(πu) sin^3(πu) . (1.9)

However, for the constants determined by (1.7) the equality ∑ i g_{ni} = 1 does

not hold. Hence μ̂_n(ay_1 + b, . . . , ay_n + b) ≠ aμ̂_n(y_1, . . . , y_n) + b which causes the distribution of A^2 to depend on the parameter of the sampled Cauchy distribution. Estimates of the probability of the rejection of the null hypothesis that the sample is taken from a Cauchy distribution, based on N = 5000 simulations of samples from the Cauchy C(μ, 1) distribution, for some selected values of μ and n are given in the following tables; the critical constants are taken from the table 4.26 on p. 163 of [1], c(0.1, n) = 1.40 , 1.94 , 1.41, c(0.05, n) = 1.77 , 3.57 , 2.14, c(0.025, n) = 2.00 , 6.91 , 3.37, and all values are related to n = 5, n = 25 and n = 50, respectively.

n = 5 n = 25 μ 0 5 10 15 20 0 5 10 15 20 P � A2 > c(0.1, n) � 0.1 0.35 0.62 0.75 0.82 0.1 0.12 0.23 0.44 0.65 P � A2 > c(0.05, n) � 0.05 0.24 0.52 0.68 0.77 0.05 0.05 0.08 0.17 0.34 P � A2 > c(0.025, n) � 0.025 0.20 0.46 0.64 0.73 0.025 0.026 0.029 0.04 0.079

n = 50 μ 0 5 10 15 20 P � A2 > c(0.1, n) � 0.1 0.12 0.20 0.36 0.57 P � A2 > c(0.05, n) � 0.05 0.06 0.09 0.18 0.35 P � A2 > c(0.025, n) � 0.025 0.028 0.038 0.066 0.138

These values show that the statistic A^2 based on (1.7) does not yield good results for testing the qoodness-of-fit for Cauchy distributions for moderately large sample sizes n ≤ 50. In deriving properties of the quantile test statistics we shall use the following properties of the scale estimator from (1.8) and (1.9).

Theorem 1.1.

For the constants determined by (1.9) the equalities c_{n,j} = −c_{n,n+1−j} , n∑ j=1 c_{nj} = 0 (1.10)

hold. Consequently, if x_1 = · · · = x_n does not hold and n > 1, then for the estimator (1.8)

σ̂_n > 0 , σ̂_n(ax_1 + b, . . . , ax_n + b) = |a|σ̂_n(x_1, . . . , x_n) . (1.11)

(II) Suppose that x_1, . . . , x_n is a random sample from the Cauchy C(0, 1) distribution and

L_n = n∑ i=1 d_{ni} x^{(i)}_n , d_{ni} = i n∫ i�1_n J(u) du , (1.12)

where J is defined in (1.9). Put

ψ(x) = −2 cos ( 2 arctan(x) ) . (1.13)

Then

L_n − 1 = 1 n n∑ i=1 ψ(x_i) + O_P ( n^{−1} ) . (1.14)

(III) If x_1, . . . , x_n is a random sample from the Cauchy C(0, 1) distribution, then for the estimators described by (1.8), (1.9) and (1.12) the relation

L_n − σ̂_n = O_P ( n^{−1} ) (1.15) holds. Hence σ̂_n − 1 = 1 n n∑ i=1 ψ(x_i) + O_P ( n^{−1} ) . (1.16)

The sample distribution function is defined in (1.2). Further, let ξ̂_{p,n} = inf {t : F_n(t) ≥ p} , (1.17)

μ̂_n =

{_{x(k) +x(k+1)} 2 , n = 2k , x^{(k+1)} , n = 2k + 1 ,

(1.18)

denote the pth sample quantile and the sample median, respectively.

Theorem 1.2. Let an integer k ≥ 1 and real numbers 0 < p_1 < · · · < p_k < 1

be given. Suppose that x_1, . . . , x_n is a random sample from the Cauchy C(μ, σ) distribution and put

Δ_n = F (ξ̂_{p1,n} , θ̂_n) − p_1 F (ξ̂_{p2,n} , θ̂_n) − p_2 . . F (ξ̂_{pk,n} , θ̂_n) − p_k , (1.19)

where F (·, θ) is the function (1.5) and θ̂_n = (μ̂_n, σ̂_n)^′ is composed of the estimators defined by (1.18) and (1.8), (1.9).

(I) The vector of differences Δ_n has an exact null distribution, i.e., L ( Δ_n | C(μ, σ) ) = L ( Δ_n | C(0, 1) ) (1.20) for all (μ, σ) ∈ Θ and all n > 1.

(II) As n → ∞, L (√ nΔn |C(μ, σ) ) −→ N(0, Σ) . (1.21) Here Σ = A + G , (1.22) A is the symmetric k × k matrix with the elements a_{ij} = p_i(1 − p_j ) for all

i ≤ j , and G_{i,j} = sin^2(p_iπ) sin^2(p_j π) 4 − sin^2(p_iπ) 2 min{p_j , 1 − p_j } − sin^2(p_j π) 2 min{p_i , 1 − p_i} − sin(2p_iπ) sin(2p_j π) 2π^2 . (1.23)

If p_i ≠^1_2 for i = 1, . . . , k , then the matrix (1.22) is regular and for

T_n = nΔ^′_nΣ^{−1}Δ_n (1.24) the weak convergence to the chi-square distribution with k degrees of freedom L ( T_n |C(μ, σ) ) −→ χ^2_k (1.25)

holds as n → ∞.

In accordance with (1.20) and (1.24), the null hypothesis that the sample comes from a Cauchy distribution is rejected, whenever T_n > q (α, n, p_1, . . . , p_k), where α denotes the level of significance. Some values of q (α, n) = q (α, n, 0.1, 0.9), obtained from N = 50000 simulations for each sample size, are given in the following table.

n 16 17 18 19 20 21 22 23 q(0.1, n) 9.369 8.475 7.408 6.633 9.839 12.424 11.107 10.237 q(0.05, n) 13.270 12.271 10.875 9.842 13.526 16.600 14.803 13.937 n 24 25 26 27 28 29 30 31 q(0.1, n) 9.216 8.396 7.558 6.881 6.251 5.731 8.057 9.924 q(0.05, n) 12.538 11.682 10.576 9.749 8.980 8.299 11.072 13.149 n 32 33 34 35 36 37 38 39 q(0.1, n) 9.178 8.435 7.702 7.190 6.578 6.098 5.607 5.289 q(0.05, n) 12.200 11.426 10.544 9.852 9.158 8.555 7.861 7.531 n 40 41 42 43 44 45 46 47 q(0.1, n) 6.983 8.590 8.025 7.451 6.982 6.455 6.085 5.661 q(0.05, n) 9.504 11.455 10.752 10.055 9.484 8.894 8.296 7.905 n 48 49 50 51 52 53 54 55 q(0.1, n) 5.313 5.053 6.441 7.820 7.340 6.902 6.492 6.028 q(0.05, n) 7.446 7.024 8.828 10.330 9.772 9.368 8.739 8.218

Values of the probability P ( T_n > q (0.05, n) ) of rejection by the statistics (1.24) with k = 2, p_1 = 0.1, p_2 = 0.9, presented in the following table, are based on N = 2000 simulations for each alternative and sample size n considered.

n 21 25 30 35 40 45 chi-square k = 1 0.52 0.79 0.9 0.97 0.99 0.99 chi-square k = 2 (exponential) 0.20 0.41 0.54 0.71 0.79 0.89 chi-square k = 5 0.06 0.18 0.24 0.39 0.47 0.60 uniform 0.09 0.28 0.41 0.57 0.68 0.78 normal 0.03 0.08 0.11 0.21 0.27 0.36 Poisson λ = 1 0.25 0.32 0.50 0.53 0.63 0.64 Poisson λ = 5 0.12 0.16 0.21 0.31 0.36 0.46

It can be seen from the table that this test begins to exert its power for sample sizes of at least 30. The simulations suggest that within alternative classes of probabilities which are not location and scale parameter families, the sensitivity of this test increases with the growth of excess and asymmetry, described by the coefficients

b_1 = E ( (X − μ)^3 ) σ^3

, b_2 = E ( (X − μ)^4 ) σ^4 , but, in general, the magnitude of these quantities does not imply greater (or smaller) sensitivity, because for the uniform distribution b_1 = 0, b_2 = 1.8, while for the χ^2_5 distribution b_1 = 1.26, b_2 = 5.4.

2. Proofs

P r o o f o f T h e o r e m 1.1. (I) The validity of (1.10) is obvious. Hence σ̂_n = ∑ i c_{ni}(x^{(i)}_n − μ̂_n), where μ̂_n denotes the sample median, and since

sign ( c_{ni}(x^{(i)}_n − μ̂_n) ) ≥ 0, the rest of the proof is evident.

(II) Put

Φ(s) = − 1∫ s J(u) du . (2.1)

Then Φ^′(s) = J(s) and (cf. (1.5)) 1 = 1∫ 0 2 sin^2(2πu) du = 1∫ 0 J(u)F^{−1}(u) du

= ∫ R xJ ( F (x) ) dF (x) = ∫ R x dΦ ( F (x) ) .

Thus, making use of the integration by parts (cf. [5], p. 157), and proceeding as in the proof of (4.3.10) – (4.3.13) of [4], one obtains that L_n − 1 − 1 n n∑ i=1 ψ(x_i) = 1∫ 0 V_n(z) dF^{−1}(z) , (2.2) | V_n(z) | = | Φ ( U_n(z) ) − Φ(z) − Φ^′(z) ( U_n(z) − z )| , (2.3)

U_n(z) = 1 n n∑ i=1 χ_{(0,z⟩}(Y_i) , (2.4) where Y_1, . . . , Y_n is a random sample from the uniform distribution on the in-

terval (0, 1). As observed on p. 144 of [4] (the proof can also be found on p. 43

of [6]), for every fixed η ∈ (0, 1/2) sup {√ n | U_n(z) − z |/( z(1 − z) )_{1/2−η} : 0 < z < 1 } = O_P (1) .

Thus, given ε > 0, η ∈ (0, 1/8) there exists a constant M_1 such that for the

sets

A_n = {√ n | U_n(z) − z | ≤ M_1 ( z(1 − z) )_{1/2−η} for all z ∈ (0, 1) } (2.5)

the inequality

lim sup_n ( 1 − P (A_n) ) < ε (2.6)

holds. Further, | |Φ^{′′}(u)| = |J^′(u)| ≤ M_2 sin^2(πu) (2.7)

and by using the Taylor formula we obtain that on A_n | V_n(z) | = | Φ^{′′} ( z + α(U_n(z) − z) )| ( U_n(z) − z )_2 /2 ≤ M_2 sin^2 ( π ( z + α(U_n(z) − z) ) ) ( U_n(z) − z )_2 ≤ M_3 n sin^2 ( π ( z + α(U_n(z) − z) ) ) z^{1−2η} . (2.8)

There exists δ_1 ∈ (0, 1) such that | sin(πx)/x | < 7 for all x ∈ (0, δ_1). Put

δ = δ_1/2. Then for all sufficiently large n and all z ∈ (0, δ) on A_n 0 ≤ z + α ( U_n(z) − z ) ≤ z + M_1/ √ n < δ_1 , | sin ( π ( z + α(U_n(z) − z) ))| ≤ 7(z + z^{1/2−η}) ≤ 14z^{1/2−η} and from (2.8) we obtain that | V_n(z) | ≤ M_4 n z^{2(1−2η)}

for all 0 < z < δ . This, together with (1.6) means that for all sufficiently large n on A_n δ∫ 0 | V_n(z) | dF^{−1}(z) ≤

M_4 n δ∫ 0 z^{2(1−2η)} π cos^2 ( (z − 1/2)π ) dz = M_5 n , (2.9)

because for some α ∈ (0, 1)

lim_{z→0} z^{2(1−2η)}

cos^2 ( (z − 1/2)π ) z^{−α} = 0 . (2.10)

Similarly on A_n for some δ ∈ ( 0 , 1/2 ) 1∫ 1−δ | V_n(z) | dF^{−1}(z) ≤

M_6 n , (2.11)

and by means of (2.8) 1−δ∫ δ | V_n(z) | dF^{−1}(z) ≤

M_7 n . (2.12)

Obviously, the relations (2.2), (2.6), (2.9), (2.11) and (2.12) imply the validity of (1.14).

(II) Put

J_n(u) = J( i n + 1

) if i − 1 n < u ≤ i n , i = 1, . . . , n ,

Φ_n(s) = − 1∫ s J_n(u) du . Employing integration by parts we obtain that (cf. (1.12), (2.1), (1.2), (2.4)) |σ̂_n − L_n| = | | ∫ x d [ Φ_n ( F_n(x) ) − Φ ( F_n(x) )] | | = | |− ∫ [ Φ_n ( F_n(x) ) − Φ ( F_n(x) )] dx | |

= | | | 1∫ 0 [ Φ ( U_n(z) ) − Φ_n ( U_n(z) )] dF^{−1}(z) | | | ≤ I1 + I2 , (2.13)

where, because Φ_n(0) = Φ(0) = 0,

I_1 = | | | | 1/2∫ 0 [ U_n(z)∫ 0 ( J(t) − J_n(t) ) dt ] dF^{−1}(z) | | | | ,

I_2 = | | | | 1∫ 1/2

[_1∫

Un(z) ( J(t) − J_n(t) ) dt ] dF^{−1}(z) | | | | . (2.14)

Fix ε > 0, choose η ∈ (0, 1/8) and put

d_n = d_n(ε) = − log(−ε/2) n , D_n = D_n(ε) = (1 − ε/2)^{1/n} ,

B_n = A_n ∩ { Y^{(1)}_n > d_n , Y^{(n)}_n < D_n } , (2.15) where A_n is the set (2.5) and Y_i are the variables from (2.4). Obviously,

lim sup_n ( 1 − P (B_n) ) < 2ε (2.16)

and on B_n the inequality

I_1 ≤ 1/2∫ dn 1/n∫ 0 | J(t) − J_n(t) | dt + Un(z)∫

1/n | J(t) − J_n(t) | dt dF^{−1}(z) (2.17)

holds. But (cf. (2.7)) 1/2∫ dn 1/n∫ 0 | J(t) − J_n(t) | dt dF^{−1}(z) ≤ M_2 n^2 [ F^{−1}(1/2) − F^{−1}(d_n) ] = M_2 n O(1) , (2.18) where O(1) converges to a positive real number as n → ∞. Further, if^{i−1}_n < t ≤^i_n , 2 ≤ i ≤ n, then (cf. (2.7)) | J(t) − J_n(t) | ≤ M_2 n sin^2 ( π ( t + α( i n + 1 − t) )) ≤ M_8 n t^2 ,

because 0 < t + α (_i n+1 − t ) t ≤ i n i−1 n ≤ 2 . Thus on B_n Un(z)∫

1/n | J(t) − J_n(t) | dt ≤ M_8 n U_n(z)^3 ≤

M_9 n z^{3(1/2−η)} ,

which, together with (1.6), means that on B_n 1/2∫ dn

Un(z)∫

1/n | J(t) − J_n(t) | dt dF^{−1}(z)

≤ M_9 n 1/2∫ 0 z^{3(1/2−η)} π cos^2 ( (z − 1/2)π ) dz = M_{10} n , (2.19)

because, since η ∈ (0, 1/8), the equality (2.10) holds for some α ∈ (0, 1). The relations (2.16) – (2.19) imply that

I_1 = O_P ( n^{−1} ) .

The validity of I_2 = O_P ( n^{−1} ) can be proved similarly, and using (2.13) we obtain that the relation (1.15) is true. Now (1.16) follows from (1.14).

P r o o f o f T h e o r e m 1.2. Let x_1, . . . , x_n be a random sample from the Cauchy C(0, 1) distribution. An application of Theorem 4.2.1 of [4] and of (1.16) yields the relations θ̂_n − ( 0 1 ) = 1 n n∑ j=1 l(x_j ) + o_P (n^{−1/2}) , l(x) = (_π 2 sign(x) −2 cos ( 2 arctan(x) ) ) . Thus E ( l(x) ) = 0 , L = Var ( l(x) ) = (_{π2} 4 , 0 0 , 2 ) . (2.20)

Since (1.11) holds and μ̂_n(az_1 + b, . . . , az_n + b) = aμ̂_n(z_1, . . . , z_n) + b if a > 0, it is obvious that the assumptions of Theorem 2.2 of [7] are satisfied. This means that both (1.20) and (1.21) hold,

Σ = A + DΨC^′ + CΨ^′D + DΨLΨ^′D , (2.21)

where (cf. (1.6))

D = diag ( f(ξ_1), . . . , f(ξ_k ) ) , f(x) = 1 π(1 + x^2) , ξ_i = ξ_{pi} ,

Ψ = 1 , ξ_1 . . 1 , ξ_k , C = cov ( χ(_{−∞,ξ1⟩}(x), l(x, θ) ) . . cov ( χ(_{−∞,ξk⟩}(x) , l(x, θ) ) (2.22)

and the j th row of the matrix C equals ( −^π_2 min{p_j , 1 − p_j },^{sin(2pjπ)}_π ) . Combining (2.20) – (2.22) we easily obtain the validity of (1.22) and (1.23). The regularity of the matrix (1.22) follows from Theorem 2.2 and from Theorem 2.1(III) of [7]. The rest of the proof is obvious.

REFERENCES

[1] D’AGOSTINO, R. B.—STEPHENS, M. A. : Goodness-of-Fit Techniques, Marcel Dekker, Inc., New York, 1986.

[2] FERGUSON, T. S. : Maximum likelihood estimates of the parameters of the Cauchy distribution for samples of size 3 and 4., J. Amer. Statist. Assoc. 73 (1978), 211–213.

[3] JOHNSON, N. L.—KOTZ, S.—BALAKRISHNAN, N. : Continuous Univariate Distributions, Vol. 1, John Wiley & Sons, Inc., New York, 1994.

[4] JUREČKOVÁ, J.—SEN, P. K. : Robust Statistical Procedures– Asymptotics and Interrelations, John Wiley & Sons, Inc., New York, 1996.

[5] KINGMAN, F. C.—TAYLOR, S. J. : Introduction to Measure and Probability, Cambridge University Press, Cambridge, 1966.

[6] PURI, M. L.—SEN, P. K. : Nonparametric Methods in Multivariate Analysis, John Wiley & Sons, Inc., New York, 1971.

[7] RUBLÍK, F. : A quantile goodness-of-fit test applicable to distributions with non-differen-tiable densities, Kybernetika 33 (1997), 505–524.

Received May 18, 1998 Institute of Measurement Science Slovak Academy of Sciences Dúbravská cesta 9 SK–84219 Bratislava SLOVAKIA E-mail: umerrubl@savba.savba.sk